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The maximum capacity route problem is to find a route R := (( s， i)， (i， j)， "'， (k， m)， (m， t) } Irom the source 

s to the sink t wnose capacity c(R) (;主主，，(i，j)minCij is maximum， where Cij is the capacity of the directed edge (i， j)守

It is the rout色 thatallows th担 greatestflow from s to t 

Let B := (S， F) b邑 asubg:raph of a giv号ndirected graph G 二 (V，E) such that， for every i E三S，B contains a 

unique route from s to i， th呂tis ，B is a dir巴ctedtree rooted丘ts， We shall describε 旦 simplelabeling proceduτe for 

gr日duallye)epal1ding th己directedtr邑erooted at s， Each tim己thetree is expanded， the new tree， B， will be assigned 

a va!ue h(B)， vvもenthe紅白eB reaches the sink t， B contains al1 uniqu巴 routeIrom s to t which is the maximum 

capacity route in G with the capacity h(B) 

i) Start with B二(Isf，再)and h (B) :=∞ 

ii) Giv巴11a tree B := (S， F) with t E S， from a new tree B' = (S'， F') as follows: First， find the va!u巴csuch that， 

(1) c二 max(c，j : r E s and j E T) 

where T 二 V-S‘ Then，define a subs巴t，D， of the cut (S， T) as 

(2) D = {(i， j) I (i， j)ε(S， T) and Cijミ h)，

where 

(3) 

Also let 

(4) 

h =min (h(B)， c} 

K = (k E T I (i， k)εD) 

N ow， for every k E K， we select al1 edge (i， k) E D and add to F to from al1 new F'， And also 

S'二 SU K Thel1， set 

(5) h(B')二 h

At this point， Ol1e mョydefin巴 acapacity transformatiol1 

(6) C"I<二 hfor every (i， k)ζD 

though it is not essential in our algorithm， We， thus， simply repeat this tree expansion until eith己rthe tre己

reaches the sink t， or the cut (S， T) for a tree B = (S， F) is empty 

母Itis to be noted that， by the way of constructing the tr巴己， B = (S， F)， and defining h(B)， the route in the tree 

from s to any i E S has a cap旦cityequal to or greater than h(B)， In particular， when a n巴wtreεB'二 (S，F') is 

formed from Bェ (S，F) by adding new vertices K， the route in the tre芭 froms to any k E K is明日alto h(B') 

1明lenthe capacity lransformation defin巴din (6) is also performed during procedur巴， the edg巴capacitiesalong the 

route， { (s， i)， (i， j) ・， (m， n) )， in the tr巴巴 B 二 (S，F) from s to any n E S from a non-increasing seqllence， i，e" 

Csi P Cij /--・::>Cm"， and thllS the route capacity is determi日dby th巴capacityof th巴lastedge， (m， n)， along the 

route， We now show， 

Theorem: When the tree B reaches the sink t， th巴rout巴inthe tree from s to t is旦 maXl1llUmcapaC1ty route 

in G with the capacity h(B) 

ProoI: Since any route， R， frorn s to t and any cut， C， s巴P旦r且tings and t in G， have at least an edge， (p， q)， 

in common， i，e" R n Cキ世， w巴have

c(R) .( Cpp .( m(C)， where 

(7η) c吋(R)二 rnin{いCjj: (i， j分)εR)an 

(ゆ8) m(C)二 max{いCiJ'(i】]か)ξC)

Hence， if we specify a procedure to find a route， Rぺsuchthat c(R") := m(Cネ)for some cut， CヘthenR* is 

proved to be a maximum capacity route 
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Now， let Bネ bethe tree which reaches the sink t for the first time， then h(B*) is the capacity of the route R* 

in the tree from s to t. How巴ver，by the way in which h(B) is determined by the procedur巴describedin (1)， (3) and 

(5)， h(Bつrepresentsthεvalue c = max Ic，j : r E S， j E Tf for some cut (S， T) with sεS and t E T. This 

completes the proof 

If the procedure stops short of reaching t， the cut (S， T) for som巴 treeB = (S， F) is empty and there is no 

route from s to t in G. Sinc巴 theset S expands by at least one vertex at each it己ration，the tree will necessarily 

reach t if ther巴 existsat least one route from s to t in G. 

1n f且ct，our algorithm provides a new proof to the min-max theor巴mconcerning routes and cuts which was 

first pointed out by D. R. Fulkerson: 

TheoI巴m: let c(R) and m(C) be d巴fin巴das in (7) and (8)， then 

max c(R)二 minm(C) 

RER CEC 

where R:" is the collection of routes from s to t in G， and C is the collection of cuts separating s and t in G 

As a variation of the algorithm， giv巴na subgraph Bニ (S，F)， one may from a new subgraph B'二 (S'，F') by 

adding all edges of D defined in (2) to F. Then， the expanding subgraph may not be a directed tree and wh巴nthe 

subgr旦phreaches t for the first time， any rout巴 inB from s to t is a maximum capacity route 

Example: 

W巴 shallfind a maximum capacity route in the following mixed network. The transformed capacities will 

be indicated by the symbol->( ) along edges. The lab巴lededges show the tree B when it reached t for the first time: 

一(XE Step 1: S = Isf; (S， T) = 1 (s， A)， (s， C)， (s， B) f 

h= minl∞，12) = 12， K 二 {A}

Step 2: Sニ (s，A); (S，T)二{(s， B)， (s， C)， (A， B)， (A， C)， (A，E) }， 

h二 min{12，20} = 12， K = {Eト
Step 3: S = Is， A， Ef; (S， T) = 1 (s， B)， (s， C)， (A， B)， (A， C)， (E， C)， (E， D)， (E， F)， (E， t) f ， 

h = min 112， 111ェ 11，K 二 IC，BI. 

St巴p4: S二 Is，A， B， C， E， 1 ， (S， T)二 1(B， F)， (B， D)， (C， D)， (E， D)， (E， F)， (E， t) 1 ， 

h二 min111， 151 = 11， K = IDI 

Step 5: S二 Is，A， B， C， D， EI; (S， T) = 1 (B， F)， (D， t)， (E， F)， (E， t) f ， 

h = min 111， 91 = 9， K = IFI 

Step 6・ S= Is， A， B， C， D， E， FI; (S， T)二 1(D， t)， (E， t)， (F， t) 1 

h二 min19， 101 = 9， K = Itl 

t E S'， terminate. The terminal value 0 + h二 9

The maximum capacity route二 1(s， A)， (A， B)， (B， F)， (F， t) 1 with the capacity 9 
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