On Higher Differentials in Formal Power Series Rings
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Abstract. In [1], the concept of higher differentials in a commutative ring (by means
of universal higher derivation) was introduced and it was shown that if a geometric
regular local ring R is regular, then the submodule A7 (R) of A (R) generated by
elements of degree n over R is R-free.

In this paper, we shall consider the case where R is a formal power series ring. When
R is a residue class ring A[[X, -, Xlly /pkl[ X, -+, Xs]l; where p, q are prime ideals in
R[[Xy, -+, Xs]] such that pCq, we have the following result under some conditions: The
submodule A”(R) of A(R) generated by elements of degree n over R is R-free if R is

regular.

1. Introduction. In the present paper, all rings are commutative rings with identity
elements. A ring homomorphism will always mean a ring homomorphism which sends
identity element to identity element.

Let R be a ring. By an R-module we understand an R-module in which ]z, the
identity element of R, operates as the identity operator.

A ring A will be called an R-algebra if R is an operator domain of A and there exist
a ring homomorphism f from R into A such that the operation on A of an element rER is
given by the rule rea=f(7)a for a € A. f is called the structural homomorphism. Let P be
a ring and let R be a P-algebra. A higher P-derivation from R into A is a family {d"}n=>0
of P-linear mappings from R into an R-algebra A such that
(i) da=a-]a for every acR,

(ii) dr(ab) = 2 dia-d*ib for every a,bER and n=>1.
0<<i<n

Let A be an R-algebra and let {d"}n=0 be a higher P-derivation from R into A. We
call A (together with {d”}n>0) a higher differential algebra of R over P, when the
following conditions are satisfied:

(1) As an R-algebra, A is generated by the elements d’a (aER, n=0) over R.
(2) PFor any higher P-derivation {6”}n>0 from R into an R-algebra N, there exists an

R-algebra homomorphism ¢ from A into NN which satisfies
0" = od® for n=.

In Proposition ] of [1], it was already shown that, for any ring P and P-algebra
R, there exists a higher differential algebra of R over P and it is uniquely determined up

to an R-algebra isomorphism.
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From now on, we shall denote by Ar(R) a higher differential algebra of R over P
and by {dg,z}n=0 the associated higher P-derivation from R into Ap(R).
Denote by A%(R) the R-submodule of A»(R) generated by the elements

(@8pa)™ « o o (@Pa)™

over R where @;'s run through R and /s and 7;s are non negative integers such that
mr+--+hsrs=n for some s>1.

Denoting by Z the ring of rational integers, any ring R can be seen as a Z-algebra
with the structural homomorphism g: Z— R defined by g(m)=m-1z (mEZ). We shall
write' Az(R) simply A(R).

2.  The higher differential algebra of a formal power series ring.

PROPOSITION . Let R=P[[X:]liex be a formal power series ring in indeterminates X,
(AEA) over P. Then, introducing new indeterminates X, (AEA, n=1), the higher differential
algebra, of R over P is given by the polynomial ring A=R[[Xinlhesn=1 over R and
associated higher P-derivation {d"}is given by

drX,=Xun for 2€4 and n =0
where Xz, stands for X;.

PROOF. We can obtain this proof in almost the same way as Proposition 7 in [1] .
Therefore we omit the proof.

COROLLARY. If R is formal power series ring over P, then Ap(R) is a free R-module
for every n=0.

Let % be a field of characteristic p and denote by k%, the prime field contained in k.
Let B be the formal power series ring 2[[Xi,--, X;]] in s indeterminates over &, let pCq be
prime ideals of B and set S=Bq.

Let R be a residue class ring of S with respect to pS.

LEMMA 1. With the notations as above, if R is regular and k is finitely generated
over ko, then A"(R) is R-free for every n=0, Furthermore, for p=>0, if R is regular and
b finitely gemerated over a field k' for some q=p™(m>0) then A*(R) is R-free for
every n<gq.

PROOF, Denoting by N the maximal ideal qS/pS of R, we shall show that
A*(R) /T A (R)=A"(R/N%) (? (R/7)
for every =1 and s=n+7.
In fact, by Proposition 3 in [1],

An (R/ms) =An(R)/V" (€3]

where Vo, @ = 2 A{(R)dN° with dr—i=g% L
0=i<n !

It is clear that for A=n, d"R"CR¥—"An(R) from the proof of Proposition 7 in [1] . Hence
Va @ CRTA?(R) for every s=n+ 7.
Therefore we have
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ANR/FE) @ (R/) = A"CR/T) /T A™(RIN)
=(A"(R)/Va®)/ (W A™(R) | Va®®)
=A"(R)/NA*(R).

Since R is a regular local ring containing £, the completion ﬁ of R contains a field KDk,
(K=R/®) and ﬁ;K[[Y]] where K[[Y]] 1is the ring of formal power series in Y),---,Y; over
K.
Therefore

VASTAS

R/W=R/N" = K[Y]/(Y) r=1.
Hence, for every s=n-+r, we have

AN (R) /M A (R) = A(K[[Y]/ (YD) K@H K[V (YD)

= A"(K
= A"(K

LY /(Y rA~(K[Y])
(Y1) ®’ KLY/ A"KLY) € (¥)7

K{Y)

= A*KIY]) @ (K[YL/(Y)".

K}
By Proposition 5 in []1],we have

AYK[Y]) = AK @ AlY]) = @ AWK Q@ A=k Y].
ko =is<n ko

Since, by the Corollary of Proposition, A*(K[[Y]) is clearly a free K[ Y]}-module for
every n=0, A"(K[[Y]) ® (K[Y]/(Y)r) is a.free K[Y],/(¥Y) -module for every n=0
K{Y| z

and 7=1. This implies that A*(R)/N"A"(R) is R/N"-free for every n=0 and r=1. Since
k is finitely generated over k2, and KR 1is finitely generated over k, A"(R) is a finite
R-module for every n=0.
Hence, our assertion is obtained by Lemma 4 in []] .
If p>0 and % is finitely generated over k9 then by Proposition 4 and Proposition 10
in [1], we have
Ar(R)= A" (R)

for n<qg and A"2(R)is a finite R-module. Hence the assertion follows from Lemma 4 in []] .

Let p=p,CpC -+ Cp;=q be a maximal chain of prime ideals between p and qin B. Let
%k’ be a field cotaining all the coefficients of formal power series fiui(X> (=0,1,---t), where
{fivi(X)}VieA is a base for p; and let B/ =F'[[X1,--, Xs]], pi' =p: 1 B’ (i=0,1,--,1), S’ =B'q
and R/ =S7/p S .

LEMMA 2. Notations being as above, we assume that B is an integral extension of
B’. If R is regular, then R’ is regular.

PROOF . First, we show that dim R=dim R’. Since B is integral over B/, we have
height q=height qN B’ and height p=height pNB’.
Then we get

dim R = dim S/pS = height q—height p =t
= height qN B’ —height pNB’ = dim S//p'S’ = dim R’.
Let g, ---, g: be maximal set of generators of maximal ideal % of R.
Since q is the ideal with a base consisting of formal power series in 2/ [ X}, -, X;s], We can



16 ¥t K =

assume that gi,---,&:&N’ and (g1,--,g0) R/ =N/ where N/ is a maximal ideal of R’/. Thus R’/
is regular.

THEOREM. Notations and assumptions being as in Lemma 2., We assume that k’ is
finitely generated over k% in the case ch(k)>0 and over k, in the case ch(k)=0. If the
local ring R is regular, then A*(R) is a free R-module for every n=0.

PROOF. Now, we consider the p>0 and the case p=0 separately.

In the case p>>0. Let I" be a p-base of k£ and 4 a finite subset of [ such that 2/ =
k1(4) contains all the coefficients of formal power series of a base for p; (7=0,1,--4),
where g=p™ (m=1). We put 2"=kri(I'—4).

First we shall show that 2”7 (&) R’=R. Denoting by (xi,---xs) the residue classes of

q
(X1, -+,X;s) modulo p’, we have *

QR = k(%1 ,%x5)
where Q(R’) and £/((x),---,xs)) are the quotient field of R’ and A/[[xi, :--, xs]] respectively.
Since, by Lemma 2 in []1], I is g-independent over 2% k2’ and £” are linearly disjoint

over k% By (22.3) in [3], k=Fk’k” and £k’ ((x1,*-,xs) are linearly disjoint over %/. Hence

k” and k’((x1,"--,xs)) are linearly disjoint over k9, thus we have
kF'QRR’=k"R’CR
ku

On the other hand, let a/6 (a € B/p, b = B/p-+q/p) be an element of R. Then we can write
a = Zaa;, B=ZﬁjE

with @:EB’ /v, Eeﬁq’/p’ and «;, B;ck”. Since b= Z86,°€B’ /v’ —q’ /p’, we have
alb=ab'/b"CR" (B’ /¥ g’ jpr = k'R’

Hence &” %? R’ =R. Next, we shall show A”(R) is R-free for n<lq.

In fact, by Proposition 5 in []1] , we have

AMR)=Am (R = @ {Ata(k) ® A (R’)}
0<i<n ko

in which each A*, (k") = Ai(k") is k”-free and each A7~ (R’)= A"i(R’) is R’-free by

Lemma ]. Hence each summand A{(2")®Q A" i(R') is R-free.
Therefore A"(R) is R-free for n<lq. Thus A*(R) is R-free for every n=>0.

In the case p=0. Since R is regular, by Lemma 2, R’ is regular.
Hence, by Lemma ], A*(R’) is R’-free for every # =0. Let 4 be the trancendency base
of % over £/ and let % = ky(4). Since k£’ and % are linearly disjoint over k&, % and
k’((x1,"++,x5)) are linearly disjoint over %, by an argument as in the case »>>0. Hence we have

R=ZQFR’
ko

where R=% R’. Therefore, by Proposition 5 in []], we have

ARy = @ (AR ® A= (R")}
0=i=<n ko

proving that A”(ﬁ) is R-free for every n=0. We shall now show that
AR =RQA®
R



ERORFEBRICE T 2 EEMTTONT 17

which implies that A?(R) is R-free for »=>0. Let us put R*=§[k] .
First, if & is finite algebraic over k”=k”lz then %2 = k”(a) for some a&%k and we have

R*=§[a] . Hence, by Lemma ] in [[1] , we have
ARH=R* @ A (B).
R
Next, if % is not finite over %7, there exists a family {k;} of finite algebraic extensions

over kB” and k= | k;. As is shown above, A(R;¥) = R;* @ A(ﬁ) and the associated
R

higher £Ajy-derivation {d"}n=>0 from R;* into R* A(’fé) is uniquely determined by
b3

{d}"?,c }n=0 and the following diagram is commutative,

g h .
R RI—* - R}
IR
AR RIQ AR RIQAR
R R

where #: (@) = |®w® and g* is the canonical injection R— R*.

Accordingly we have a direct system {R:* ®A (ARJ), h*ﬂ® 1} and
¥V
A(R*) =1lim R*Q A(R). =R*Q@ AR).
- ® E

Since R* is a subring of R containing B. R is a quotient ring of R*.
Hence, by Proposition § in []] , we have
AR)=R® A(R*=RR® A (R).
R* =

This completes the proof.
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