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賂SlRACT R吋ucingthe spectrum 0αupancy over radio channels is as wel1 kn倒 nas i問問rtant

ωprevent frαn exhausting radio spectrum resour田 s. The Hilbert transformer used in部Bor 

RZ SSB provid田 with indes関口sablefunciion to eliminating one side s開ctumfro澗陥吋ulated

signals to efficiently reduce the spectum侃 cupancywithout any distortions(l). 

Therefore， many investigations are keenly studied on realizing the Hilbert 

transformers (2) . Unfortuna tely，冊stof th四 haveb関口 concernedwith approximation in the 

陥 yof adjusting phase shifting of all pass filters to their arguments being n/2 radian 

wi th certain ar即 untof phase shifting error. 械lerethese approximated Hilbert transformers 

訂 eadopted to such SSB radio transmission systems， the approxir阻 tionerror degrades s開ech

quality and expands frequency bandwidth over radio channels. 

An exact realization of Hilbert transfon自ersis succesfully discussed with employing 

ins句ntan田 usspectrum凶sedon th君 "shorttime DiscretεFourier Transform (ab. in ST-D円)"

and is ex訓 inedto be fr田 fr侃 1error of phase shifting via ∞mputer simulations(3，4). 

High speed processing for the ST-DFT Hilbert transformers is also introduced to save 

great deal of c銅馴ting悶絶rwith multi-rate signal pr∞四sing.

1.1悶宙誕臨lCTI醐

The ST-DFT Hilbert transform is abl巴 ωbe

carri思dout by shifting the phase of input 

signals by nl2 radian. Where the instantan色ous

spectrums are given， the ST-DFT Hilbert 

transform is precisely carried out via merely 

exhanging real or imaginary part by田 chother 

of the instantan閃 uss~既t四郎.

Hilbert transform剖 outputsignals will be 

愛知工業大朝育報量信工学栴(豊田市)

synthesiz吋 viainverse short time DFT (ab. in 

ST-IFT) from the interchanag巴dinstantaneous 

sp<光trums.

A circuitry configuration of the ST-DFT 

Hilbert transfor肥 ris categorized into three 

major blocks， namely， I :instantanuous spectrum 

ana1yzer， 11: fr明 uencyd倒閣inHibert transforr肥:f，

III :output signa1 synthesizer. It is easy to 

understand that the ST-DFT Hilbert transform is 

ideal and fr田 fro閑却ydistortion，叫Ji1e th担

instantanuous spectrum analysis is perform巴d

without any errors。
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2. I隠T醐T艦鰯鞭E醐脳細§轍TTI短阪T

The most significant concept in the ST-DFT 

Hilbert transformer is the instantaneous 

spectrum. Now， we∞nsider how the short tim巴

D円 givesthe instantaneous s問ctrum.

Let the instantaneous spectrum ⑤ωat 

sampl ing ti肥 n be given by， 

φω= {ゆ抑合併i帥ゆ鈎古・・・ 似合1ω)T. (1) 

制here，似ωisa spectrum component at 

frequency index k ofφωThe spectrum 

仰百凹nent併前古 is defined by the short time DFT 

as follωs， 

砂時古=Er=お x(r)h (n-r) WN-"̂， 位)

here，剛一rK=exp{ーj( 2π:rk/N) }， 

integer k is 0;;;; k<目.

x(r) is an inpu t data at s訓 plingtir問 r.

WN-rK is the s訓隠 O抹lfatordefined in the 

existing D町.

Existence of ST-DFT r邑quiresthat output 

signal前官 attime n is precisely pr吋ucedfrom 

the instantenuous spectrumφ(0) via ST-I円.

That is， 

N'前官=Lk!:!O1 o政官Wtf'k，

Wlr =exp{ j ( 21!1lνN) }. (3) 

Here，蜘nkis the same operator as existing 

inverse D円.

The ST-IFT denoted by eq.3 r問uiresthat the 

window function h(*) of eq.2 holds condi tion 

y(n)=x(n). Substituting eq.2 into eq.3 and 

exchanging the summation order for variables k 

and r， it gives eq.4. 

N y(n) =Lk~Õl {Er=~ x(r)h(n-r)糊(")Wtf'k 

=Lr=-~ x(r)h(n-r) {Lk!;!O1帆 (n-r)k} (4) 

The summation for variable k takes non zero 

val u巴 byN， only i f n-r= 2Nq. Here， q is 

int怠ger. This gives a restrict conditionωthe 

window function as foll側 s，

'
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(5) 

if p二 2Nu，

u is non zero integer. 

For example， an N frm配 lengthNyquist wind偽 j

function truncated wi th 2m frar偲 numberh (p) ， 

h(p)ニ sin(pn;N) / (阿川)， -mN ~玉 p~五 mN ， (6) 

are able to satisfy eq.5. Hereafter， the 

truncated Nyquist will be emp[oyed for the 

present as a wind叫 functionin the ST-DFT. 

Ampj i tud巴

_-ム時計

2N time 

ti問

Fig.l Pr，∞essingαLt[i)1s in the 5T-αマlIilb許iTrlJJ1.Sfor前
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3. ST-llFT H山田1m雌SF回回柵 118僻目前鵬

The proc田 singoutline in the ST-DFT Hil防 t

transformer is shown in fig.1. In the ST-DFT 

Hilbert transformer ， input signal x(r) is at 

first analyzed by ST-D円 toyield instantaneous 

spectrumφω. Secondly， both real and 

imaginary parts of each component of the 

instantan回 uss問 ctrumare exchanged with each 

other to get Hilbert transfo!1l副 S開ctrum ~ω. 

Output signal y(n) is finally synthesized 

through ST-IFT from the transformed 

instan句nωusSJ)E児trum.

The t判oproc邸 singof instanぬn回 usspectrum 

analysis and phase shifting出ingcαnbin吋 into

one operator， the frequency domain Hilbert 

transfonn operaωr耐刊 isgiven as follows， 

(exp{-j (2πrk/N +n!2 )}， if 0< k< N/2 

前九~ 0， if k= 0， N/2 

l exp{ーj(2π:rk/N引!2)}， if N/2く k<N. 

Here， j is complex unit， j=~でI.

作国f:Eristenceof Fre似朗印段脚in

Hi伽 rtTr01lSfOt税悌eγ'atoγ

(7) 

白nstantπ/2onthe first row of eq.7 gives 

features of phase shifting function by π/2 

radian to the k-th c柵 ponent 仇(n) of φω. 

Frequency Domain 
Hilbert Transformer 

fig，2 Con!iguration of lhe Sf-前Hi!bertTYlDtSfm 

This also clearly sho制sthat the frequency 

d側 泊inHi lbert transfonn is free fr棚 amplitude 

distortion， because operaωr 術-l'l<∞nsistsof 

single cαnplex exponential function only with 

pure imaginary variables. 

Both the second and third rows of eq.7 

satisfy that y(n) exists phisically. 

Substituting ft(n) with 伽(n)of eq.3， y(n) 

is given as follows， 

時(n) =Lk!'!Õ1術~Wtfk

高ωIWNO+高/2ω恥fN/Z

+Lk~-I (手論~Wrl由+高-kωWi'凹-k) } (8) 

In明 .8，柚。 or WtfN/Z句kesp山‘ereal 1 or 

1(ー1)， resJ)E犯tively. If oo(n) orON/z(n) is non 

zero， the ∞Irresponding transfo!1l副 ∞目駒nent

高(n)or~/2 (n) tak邸 P町 eimaginary value and 

the output y(n) diversifies to∞即lex. so恥

-1'1< have to vanish at k=O佃 dN/2 as defined in 

明.7.
Since 柚"(N-ωis given by complex 

conj uga te wi th 抽出， i.e. 怖，， (N-k) =百hak，

ev'町'Ybracketted term of eq.8 takes a pure real 

number， iff~-k (n) isωnplex∞njugate with ft 

(n). In practice，街-k(n)is given as 

高4ω=Lr=~ x(r)h(n-r)exp(ーj{2πr(N-k) /N -n!2 }) 

=Lr=~ x(r)h(n-r)exp( j{2πrk/N +n!2 }) 

=読ω. (9) 

Therefore， the output 鈎)becorr問問問

real number as foll側 'S，

N. y(n) =Lk~-I 同尚古IWtfk +~-kωIWtf創ー凶}

=u~・1:{手刷IWtfk +読剖'Wtfk}

母?・1担'eaH鮒 Wi'k}，飢 (1ω
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4. CIRCUllRYα府間制TI倒 It is shown in both eqs.11 and 12 that the 

ST-DFT Hilbert transformer enhances minmax 

That is， 

(13) 

Literal processing based on eqs.2， 3 and 7 

r明uiresa gr田 tdeal of cαnputing戸別erthrough 

ST-DFT Hilbert transform. The Hilbert 

transfo何回 outputsignals 9(n)訂 esynthesized 

from interpolated instantaneous spectrum 

C佃駒nent~(n) reproduced from $k(r) at every 

R sampling as follo制s.

Lim 2∞s (Il1t/N) 2 
日 一 一一一一-ニ Im(n)

-N令∞ nππn

Here， n is odd. 

5. SPEEDING IN円相医SSING

trans former . 
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的(n)=Lk!:!O1 {L r~:r; f (n-rR)仇(r)}Wlfk， (14) 

The ST心FTHilbert transformer consists of 

tl官官 majorbl∞ks as sho剛 infig.2. .The first 

block is the ST-DFT analayzer and consists of 

N/2-1 m叫ulesin which every∞ 即onent似(n)is 

yiel吋. Inner product of x(n) and WN-rk in明 .2

is performed of mαiulating the inpu t x (n) wi th 

四 nplex日汀ierWN刊 of2泊<INnormarized angular 

frequency. Convolution={x(r)恥-l'I<}却dh(r) in 

明 .2is also interpreted as 1酬 passfi ltering 

the mαiulat吋 signal (x(r)陥-rk}by h(r). The 

second block is a Hilbert transformer on the 

frequency domain. This block is dominant in 

function， ho制ever，it is so simply implemented 

as伽ocrossing wires ωexchange the r田 1with 

the imaginary part of 似(n). The first and 

se∞，nd blocks are practi田 llycωIbinedωgether 

in fr明 uencyindex wise to get ~(n) directly 

by adopting 恥rkinstead of WN-rk during the 

四回ulation. The last is a ST-I円 synthesizer ω 

produ田 timedα阻 inHil加rttransforn副 signals.

In similar to the first block， ST-IFT 

synthesizer is perfor肥 dof modulating Hilbert 

transformed spectrum component ~ωwi th 

C卿 lex臼 πierWlfk. 

The unit sample response Is(n)， shown in 

fig.3， of the ST-DFT Hilbert transformer is 

gi ven as follc湖s.

16 24 32 
ぬmpli時 Ti冊， n 

(a) 51引 THitbert Tr，飢 sfrmnaeγ

16 24 32 
お岬lingTi間， n 
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十時郡町}出誹
=2cos(πn/N)/nπ， if n is odd 

(11) 

Equation 12 gives the unit sample response 

Im(n) of the Rabinor's minmax FIR Hilbert (ab. 

in minmax ) transformer(2). 

if n is even 0， 

Is (n) = 

B -8 -16 -24 -32 
{1-cos (πn)} /nπ 

(12) 
= 2/πn， if n is odd 

if n is ev田

(2sin2 (πn/2)/n1t= 

I珊(n)=1 

'0， 
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判here L-= [n/RJ 一日十L
L+= [n/R十QJ， (15) 

here， [AJ represents the largest integer 

contained A， $k(r) means the decimated 

instantaneous spectrum by ev邑ryR 

sampl ing peri吋s，

$k(r)= it.(rR) ， (16) 

and判her邑 f(ロ-rR) is such an interpolating 

filter as Lagrange， given by 

f (n-rR) = 

(-1) r+Q 

一一一一一一一一一一一一日 (n/R+自 i)， (17) 
(Q-l+r)! (Q-r)! (n/R-r) U i=l 

As the summations are defin号dover finite 

terms both for k and r， eq，14 stands for 

interchanging the order of sum揃ations，

Therefore， 

9(n) =l:rH]; f (n-rR) (1刈 Ek~Õl $k(r)WtfI<) (18) 

So long as R ~玉礼 the Hilbert transformed 

output 9(n) are precisely regenerat吋 fro岡 the

decimated instantaneous spectrums， The 

summation for k on right hand of eq，18 

represents 1FT， The sp田 dedup ST-DFT Hilbert 

transform吋 signalsy(n) are finnally given by， 
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9(口)=l/N ErH]; f(n-rR) Sn(目)， (19) 

判heresn (n) = l: k~Õ 1 it. (rR) Wtfk • 

自園陸説見TOF庇時u1宣R51闘えATi臨書

The ST-DFT Hilbert transformer is 

substantiated through co即 utersimulations to 

b巴 indicatedin fig.4 by dotted curve as the 

parameter 2m=8 and N=32. Th邑 chainedcurv日 in

the same figure sho判sthat of pre-optimized 

minmax Hilbert transformer with th巴 same256 

length to ST-DFT 2m X N. Both the simulations 

隅 recarried by th己 CRAY X一門Pat AIT to avoid 

roundoff e汀世 frω1simulations. 

Figure 4 also shows that th巴 ST-DFT

transforr舵rerror does not exceed beyond that 

of pre-optimized mi醐 axHilbert transformer on 

the frequency domain of less than 0.85π(= 

3.4kHz of 8kHz sampling) and guarantees that 

the phase shifting error is within 5xl0 -3 

degree for the practical frequency domain of 

Rめrethan 0.075π( =0.3kHz of 8kHz sampling) 

less than 0.85π@ 

As sho刷nin fig.3(a)， the uni t sample 

response of ST-DFT transformer features of 

oscilation of its env巴lopebeing coincident wi th 

that of ll1illll陪xtr ans f OI1l記rshown in fig.3(b). 

This oscilation of the envelo開 isinduced with 

the cos (nn/N) factor of問 .11. Tha t is， the 

r邸 ponseof ST-DFT transforn町 oscil抗告Son al1 

the 2mN sampling time with N period. On the 

other hand， minmax transfor眠 rresponse is non 

periodic on all the L sampling time. This 

閃 riodicity of th巴 ST-DFT transformer is Seell記d

to improve the accuracy of phase shifting as 

sh例 制 infig.4. 
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α腕 l間関

A noble Hilbert transformer was discussed 

with emphasis on the instantanuous spectrum 

signal processing， through i ts circui try 

configuration， sp伎現dingup pr民 essing，and phase 

shifting function. A primitive truncated 

Nyquit for the significant windo制 h(本~， ST-DFT 

Hilbert transforn町田目巴xceedRabiner's pre-

optimiz巴dminmax one in both phase shifting 

accuracy and rapidness of transient response. 

Farther studies制illimprove such primitive 

instantanuous spectrum signal processing as 

done in minmax Hilbert transformer by Remez 

algori thm. 
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