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Abstract

This dissertation proposes several maintenance policies for extended cumulative
damage models in reliability theory and their applications to garbage collection
policies for a generational garbage collector in computer science. Using the tech-
niques of cumulative processes, the expected costs per unit of time, i.e., expected
cost rate models, are obtained, and optimal policies which minimize them are dis-
cussed analytically and computed numerically.

An initial chapter gives introduction which is constructed by review of liter-
atures and organization of dissertation. Extended cumulative damage models in
theory and their optimizations are proposed in the following chapters: Chapter 2
proposes two basic preventive maintenance policies for a used system with an initial
variable damage level. Chapter 3 considers three replacement policies that are com-
bined additive with independent damages. Chapter 4 takes up three maintenance
policies for an operating system which works at random times for jobs. Chapter 5
proposes a standard cumulative damage model in which the notion of “whichever
occurs last” is applied, which is called maintenance last. As applications, two
stochastic models based on the working schemes of a generational garbage collector
are proposed in Chapter 6. In the end of dissertation, the results are summarized
and future problems are given.

The models proposed in Chapters 2-5 are derived from practical systems as
introduced in every chapter and could be applied to them by suitable modifications
and extensions. The theoretical methods proposed in Chapter 6 could provide some

useful information to computer programmers to design more efficient collectors.
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CHAPTER 1

Introduction

1.1 Review of Literatures

Public infrastructures in advanced nations are now becoming obsolete (Hudson, et
al., 1997), and the number of aged plants in Japan is increasing greatly in the near
future (Nakagawa and Ito, 2008). A deliberate maintenance plan is indispensable
to operate such systems without serious trouble caused by failures. That is, systems
should undergo suitable maintenances at adequate times by considering both profits
of operations and losses of unexpected failures or maintenances (Zhao, et al., 2012a).
We call that maintenances after failure and before failure are corrective maintenance
(CM) and preventive maintenance (PM), respectively (Nakagawa, 2005, p.2). CM
may be costly, and sometimes requires a long time, so that how to determine the
schedule of PM becomes an important problem for an operating system. However,
it is not wise to maintain a system with unnecessary frequency.

A methodical survery of maintenance policies in reliability theory was done
(Nakagawa, 2005). The recent published books (Osaki, 2002; Wang and Pham,
2007; Kobbacy and Murthy, 2008; Nakagawa, 2008, 2011; Manzini, et al., 2010)
collected many maintenance models in theory and their applications in industrial
systems. On the other hand, most systems might fail due to the damage stored

within them by shocks such as jolt, stress, or environment change. This is well-
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1.1. Review of Literatures

known as the cumulative damage model (Cox, 1962) which plays an important role
in reliability theory: The model is considered as a sequence of shocks which occur
randomly in time as an event in accordance with a stochastic process and give some
amount of damage to a system. The damage suffered for the system is accumulated
to the current damage level and weakens the system gradually. The system fails
when the total damage exceeds a failure level.

Some reliability quantities of cumulative damage models have already been
obtained (Cox, 1962; Esary, et al., 1973; Nakagawa and Osaki, 1974). The first
research book (Bogdanoff and Kozin, 1985) introduced some probabilistic models
which are related to cumulative damage, however, the case studies for the models
are few and the analyses might be too difficult theoretically to apply them to practi-
cal models. To build a bridge between theory and practice, book (Nakagawa, 2007)
summarized sufficiently PM policies and their optimization problems for shock and
damage models, using the techniques of stochastic processes. A variety of PM mod-
els subjected to shocks were studied extensively (Wortman, et al., 1994; Sheu, et
al., 1996, 1998, 2002, 2004, 2012; Qian, et al., 2005; Zhao, et al., 2010a, 2011a,
2012a, 2012b). The damage models have been applied to garbage collection models
(Satow, et al., 1996a, 1196b) by replacing shock by update and damage by garbage,
backup models of database systems (Qian, et al., 1999, 2002a, 2002b, 2010; Naka-
mura, et al., 2003) by replacing shock by update and damage by dumped file, and
software rejuvenation models (Zhao, et al., 2009) in computer sciences by replacing
shock by aging-related fault and damage by consumption of physical memory.

In the computer science community, the technique of garbage collection (Jones
and Lins, 1996) is one automatic process of memory recycling, which refers to
that objects in the memory no longer referenced by programs are called garbage
and should be thrown away. A garbage collector determines which objects are
garbage and makes the heap space occupied by such garbage available again for
the subsequent new objects. Garbage collection plays an important role in Java’s
security strategy, however, it adds a large overhead that can deteriorate the program
performances. From related studies which are summarized in (Jones and Lins,
1996), a garbage collector spends between 25 and 40 percent of execution time of

programs for its work in general, and delays caused by such a garbage collection
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1.2. Organization of Dissertation

are obtrusive.

With regarding to garbage collection modeling and optimization, there have
been very few research papers that studied analytical expressions of optimal policies
for a garbage collector. The modeling methods (Satow, et al., 1996a, 1196b) did
not consider the theoretical point of garbage collection working schemes essentially.
Most problems in other literatures were concerned with several ways to introduce
garbage collection methods in techniques and how to tune the garbage collector by
simulations, which is more complex and time consuming due to the random accesses
of programs in the memory in practice (Ungar and Jackson, 1992; Kaldewaij and
Vries, 2001; Lee and Chang, 2004; Clinger and Rojas, 2006; Soman and Krintz,
2007). We propose that garbage collection is a stochastic decision making process
and should be analyzed by the theory of stochastic processes from the viewpoints
of management. Optimal policies for a generational garbage collector with tenuring
threshold and major collection times according to practical working schemes (Zhao,
et al., 2010b, 2011b, 2012¢c) were studied recently.

1.2 Organization of Dissertation

The main body of this dissertation is divided into Introduction, Chapters 26,
Conclusions, and Bibliography.

Chapter 2 gives a definition of a used system with an initial variable damage
level Yy, and proposes two basic imperfect PM policies which are done at a planned
time T" or at a shock number N. Furthermore, two extended models, by considering
increasing inspection costs suffered for shocks, are formulated.

Chapter 3 proposes that the system would fail by both additive and inde-
pendent damages, and considers three replacement policies with such two kinds of
damages: The unit is replaced at a planned time and undergoes minimal repair
when independent damage occurs. First, a standard cumulative damage model
where the unit is replaced at a planned time T is considered. Second, the total
damage is measured only at periodic times n7j. Third, the total damage increases
linearly with time ¢ approximately.

Chapter 4 takes up three maintenance policies for an operating system which

3/116



1.2. Organization of Dissertation

works at random times for jobs. First, PM is made at the Nth completion of
working time, and the system fails with probability p(x) when the total damage
is . Second, the system is maintained at the first completion of some working
times over time 7. Third, when a limit number N of working times are considered,
maintenance is made at a planned time 7" or at a damage level Z.

Chapter 5 gives two definitions of maintenance first (MF) and maintenance
last (ML), where MF has been discussed widely in literatures, and MF denotes
that PM is done before failure at a planned time 7', at a damage level Z, or at
a shock number N, whichever occurs last. To derive the optimization problems,
two alternative policies which combined time-based with condition-based PM are
discussed, i.e., optimal policies of T} for N, Z; for T', and N} for T are obtained.
Comparison methods between such a ML and the conventional MF are explored.

Chapter 6 proposes two application models of cumulative damage processes to
garbage collection policies in computer science, according to the practical working
schemes of a generational garbage collector. We suppose that garbage collections
occur at a nonhomogeneous Poisson process, and divide the collections into minor,
tenuring, and major collections, respectively. Minor collections are made when the
garbage collector begins to work, tenuring collection is made at a planned time T’
or at the first collection time when surviving objects have exceeded K, and major
collection is made at time 7" or at the Nth collection.

In Chapters 2-6, expected cost rates for all policies are obtained, by using
the techniques of cumulative processes in reliability theory. Optimal policies are
discussed analytically, and numerical examples are computed when a Poisson pro-
cess and exponential or normal distributions are adopted. The models proposed in
Chapters 2-5 can also be applied to practical systems: Chapter 2 could be modified
in garbage collection or defragmentation models in software systems when collection
or defragment is imperfect. Chapter 3 could be used in reorganization models of
a structural database. When the operating system is executing jobs or computer
procedures successively, Chapters 4 and 5 could provide new topics and methods as
practical policies.

Finally, chapter 7 summaries the results that have been obtained in this dis-

sertation.
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CHAPTER 2

Maintenance for a Used System

In some practical situations, it may be more economical to operate a used system
than to do a new one. From this viewpoint, this chapter proposes two basic pre-
ventive maintenance policies for a used system: The system with an initial variable
damage Yy begins to operate at time 0, and suffers damage due to shocks. It fails
when the total damage exceeds a failure level K and corrective maintenance is made
immediately. To prevent such a failure, it undergoes preventive maintenance at a
planned time 7" or at a shock number N, but maintenances are imperfect. Further-
more, increasing inspection cost that is suffered for every shock is applied to the
above policies in the extended models. Using the theory of cumulative processes
in reliability, expected cost rate models are obtained, and optimal policies which

minimize them are derived analytically and discussed numerically.

2.1 Introduction

As introduced in Chapter 1, maintenances after failure and before failure are called
corrective maintenance (CM) and preventive maintenance (PM), respectively. When
CM is done, it may require much more time and higher cost, so we need to do PM
to prevent failure. Even so, we should not to do it too often from the viewpoints

of time and cost. In this case, various PM policies and their optimizations, which
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2.2. Expected Cost Rate

make the system as good as new, including some minimal repairs, were summarized
in (Nakagawa, 2005). However, CM and PM would not make a system like new but
younger, i.e., maintenances are imperfect in general. Some imperfect PM models
have been considered in (Chan and Downs, 1978; Murthy and Nguyen, 1981; Brown
and Proschan, 1983; Wang and Pham, 2003; Nakagawa, 2005, 2007). In some prac-
tical situations, it may be more economical to operate a used system than to do a
new one. Optimal replacement policies for a used system were studied in (Muth,
1977; Nakagawa, 1979; Qian, et al., 2005). However, an initial damage level of
the system at time 0 or after imperfect PM may be a variable and its distribu-
tion function may be different from those of damage caused by shocks during its
operation.

We suppose that a used system begins to operate at time 0, and its initial
damage is a random variable Y (0 < Yy < K). Shocks occur at a nonhomogeneous
Poisson process and each shock causes a random amount of damage to the system.
These damages are accumulated to the current damage level. The system undergoes
imperfect preventive maintenance (IPM) at a planned time 7' (0 < 7' < o0), at a
shock number N (N = 1,2,---), or imperfect corrective maintenance (ICM) is
done when the total damage exceeds a failure level K, whichever occurs first. The
expected cost rates are obtained by using the techniques of cumulative damage
models (Nakagawa, 2007), and optimal maintenance policies which minimize them
are discussed analytically. Furthermore, increasing inspection cost that is suffered
for every shock is applied to the above policies in extended models, the expected

cost rates are obtained and computed numerically.

2.2 Expected Cost Rate

Suppose that shocks occur at a nonhomogeneous Poisson process with an intensity
function A\(t) and a mean-value function R(t) = fot A(u)du, i.e., A(t) = R'(t). Then,
the probability that shocks occur exactly j times in the interval [0, ¢] is (Nakagawa,
2007, p.21)

H;(t) = [R(t)]je—R“) (j=0,1,2,---).

6,/116



2.2. Expected Cost Rate

It is assumed that the system with an initial damage Y, begins to operate at
time 0, where Y, is a random variable and has a distribution function Gy(x) =
Pr{Y, <z} for x < K and Go(x) =1 for x > K with mean py = fo Go(z)dz < K,
ie. fo Go(z)dr = K — pp. Further, an amount Y; of damage due to the jth shock
has an distribution function G(y) = Pr{Y; <y} (j = 1,2,---), these damages are
accumulated to the current damage level. We call the system as a used system.
Then, the total damage Z; = Y0+Zg:1 Y; (j =1,2,---) up to the jth shock, where

Zy =Yy, has a distribution function
Pr(Zj<wh= [ GOV -a)dGolw) (=012 (1)
0

where GU)(z) represents the j-fold Stieltjes convolution of G(z) with itself, and
GO (z) =1 for x > 0.
Let Z(t) be the total damage at time ¢. Then, the distribution function of Z(t)

Pr{Z(1) <u&_§:H / G (w — 2)dGy(x). (2.2)

Suppose that the system undergoes ICM when the total damage exceeds a
failure level K, and undergoes IPM at a planned time 7' (0 < T' < 00) or at a shock
number N (N = 1,2,---), whichever occurs first. The damage level decreases
to Yy by either IPM or ICM, i.e., the system becomes an identical system with
an initial damage level Y, which has a general distribution Gy(x). However, the
cost for ICM would be higher than that for IPM, because the system might suffer
serious damage when the total damage has exceeded a failure level K. Furthermore,
the maintenance cost might be affected by the amount of total damage when the
system undergoes ICM and IPM. From the above reasons, we introduce the following
maintenance costs: Cost ¢r and cy are the respected fixed costs for IPM at time
T and at shock N, and ck is the fixed cost for ICM, where ¢y < cx and ¢y < ck.
In addition, ¢o(x) (0 <z < K) is an additional cost when the total damage is = at
maintenance time.

For the above system, the probability that the system undergoes IPM at time
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2.2. Expected Cost Rate

T is
K .
Pr =Y H(T) / GU(K — x)dGy(x), (2.3)
0
and the probability that it undergoes IPM at shock N is

PN:/OT Hy (1 dt/ G (K — 2)dGy(x). (2.4)

Thus, the expected cost when IPM is done is

Crpy = Z_ H;(T) /0 /0 ﬁ[cT + co(z + y)]dG(i)(y)dGo(:c)

4 /0 Hy 1 (OM(8)dt /0 /0 e + cole + AV ()G (x).  (2.5)

The probability that the system undergoes ICM when the total damage exceeds

a failure level K is

Py = Z; /0 H,(H)A(1)dt /0 /0 CGK = — )dGY(y)dGo(z),  (2.6)

where ®(x) = 1 — ®(x) for any function ®(z), and the probability that the system
undergoes ICM when the total damage exceeds K at shock N is included in (2.6)
because it has become the failure state. Note that Pr + Py + Px = 1. Thus, the

expected cost when ICM is done is

Cront = lex + co(K Z / Hy (M)t /0 : /0 B — o — )G9 (1)AG ().
@2.7)

The mean time to maintenance is

B(L) =T Y~ Hy(T) /0 " GO (K — 2)dGoa)

+ /T tHy_1(t)A(t)dt /K GM(K — 2)dGo(z)
+Ei/TH#@M@M{/K/KﬁaU{—x—yMGm@MGd@
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2.3. Optimal Policies

N-1 .1 K
_E:/‘HAWH/ GO (K — 2)dGy(x). (2.8)
"= Jo 0
Therefore, the expected cost rate is, from (2.5), (2.7), and (2.8),

cx + oK) — (cx — cr) Z , fo — 2)dGy(x)
—(cx —en fo Hy_1(H)(t)dt fo — x)dGo(x)
S 1H fo f G (u—=x dco( )dGO(x)
f HN ()N (¢)dt fo f G (y — x)dco(u)dGo(x)

C(T, N) = (29
( ) fo t)dt fo K — x)dGy(x) (29)

2.3 Optimal Policies

2.3.1 Planned Time

Suppose that the system undergoes IPM only at time 7" (0 < 7' < oo) and ICM
when the total damage exceeds a failure level K, whichever occurs first. Then,

putting that N = oo in (2.9), the expected cost rate is
e+ co(K) = (exc = er) o520 Hy(T) fy GO (K — 2)dGo(x)
= SR Hi(T) Jy [} GO (u — 2)deo(w)dGio(x)

>0 Jo Hi(B)dt [[° GO(K — 2)dGo(x)

We seek an optimal time 7 that minimizes C'(7T") in (2.10). Differentiating

c(T) =

(2.10)

C(T) with respect to T" and setting it equal to zero,

NTH(ex = el = QT+ PO} Y [ B0 [ GO(K —a)aGofa)
+@rmﬂ2FMﬂé GO (K — 2)dGo(x)

+2}Mﬂl /<wmkmmmmam@:%+%mm (2.11)

where
fo fx (GO (u — 2) — GUTD(u — x)]deco(u)dGo(z)

P(T) = :
S50 Hy(T) J, GU(K — 2)dGo(x)

Y
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2.3. Optimal Policies

_ X Hi(T) Jy GUTD(K — )dGo(x)
N HT) [y GO(K — 2)dGy(x)

Q(T)

If there exists 7% which minimizes C(7"), it must be satisfied (2.11).

It is assumed that shocks occur in a Poisson process with rate A\, the amount
of damage due to each shock has an exponential distribution with mean g, and
co(z) is proportional to the total damage z, i.e., H;(t) = [(At)7/jl]e ™, GY)(z) =
Z;’ij[(x/u)i/i!]e_m/“, and co(x) = cox. Then, P(T') = cou@(T'), and (2.11) becomes

0 T K
M@K—qq—Qm—@T—%mQJTHE:/‘Hﬂmﬁ/)G@U(—xMGd@
=0 /0 0
00 K ‘
+@rmﬂzyﬂﬂ/'mWK—@am@
=0 0
o K K )
+%§:mun/ /‘Gm@—meWd@:cK+%K. (2.12)
Denote the left-hand side in (2.12) be U(T"), because fOK Go(z)dz = K — po,

ilpin% U(T) = cx —cr + co( K — o) < cx + oK,

and M(z) =2 GU(x) = x/p and limg o Q(T) = 1,

anavsz—qu 1+ M(K — 2)]dGo(z)

h Zﬁk—fﬂ{b+£1f6%@m4::@K—oﬂ(1+}(zmv.

Differentiating U(7) with respect to T,

D) ek = er — cn)@(@) > [ o [ GO i)

Thus, if Q(T) < 0 and cx — cp — cop > 0, U(T)) is a strictly increasing function
of T, and hence, if a solution 7" to (2.12) exists, it is unique. It is clear that the
necessity of optimal maintenance policy is that cost cx for ICM should be greater
than cp+cou for IPM, which represents the total cost of a fixed cost for IPM and the

maintenance cost for a mean initial damage. Note that 1 — Q(7") means physically
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2.3. Optimal Policies

the probability of failure at the (j + 1)th (j = 0,1,2,---) shock in time T, given
that the system has not failed at the jth shock. Thus, the condition that a finite
T* satisfies (2.12) is that 1 — Q(T) increases strictly, i.e., Q' (T") < 0.

In particular, when Yy = 2y (0 < 29 < K), i.e., Go(z) = 1 for x > 2y, 0 for
x < zp, it is proved that Q'(T) < 0. Thus, if cx — cp > p(er + oK) /(K — 2p), then
there exists a finite and unique 7% (0 < T* < oo) which satisfies (2.12), and the

resulting cost rate is

C(T*)
N\

= (cx —cp) — (cx — er — cou)Q(T™). (2.13)

Next, suppose that Go(z) = (1 —e™/#) /(1 — e K/?0) for » < K, 1 for x > K,
ie., po = 290 — Ke %/ /(1 — ¢7%/20). It can be proved from Appendix that Q(T)
decreases strictly with 7, and so that, U(T) increases strictly with 7. Therefore,

we have the following optimal policy:

L If e —er > pler + oK) /(K — pp) , then there exists a finite and unique
T* (0 < T* < oo) which satisfies (2.12), and the resulting cost rate is given in
(2.13).

2. lf cx —ep < pler + oK) /(K — pp), then T* = oo, and

C(o0) cx + oK

N (R ) (2.14)

2.3.2 Shock Number

Suppose that the system undergoes IPM only at shock N (N =1,2,---) and ICM
when the total damage exceeds a failure level K, whichever occurs first. Then,

putting that 7' = oo in (2.9), the expected cost rate is

cx + oK) — (cx —en) [ GV(K — z)dGo(x)
= L 6™ (u = w)deg (u)dG ()
SN B E(GA [ GO(K — 2)dGy(x)

C(N) (N=1,2,---).
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2.3. Optimal Policies

We seek an optimal number N* that minimizes C'(N) in (2.15). From the
inequality C(N + 1) — C(N) > 0,

SN Hy(t)dt [y GO(K — 2)dGo(x)

{(ck —en)[1 = Q(N)] + P(N)} > Hy(t)dt

+ (cx — cn) /OK GN(K — x)dGy(z)

" " (N)U—.CC Colu X C C
*A(A(;( Jdeo(w)dGo(x) > ex + oK), (2.16)

where

_ J LI — @) = G — a))deo (u)dGo ()
f GW(K — 1)dGo(z)

Syt GVHI(K — 2)dGo(a)

Jyt GO(K = 2)dGo(r)

Y

Q(N) =

If there exists N* which minimizes C'(NNV), it must be satisfied (2.16). It is clear
that the necessity of optimal maintenance policy is that cost cx for ICM should be
greater than ¢y + cou for IPM. Note that 1 —Q(N) means physically the probability
of failure at the (IV 4 1)th shock, given that the system has not failed at the Nth
shock. Thus, the condition that a finite N* satisfies (2.16) is that 1 —Q(N) increases
strictly.

The failure rate plays an important role of deriving analytically optimal policies
for maintenance models (Nakagawa, 2005). The functions 1 — Q(7") in (2.11) and
1 — Q(N) in (2.16) correspond to the failure rates with continuous and discrete
times, respectively, and would increase strictly when finite 7" and N* exist.

We make the similar assumptions in Section 2.3.1, then P(N) = cou@Q(N), and
(2.16) becomes

[(cx —en) = (cx — en — cop)Q2(N Z/ GY(K — 2)dGy ()

+@K_QOA GY(K — 2)dGo(x +m3/ / M (u — ) dudGo(x)

> cx + oK. (217)
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2.3. Optimal Policies

Denote the left-hand side in (2.17) be U(N),

1m1Umm:@K—qu 1+ M(K — 2)]dGo(z)

N—o0
K —
:(CK—CN) <1+ M/LO) 5

UN+1) =U(N) == (cx —en — cop)[Q(N +1) = Q(N)]

XZ;AKGmU{—xHGd@.

Thus, if Q(N) is a decreasing function of N and c¢x — cy — cou > 0, U(N) is a
increasing function of N, and hence, if a solution N* to (2.17) exists, its minimum
is unique.

In particular, when Yy = 2y (0 < 29 < K), i.e., Go(z) = 1 for x > 2y, 0 for
xr < zp, it is proved that Q(N) is a decreasing function of N. Thus, if cx — cy >
p(eny +coK) /(K — zp), there exists a finite and unique minimum N* (1 < N* < 00)
which satisfies (2.17), and the resulting cost rate is
C(N¥)

< (cx — ey — cop)Q(N* —1).

(2.18)

(cxk —en —cop)Q(N™) < (cx —en) —

Next, suppose that Go(z) = (1 —e%/0) /(1 — e~ K/20) for 2 < K, 1 for > K.
It can be proved from Appendix that Q(NN) decreases strictly with N, and so that,
U(N) increases strictly with N. Therefore, we have the following optimal policy:

1. If ek — ey > pleny + oK) /(K — 1) , then there exists a finite and unique
minimum N* (1 < N* < co) which satisfies (2.17), and the resulting cost rate
is given in (2.18).

2. If cxk —en < pleny + oK) /(K — ), then N* = oo, and the resulting cost

rate is given in (2.14).

2.3.3 Numerical Examples

Suppose that G(z) = 1 —e™/* and Go(z) = (1 — e /%) /(1 — e /20 for < K.

We compute the optimal policies numerically when =1, ¢g = 0 and K = 20.
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2.3. Optimal Policies

Table 2.1 presents optimal AT* and C(T*)/(Acr) for cx/er = 5, 10, 20, 50
and zo = 1, 5, 10. This indicates that T decreases when ¢k /cr or zy increases,
C(T™) increases when cg/cr or zp increases. Table 2.2 presents optimal N* and
C(N*)/(Aen) for cx/eny =5, 10, 20, 50 and zy = 1, 5, 10. This shows the similar
tendencies to Table 2.1 for N* and C(N*). It is of interest that the order of the

expected cost rates is C'(T*) > C'(N*) for the same value of zy and cr = cy.

Table 2.1: Optimal \T* and C(T™)/(\cr) for cx/er and zp.

. zo=1 20=25 zo =10
A" O(T*)/(er) AT* O(T*)/(her) AT* O(T*)/(her)
5 11.2 0.1139 8.8 0.1498 7.6 0.1839
10 9.4 0.1336 7.3 0.1805 6.1 0.2267
20 8.2 0.1542 6.1 0.2135 4.9 0.2739
50 6.7 0.1840 4.9 0.2638 4.0 0.3481

Table 2.2: Optimal N* and C(N*)/(\en) for cx /ey and zg.

zZo = 1 zZo = 5 zZo = 10
N* C(N*)/(Aey) N* C(N*)/(ey) N* C(N*)/(ew)
) 12 0.0952 10 0.1241 8 0.1510
10 11 0.1060 8 0.1405 7 0.1741
20 10 0.1169 7 0.1593 6 0.1981
50 9 0.1322 6 0.1843 5 0.2334

We could explain the optimal policies as follows: (1) When cost ¢x for ICM
increases, we should advance the time of IPM, that is, 7% and N* should be de-
creased, in order to reduce the probability of failure. (2) When 2z, increases, i.e., a
used system begins to operate at time 0 with a higher damage, then, its life will be
shorter due to shocks, and so that, 7* and N* should be advanced. (3) Compare the
numerical examples above, concrete performances of two policies would be depend

on maintenance costs, system structures and environment, maintenance engineers,
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2.4. Extended Models

and so on. Take into such considerations, we would adopt which policy is suitable
for an actual system. That is, from the viewpoint of economy, the policy N* is
better than that of T*. However, from the viewpoint of simplicity of operation, the

policy T™ would be better because we do not need to count the number of shocks.

2.4 Extended Models

2.4.1 Expected Cost Rates

Introduce the cost cjs; suffered for the ith shock, where 0 < cpry < cprg < -0 <
¢y < ---. For example, this would be the inspection cost of measuring total
damage level or the cost of some treatment for each shock, and would be usually
much smaller compared to PM costs ¢r and cy.

First, consider that the system undergoes IPM at time 7' (0 < 7' < o0) and
ICM when the total damage exceeds a failure level K, whichever occurs first. Then,

the total expected cost for each shock before any maintenance is

Cu = }:}:%“ /Kawu{—xmgd@

7j=1 =1

3 Y e [ e [ [ G0 - pac waci

7j=1 i=1

0o K
:E:QMH/TH (ﬂ/ GUHY(K — 2)dGy(x), (2.19)
§=0 0

From (2.10) and (2.19), the expected cost rate is

cx + co(K) — (cx — cr) Z‘;"O Hy(T) X GU(K — 2)dGo(x)
— 2 Hy(T) f, f G (u — x)deo(u)dGo(x)
a(T) _ —I—Zj 0 CMj+1 fo dtf GUtD ( — 2)dGo(x) (2.20)
250 fo j(t)de fo — x)dGo(z)

Second, consider that the system undergoes IPM at shock N (N =1,2,--+)

and ICM when the total damage exceeds a failure level K, whichever occurs first.
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2.4. Extended Models

Then, the total expected cost for each shock before any maintenance is

N-1 j K rK-z ‘
+ ) cw G(K — 2 —y)dGY (y)dGy ()
j=1 i=1 0 J0
N—-1 K
= ch/ GU(K — 2)dGo(x), (2.21)
j=1 0

where 23:1 = 0. From (2.15) and (2.21), the expected cost rate is

cx + co(K) = (ex —en) fit MK — 2)dGy(x)
= I L G = ) deo (w)dGo()
a(N) _ —l—zj:];_chj fo G(J)(KK— x?dGo(x)
SN Hy(t)dt [ GO(K — 2)dGo(x)

(N=1,2,---).

2.4.2 Numerical Examples

Suppose that co(z) = 0, carj = jenr, Hj(t) = [(M) /e, G(z) =1 — e */* and
Go(z) = (1 — e /) /(1 — ¢=%/%)_ Then, we compute optimal 7* and N*, and
é(f*)/cT and 6(]/\\7*)/01\; numerically when K =20, 2p =1, A =1, p = 1.

Table 2.3 presents optimal 7% and C(T*)/cr for cyr/er = 0.01, 0.02, 0.1 and
ck/cr =5, 10, 20, 50. This indicates that T* decreases when ¢ /o or ey fer in-
creases, C(T*) increases when cx /cr or ¢y /cr increases. Table 2.4 presents optimal
N* and C(N*)/ey for cpr/en = 0.01, 0.02, 0.1 and cx /ey = 5, 10, 20, 50. This
shows the similar tendencies to Table 2.3 for N* and C(N*), but if ¢ /cy is very
larger, when cg /cy increases, N* and C'(N*)/cy will be stable. It is of interest that
the order of the expected cost rates is C (f*) > C (]V *) for the same parameters.

It could be explained as follows: (1) Compared with those in Section 2.3.3,
optimal maintenance times are advanced due to shocks. (2) When cost ¢ for ICM
increases, we should advance the time of IPM, the reason is the same as that in
Section 2.3.3. (3) When ¢y /cr or ¢pr/cy increases, it means unit cost for shocks

will increase, so that IPM should be advanced to reduce the total expected cost for
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shocks. (4) When the inspection cost for shocks is large, cost for ICM will have no
effect on the optimal policies. It is interest of that for the two policies, both optimal
policies and resulting cost rates are stable at the similar level when the inspection

cost for shocks is large.

Table 2.3: Optimal T* and C(T*)/cr for ear/er and cx /e

ey /er =0.01 ey /er = 0.02 cyv/er =0.1
T* C(T*))er T* C(T%)er T* CT%)/)er
5 9.7 0.1752 8.5 0.2309 4.6 0.5527
10 85 01882 7.9 02391 46  0.5533
20 7.6 02032 7.0 02499 43  0.5545
50 64 02271 61 02688 4.3  0.5574

CK/CT

Table 2.4: Optimal N* and C(N*)/cy for cpr/en and ¢k /e

C]w/CN =0.01 C]u/CN =0.02 C]\4/CN =0.1
CK/CN —~ o~ o~ ~ ~ o~ ~ ~ o~
N* C(N*)Jex N* C(N*)Jex N* C(N*)/en
5 11 0.1476 9 0.1928 4 0.4000

10 10 0.1530 9 0.1950 4 0.4000
20 9 0.1593 8 0.1986 4 0.4000
50 8 0.1693 8 0.1993 4 0.4000

2.5 Concluding Remarks

We have discussed two imperfect preventive maintenance policies for a used system
at a planned time T and at a shock number N for basic models and introduced
extra inspection cost for each shock as one of extended models. Expected cost rates
are obtained by using the techniques of cumulative processes in reliability theory.

Optimal policies of 7% and N* which minimize them are derived analytically for
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basic models, and optimal T* and N* are computed numerically for the extended
models. Useful discussions for such results are given.

From analytical discussions in optimizations, we have found that 1 —Q(7") and
1 — Q(N) which have the physical meanings of failure rates with continuous and
discrete times play an important role in deriving optimal policies, and the necessity
of optimizations is also that cost for ICM should be greater than that for the first
IPM which includes the maintenance cost for the initial damage. From numerical
analyses, it has been shown that how the initial damage level z; and the inspection
cost ¢y affect the optimal times. By comparing numerical 7% with N* or T* with
N *, if we adopt the policy from the viewpoint of economy, the policy N* is better
than that of T, but if from the viewpoint of simplicity of operation, the policy T
would be better because we do not need to count the number of shocks.

As introduced in Chapter 1, the damage models have been applied to garbage
collection models, backup models, and software rejuvenation models in computer
sciences. The method proposed in this chapter could be applied to garbage collection
or defragmentation models in software systems. As high information has been
developed in the modern society, software always has to work for 24 % 7 hours with
non-stop service, application programs could not collect garbage or defragment in
software systems perfectly in time. The models with initial damage proposed in
this chapter could be applied to such models, by modifying and extending them
suitably.

Appendix

When GV () = 3277 [(x/p) /ille™/" (j = 0,1,2,--+) and Gy (x) = (1—e™/=)/(1~
e K/20) for x < K, prove that: 1. 1 — Q(j) increases strictly with j; 2. Q(T)

decreases strictly with 7', where

Jy (GO (K — ) = GUD(K — 2)]dGo ()
[ QUK — 2)dGy(x)
30 Y [ GUHD(K — 2)dGo(x)

302 B K QUK — )dGo(x)

J

1-Q() = : (A1)

Q(T) =
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1. Prove that

foK %e*x/“ez/zﬂdx fOK (””(gi)lj;l e~ T/ket/20d
: i <
Z@ii fOK %eﬂ/“ew/zodx Zz =j+1 fo I/M) @) o—a/ner/20dy

Denote

j+1
d(K) / JZ/,u ’ *m/ﬂex/zod Z/ x/u e /et dy

/ ($/VJ) o T/ 1eT/70 ] Z/ $/[L _$/“ez/zodq:, (2.23)
0

where ®(0) = 0. Differentiating ®(K) with respect to K,
V() = fj e | e e [ e
(/) (K| = G 1) [ ) (ef )™+ () (K )] o
;zji(fij?$:f$ {@%-D (KVNV“(57uy+1+(KVMY(KMOﬂ2]

i+1 j+2

G+ 1) (/) (/)™ (K /i)™ (/)™
i+ 2 j+1
E:ueﬂﬁﬂmuWﬂ” i+l j+1y
G+DIE+1) \j+2 i+2 ’

i=j
which completes that Q(j) decreases strictly with j.
2. Denote Fj(K) = fOK GU (K — x)dGy(x). Differentiating Q(T") with respect
to T,

/ A — (\T)! <, (AT)!
@i= 2[Z L () S LRy ()
{Zy ol(AT)7 /351] (K)} §=0 7! s g!
=Y B Eam Y S )
_ A & (/\T)]F 00 ()\T)J
- 2 1K) Fi(K
(S 0mp/iE ) ;:;J , j:z_:l T
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Fia(K)| .

= (AT = (\T)
—Z_;(T)F}H(K); ( j!)

Thus, the bracket on the right-hand side is

(AT) —~ (AT)/ — (AT} — (AT)?
FEE 10 3 ) = S B ) S P 1)

_ z&%”*mm@ 3 ((-)\—T)],FJ‘H(K )

M

<
Il
=)

7!
j=—1

__Si(ATY A > ; (AT

SDIRL N {Z AL Rl - G+ 1)

_ - (AT d (AT)~ o [ Fin(K)  Fia(K)
=y S B ruanwe - (g - ) <o

which proves 2, because Fj;1(K)/F;(K) decreases strictly with j from proof 1.
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CHAPTER 3

Additive and Independent Damages

Most systems would fail roughly with time by both causes of additive and inde-
pendent damages. From such a viewpoint, this chapter considers three combined
replacement policies with two kinds of damages: The unit is replaced at a planned
time or when the total additive damage exceeds a failure level, whichever occurs
first, and undergoes minimal repair when independent damage occurs. First, a
standard cumulative damage model where the unit suffers some damage due to
shocks and the total damage is additive is considered. Second, the total damage is
measured only at periodic times. Third, the total damage increases linearly with
time ¢ approximately. Using the theory of cumulative processes, expected cost rates
are obtained, and optimal policies which minimize them are derived analytically.
Finally, optimal policies are computed and compared numerically, and useful dis-

cussions for such results are given.

3.1 Introduction

Most systems might fail due to the total damage stored within them by shocks such
as jolt, stress, or environment change, which is called cumulative damage process, as
introduced in Chapter 1. On the other hand, when the total damage is not additive,

the unit fails when the damage due to some shock has exceeded a failure level. This
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3.2. Age Replacement Model

is called the independent damage model, and its typical examples are the fracture
of brittle materials such as glasses (Esary, et al., 1973), and semiconductor parts
which have failed by some overcurrent or fault voltage. So that, in general, units
would fail roughly with time by both causes of additive and independent damages.

This chapter considers three replacement policies that are combined with ad-
ditive and independent damage, in which the unit is replaced at a planned time or
when the total damage exceeds a failure level, whichever occurs first, and undergoes
minimal repair when independent damage occurs. First, we take up a standard cu-
mulative damage model where the unit suffers some damage due to shocks and the
total damage is additive. However, it might be impossible to estimate and know
occurrences of shocks and the total damage every at each shock. Second, the to-
tal damage is measured only at periodic times. Third, the total damage increases
linearly with time approximately, and two continuous damage models whose to-
tal damage is distributed normally and exponentially are proposed. Expected cost
rates of the above three models are obtained by using the techniques of cumulative
processes in reliability theory, and optimal policies which minimize them are derived

analytically and computed numerically.

3.2 Age Replacement Model

Suppose that shocks occur at a renewal process with a general distribution F'(t) with
finite mean 1/X and a density function f(¢) = F'(t). An amount W; of damage due
to the jth shock has an identical distribution G(z) = Pr{WW; < x} with finite mean
i, and the total damage is additive. We call it damage 1. It is assumed that the
unit fails when the total damage exceeds a failure level K (0 < K < 00) at some
shock, and it is replaced at a planed time 7' (0 < 7" < o0) or at failure, whichever

occurs first. Then, the expected cost rate is, from (Nakagawa, 2007, p.42),

cx — (cx — o) 20 [FO(T) — FUTI(T)]GO)(K)
S0 GO(K) [TFO)(t) — FU+D(t))dt

where ¢()(z) (j = 1,2,---) denotes the j-fold Stieltjes convolution of any function
¢(z) with itself and ¢ (x) = 1 for t > 0, cx = replacement cost at failure and
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3.2. Age Replacement Model

cr = replacement cost at time T', where cx > crp.

Next, suppose that another damage 2 occurs at a nonhomogeneous Poisson
process with an intensity function h(t) and a mean-value function H(t) = fg h(u)du,
i.e., the probability of j occurrences of damage 2 during (0, ¢] is

H(t)}
P](t)E [ <')] e_H(t) (]2071727)
J!
It is assumed that damage 2 occurs independently of damage 1, and also its

damage is not additive which is called independent damage (Nakagawa, 2007, p.21).
That is, when damage 2 occurs, the unit undergoes only minimal repair. Thus,
the expected number of occurrences of damage 2, i.e., minimal repairs, before the

replacement is

=316 )~ o) [ P wan)

:§:G@KKX/ﬂFm@)—F““KﬂMHQ) (32)

=0

Therefore, adding the minimal repair cost to Cy(T) in (3.1),
cx — (ex — er) 32320 GU(K)[FUN(T) — FUD(T))]
Feu 20 GV [y [FO (1) — FUTD@)dH ()

C\(T) = : — : ; (3.3)
Yoty GO(K) [ [FO(t) — FU+D(t)]dt

where ¢j; = minimal repair cost for damage 2. Clearly,
C1(0) = %12% C(T) = oo,
ek +eu Yoy GU(K) [IFU(t) — FUTD(t)|dH (¢
Crtoe) = 1im €1 = T GO [TIFO) — PO 0l
T—o0 [+ M(K)]/A
where M (K) =372, GU)(K), and note that the denominator represents the mean

time to replacement when the total damage exceeds a failure level K. Thus, there

exists a positive 77 (0 < T} < 0o) which minimizes C;(7T) in (3.3).
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We find an optimal 77 which minimizes Cy(7T’) in (3.3). Differentiating C;(T")

with respect to T and setting it equal to zero,
o0 T
(cx —cr {Ql )> GV / [FO(t) — FUD(1))dt
7=0
— Z FUR(T)[GY(K) — G(Hl)(K)]}

+W§y; /FWU FUtD®[WT) — h(t)]dt = er, (3.4)

where
S22 fUTN(D)GY(K) — GUHD(K)]
S, GOK)[FONT) ~ FO(T)]

O (T) =

It can be clearly seen that if Q1 (7") is strictly increasing and h(t) is increasing,
or Q1(T) is increasing and h(t) is strictly increasing, then the left-hand side of (3.4)

is strictly increasing from 0 to

Cur {h(A ) 1+ M(K ;0 GV /OO FO(t) — FU“)(t)]h(t)dt}

+@K—qq{Qﬁ @) | iy - 1}. (3.5)

Thus, if (3.5) is greater than ¢, then there exists a finite and unique 77 (0 < T} <

oo0) which satisfies (3.4). In this case, the expected cost rate is

CI(Tl*) (CK - CT>Q1( ) + CMh(T*) (36)

Furthermore, let T} be a solution of equation

i GY(K / FO(t) — F(j“)(t)]dt

S FIDEO (K) - GO = T (3.7)

Ck — Cr

then 77 > T, and let T3 be a solution of equation

Cym

> 69 / PO - PO )T - bl = L (38)
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then 75 > T7. Both T} and T, would be useful for computing an optimal 77 as its
upper bounds.

On the other hand, when H(t) = at, ie., h(t) = a (a > 0), from (3.5), if
Q1(c0)[1 + M(K)] > Ak /(ck — cr), then there exists a finite T} (0 < T} < o0)
which satisfies (3.4). In addition, when F(t) = 1 —e ™ and G(z) = 1 — e™%/#,
it was shown in (Nakagawa, 2007, p.48) that G (z) = Y2 [(x/p)"/ille™"/* and
M(z) = 2/p

Q1(T) =

A3 ol(ATY /NIGV(K) = GUHD(K)]
2 ol(AT) /5

is strictly increasing from Ae %/# to \. Thus, if K/u > cr/(cx — cr), then there
exists a finite and unique 77 (0 < T} < oo) which satisfies (3.4).

In particular, when K — oo, the expected cost rate is, from (3.3),

cr + ey H(T)

Ch (T) = T )

(3.9)

which agrees with that of the standard periodic replacement (Nakagawa, 2005,
p.102).

It might be better to do some maintenance only at each shock: The unit is
replaced before time T" when the total damage has exceeded a failure level K, and
after T', it is replaced certainly at the next shock. Then, from (Nakagawa, 2007,

p.55), the mean time to replacement is

:zii O(K) — GU(K { { t+40dF()}dFUKu)
+AT FUTD (¢ }+§i GUT( /iLLi@+uMF@}MWNw

7=0
1 o0
;XZEI (7),

and the expected number of occurrences of damage 2 before replacement is

Q

NMzﬁiw@UQ—{W“KKH{AT[;2H@+uMF@ﬂdF@W)
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o0

+ [ a4 S e [1 [T aeearo) ari)

— 2 GU(K) /OT UOOO[H(t +u) — H(u)]dF(t)} dF9 (u).

Therefore, the expected cost rate is

cx — (ex — or) 3720 GUV(E)[FU(T) — FUHD(T))

" +ear Y00 GOK) [ [ IH(t +w) — H(w)]dF(8)] dFO) (u)
@) = > GO(K)FG(T)/A . (3.10)

3.3 Periodic Replacement Model

It is assumed that each amount W, (n = 1,2,---) of damage due to shocks is
measured only at periodic times nTy (n = 1,2,---) for a given Ty (0 < Ty < 00)
and has an identical distribution Gr(x) = Pr{W,, < x} with mean pr. The other
assumptions are the same as those in the age replacement model. Suppose that
the unit is replaced at time NTj or at failure, whichever occurs first. Then, the

expected cost rate is, from (Nakagawa, 2007, p.84),

CK — (CK - CN)G(TN)(K)
T, YN G (K)

Co(N) = (N=1,2,---), (3.11)

where ¢y = replacement cost at time NTj.

The expected number of occurrences of minimal repairs due to damage 2 is

Mo = Y il + DTG (8) G0 + HVEGE ()
::7[H«n+1ﬂw—<HWEMG$KK) (3.12)

I
o

n

Therefore, adding the minimal repair cost to Cy(N) in (3.11),

CK — (CK - CN)G%N)(K)

e SV H((n 4 1)Ty) — H(nTy)|GY (K
ColN) - Z_[;(gN)lG)(n)(K)( )Gy (K) (N=12.)

(3.13)
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3.3. Periodic Replacement Model

Clearly,
02(1) :CK — (CK — CN)C;Z“(K) -+ CMH(T())’
. e en S0 [H ((n 4+ 1)Ty) — H(nTy)|GY (K)
Calo0) = Jfim Co(N) = Toll + Mr(K)] ’

where My (K) = Y2, GY(K).
We find an optimal Nj which minimizes C2(N) in (3.13). From the inequality
Co(N +1) = C5(N) = 0,

N—-1
(cx — ) {Q2 (N+1)> 6K G%”(K)]}
n=0
N—1
+ e {[H((N +1)Ty) — H(NTy)] ) G (K
n=0
N—-1

“NTH(n+1DT) — HoT)GW(EK) y > ey (N=1,2,--+),  (3.14)

i
o

where

Denote the let-hand side in (3.14) be Ly(N),

La(N) = La(N = 1) = >~ G () ((exc = ex)[Qa(N +1) = Qa(N)

i
[e=)

+en{[H((N + 1)Ty) + H(N — 1)T}) — 2H(NT0)]}>.

Therefore, if Q2(N) is strictly increasing and h(t) is increasing, or Q2(N) is
increasing and h(t) is strictly increasing, then the left-hand side of (3.14) is strictly
increasing to Lo(0o). Thus, if Ly(oco) > cy, then there exists a finite and unique
minimum Ny (1 < Ny < oo) which satisfies (3.14). Furthermore, let N; be a

solution of the equation

2
L

QN+ 1) S GW(K) -1 - GV(K) > —N (3.15)

CKk — CN

Il
=)

n
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then N; > NJ, and let N, be a solution of the equation

=

[H((N +1)Ty) — HINT,)] Y GY(K)

n

Il
=)

- 7w«n+DﬂQ—HWEMG?HQ>Eﬁ, (3.16)

Cm
then Ny, > NJ.
When ng)(x) = Zﬁj[(x//@)i/i!]e—x/w7

(K/pr)¥ /(N = 1)!
ZZO:N—1<K/MT)TI/"!

is strictly increasing from e /47 to 1 (Nakagawa, 2007 p.24). Thus, if K/up >

Q2(N) =

cn/(cx — cn), then there exist a finite and unique minimum N; which satisfies
(3.15). On the other hand, when H(t) = at, if Q2(c0)[1+ Mp(K)] > cx/(ck —cn),
then there exists a finite Ny (1 < Nj < oo) which satisfies (3.16). In addition,
when G(z) =1 —e /"1 Nj = Nj.

In particular, when K — oo, the expected cost rate is

cN + CMH(NT())
NTj ’

Cy(N) = (3.17)

which agrees with that of the periodic replacement (Nakagawa, 2005, p.238).

3.4 Continuous Models

The hypothesis of the cumulative damage models discussed in the above two sections
may be so strong that they are not so practicable for some applications: (1) It is
more practical that the total damage stored within the unit will increase with time
itself and fail eventually, but not be in a constant level until next shock occurs.
(2) Referring to these applications of backup models or garbage collection models,
due to the high frequency of computer processes in the modern society, it may
be not so valid to assume that update of data or garbage occurrence follows an
nonhomogeneous Poisson process, because the time intervals of events might be

very short and unclear enough. In this section, we consider two continuous damage
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3.4. Continuous Models

models where the total damage Z(t) increases linearly with time ¢ according two
probabilistic laws (Nakagawa, 2007, p.26).

3.4.1 Model 1

It is assumed that the total amount of damage increases with t, i.e., the total
damage at time ¢ is Z(t) = At, where A is a random variable whose distribution is
Wa(x) = Pr{A < z}. Then, the probability that the unit does not fail in (0, ¢] is

Pr{Z(t) < K} = Pr{At < K} = Pr{A < K/t} = Wa(K/t). (3.18)

Suppose that the unit is replaced at time T or when the total damage exceeds

K, whichever occurs first. Then, the mean time to replacement is
T T
7%%@ﬂ+/tweWMMMZ/LWMMM (3.19)
0 0

Thus, by the similar method of obtaining (3.3), the expected cost rate is

03(T) _ CK — (CK — CT>WA<;(/T) + CMmr fO WA(K/t)dH(t) . (320)
Jo Wa(K/t)dt
Let 74(t) be the failure rate of Wy(t), i.e., ra(t) = =W/ (t)/Wa(t). Differenti-

ating C3(T") with respect to T" and setting it equal to zero,

(ex—en) {raticym) | W a1 WK /T) |

+cM/qwqqumaw—h@wn:cT (3.21)

Thus, if 74(t) is strictly increasing and h(t) is increasing or r4(t) is increasing and
h(t) is strictly increasing, if a solution 73 to (3.21) exists, it is unique.

Next, suppose that the unit is replaced at time N7 for Ty > 0 and when the
total damage exceeds K, whichever occurs first. Then, by the similar method of

obtaining (3.20), the expected cost rate is

CK — (CK — CN)WA(K/NTO)

en SN H ((n+ 1)To) — H(nTp)][Wa(K /nTy
WM:+§:[g§J%mLJ (K/nTo) (V=12
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where define that when n = 0, W4 (K/nTy) = 1. From the inequality Cy(N + 1) —
C4<N) Z 07

(CK - CN) {Q4(N) z_: WA(K/TLT()) - []_ - WA(K/NTO)]}

n=0

+ear {[H((N +1)Ty) — H(NTY)] i Wa(K /nTy)

n=0
-1

~ SN [H((n+ DTy) — H(nTO)}WA(K/nTO)} >ey (N=1,2,--),  (3.23)

n=
where

. WA(K/NTO) - WA(K/(N + l)TO)
QulN) = Wa(K/NTy) |

Thus, if Q4(N) is strictly increasing and h(t) is increasing, or QQ4(N) is increasing
and h(t) is strictly increasing, if a solution N to (3.23) exists, its minimum is

unique.

3.4.2 Model 2

It is assumed that Z(t) = pat+ By, where B, has a probability distribution Pr{B; <
x} = Wpg(z), which is called a Brownian motion with drift (Ross, 1983, p.197).
Then, the probability that the unit does not fail in (0, ¢] is

Pr{Z(t) < K} = Pr{B; < K — st} = Wg(K — pat).

Thus, by replacing formally W4 (K/t) in (3.20) with Wg(K — uat), the expected

cost rate is

_ Kk — (cx — cr)Wp(K — puaT) + e fOT We(K — pat)dH (t)
[T Wa(K — pat)dt

Cs(T) (3.24)

Let r5(t) be the failure rate of Wg(t), i.e., rp(t) = —Wg(t)/Wg(t). Differen-
tiating C5(7T") with respect to 1" and setting it equal to zero,

(cx — er) {TB(K — uaT) /0 W — pat)dt — [1— Wy (K — MAT)]}
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+QW/TW%U(—uﬂMMT)—h@Wﬂ:CT (3.25)

Thus, if rp(t) is strictly increasing and h(t) is increasing or rg(t) is increasing and

h(t) is strictly increasing, if a solution 7} to (3.25) exists, it is unique.

3.5 Numerical Examples

It is assumed that F(t) = 1 — e and H(t) = at™ (m > 1), and G(z) = 1 — e~ */#
for the standard model, Gp(x) = 1 —e~®/#7 for the periodic model, A has a normal
distribution N(pa,02/t) for Model 1, and W (x) = 1 — e */7V? for Model 2 of the

continuous model.
Furthermore, we set that the mean and variance of the total damage at any

time nTj are equal approximately for all models,

E{Z(nTy)} = \unTy = nur = panTy,
V{Z(nTy)} = 2 *nTy = npz = o*nTy.

Thus, we have

A==, o b et

Table 3.1: Optimal 75 and C1(T})/cr when Ty = 1, ur = 1 and K = 20.

epa/er = 0.01 epa/er = 0.05 evqajer =0.1
T Ci(TV))er  Tr  Ci(I7)/er Ty Ci(TV)/er
5 12.81 0.0999 12.81 0.1399 12.81 0.1899
1.0 10 11.59 0.1085 11.59 0.1485 11.59 0.1985
20 10.61 0.1166 10.61 0.1567 10.61 0.2067
5 9.63 0.2033 4.55 0.4572 3.25 0.6526
2.0 10 9.33 0.2044 4.55 0.4572 3.25 0.6526
20 8.97 0.2061 4.55 0.4572 3.25 0.6526

m  cg/er
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Table 3.2: Optimal N5 and C3(N5)/cy when Ty =1, pr =1 and K = 20.

cpqa/ey =0.01 epqa/eny = 0.05 cpqa/ey =0.1
Nj C(Npjex Nj CaNp)jex Ni Co(Nj)fe
5 13 0.0992 13 0.1392 13 0.1892
1.0 10 12 0.1095 12 0.1495 12 0.1995
20 10 0.1195 10 0.1595 10 0.2095
5 10 0.2020 4 0.4500 3 0.6333
2.0 10 9 0.2032 4 0.4500 3 0.6333
20 9 0.2055 4 0.4500 3 0.6333

m  cix/en

When Ty = 1 and pup = 1,ie, A =2, u=1/2, ua =1, 0% =1, H(t) = at™.
Tables 3.1-3.5 present the optimal 77, Ny, 15, N, T and their resulting expected
cost rates C1(17)/cr, Co(N3)/en, Cs(T5)/cr, Ca(Ny)/en, Cs5(T7)/cr, respectively,
for m, cyra/c; and cx/e; (i = T,N) when Ty = 1, up = 1 and K = 20. These
indicate that all optimal times and cost rates have similar tendencies for the same
given parameters: (1) When cx/cr or ¢k /cy increases, optimal times decrease and
cost rates increase. (2) When m increases, optimal times decrease and cost rates
increase, however, they become more stable as m become larger. (3) When cyra/cr
or cpra/cn increases, optimal times decrease and cost rate increase, however, when

m = 1, optimal times are not changed.

Table 3.3: Optimal 73 and C3(T3)/cr when Ty =1, pup =1 and K = 20.

epa/er = 0.01 epa/er = 0.05 epafer =0.1
Iy Cs(I3)/er T3 Cs(T3)/er T3 Cs(T3)/er
) 12.97 0.0958 12.97 0.1358 12.97 0.1858
1.0 10 11.93 0.1018 11.93 0.1418 11.93 0.1918
20 11.17 0.1071 11.17 0.1471 11.17 0.1971
) 9.85 0.2013 4.53 0.4522 3.21 0.6425
2.0 10 9.71 0.2016 4.53 0.4522 3.21 0.6425
20 9.51 0.2020 4.53 0.4522 3.21 0.6425

m  ci/er
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Table 3.4: Optimal N} and C4(N;)/cy when Ty =1, pr =1 and K = 20.

cpqa/ey =0.01 epqa/eny = 0.05 cpqa/ey =0.1

Ni  Cy(Ni)/en Ni  Cu(Nj)/en  Ni  Cu(Nj)/cn
) 13 0.0951 13 0.1351 13 0.1851

1.0 10 12 0.1012 12 0.1412 12 0.1912
20 11 0.1067 11 0.1467 11 0.1967

m  cix/en

5 10 0.2003 ) 0.4500 3 0.6333
2.0 10 10 0.2007 ) 0.4500 3 0.6333
20 9 0.2014 ) 0.4500 3 0.6333

Table 3.5: Optimal 77 and C5(T¥)/cr when Ty =1, pur =1 and K = 20.

epa/er = 0.01 epa/er = 0.05 epafer =0.1
Ty Cs(I5)/er Ty Cs5(I3)/er Ty Cs(T5)/er
) 10.95 0.1283 10.95 0.1683 10.95 0.2183
1.0 10 9.21 0.1487 9.21 0.1887 9.21 0.2387
20 7.87 0.1708 7.87 0.2108 7.87 0.2608
) 8.41 0.2119 4.36 0.4391 3.01 0.6035
2.0 10 7.64 0.2209 4.33 0.4398 3.01 0.6036
20 6.88 0.2330 4.28 0.4410 3.01 0.6037

m  ci/er

We could explain the optimal policies as following: (1) When the replacement
cost cx at failure increases, we should advance the time of replacement, that is,
Ty, Ny, T3, Ny, T7 should be decreased, in order to reduce the probability of
failures. (2) When m and cya/er or cpya/ey increase, i.e., the frequency and
cost of minimal repair increase, the replacement time should be advanced to reduce
the total minimal repair cost. (3) When m and cya/er or cya/cn are both or
either very larger, the replacement cost cx have no effect on the optimal time. (4)
When m = 1, that is, minimal repair occurs at a homogeneous Poisson process, the
minimal repair cost ¢y, also have no effect on the optimal time. (5) Compared to

Ty with N5 and T3 with Nj, all results are almost the same. Thus, if we could not
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estimate the total damage at each shock, then it would be sufficient to estimate it at
periodic times. (6) Clearly, 7% is less than T because E{Z(t)} = pat for Model 1 is
smaller than E{Z(t)} = pat-+o+/t for Model 2. Model 2 could be applied practically
to the continuous damage model where the total damage usually increases linearly

with time ¢, however, it might change randomly on some additional accidents.

3.6 Concluding Remarks

We have discussed three kinds of replacement policies which are combined with ad-
ditive and independent damages. The expected cost rates are obtained by using the
techniques of cumulative processes in reliability theory. Optimal policies are derived
analytically, optimal T}, N3, T3, N, T= and the resulting cost rates Cy(T7)/cr,
Co(N3)/en, C3(T5)/er, Co(N})/en, Cs5(TF)/er are computed and compared nu-
merically. By setting the mean and variance of the total damage at any time n7Tj
are equal approximately for all models, all optimal times and cost rates have similar
tendencies for the same given parameters in numerical analyses. However, the mini-
mal repair cost c¢); may be a variable and some damage caused by damage 1 may be
reduced by some maintenance using the opportunity time of minimal repair. The
obtained results and used methods in this paper would be applied in practise by
modifying them suitably, as referred in Section 3.4, the continuous models could be
applied in garbage collection models. For an another example of the applications,
we could discuss a reorganization model of structural database (William and Tuel,
1978; Goda and Kitsuregawa, 2006) by replacing shock by update, and damage 1

by structural deterioration and damage 2 by split data deterioration.
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CHAPTER 4

Random Working Times

This chapter takes up three maintenance policies for an operating system which
works at random times for jobs. Each job causes some damage to the system and
these damage are additive, and the system fails when the total damage has exceeded
a failure level K. First, preventive maintenance is made at the Nth completion of
working time for the standard model, and the system fails with probability p(z)
when the total damage is x for the minimal repair model. Second, the system is
maintained at the first completion of some working times over time 7T'. Third, when a
limit number N of working times are introduced, maintenance is made at a planned
time T or at a damage level Z. Using techniques of cumulative damage models,
expected cost rates are obtained and optimal maintenance policies are discussed

analytically and computed numerically.

4.1 Introduction

Most system deteriorate with age and use, and eventually, fail from either or both
causes in random environment. If their failure rates increase with age and use, it
may be wise to make some suitable maintenance at periodic times or at a certain
number of failures. The policy with two variables would be effective where units

suffer great deterioration due to both age and use. For example, some parts of
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aircraft have to be maintained at a specified number of flights and at a planned
time since the last major overhaul (Nakagawa, 2008, p.149). This could also be
applied to the maintenance of some parts of large complex systems such as switching
devices and parts of transportation equipment, computers and plants (Nakagawa,
2005, p.95).

Some units in offices and industries execute jobs or computer procedures succes-
sively. For such units, it would be impossible or impractical to maintain or replace
them in a strict periodic fashion, because the sudden suspension of the job may
suffer losses of production in different degrees if there is no sufficient preparation in
advance (Barlow and Proschan 1965, p.72; Nakagawa, 2005, p.245). When a job has
a variable working cycle or processing time, it would be better to do maintenance or
replacement after the job is completed (Sugiura et al., 2004). A representative ex-
ample is to maintain a database or to perform a backup of data when a transaction
is processing its sequences of operations, because it is necessary to guarantee ACID
(atomicity, consistency, isolation, durability) properties of database transactions,
especially for a distributed transaction across a distributed database (Haerder and
Reuter, 1983; Gray and Reuter, 1992; Lewis, et al., 2002). In addition, some sched-
ules of jobs that have random processing times were summarized (Pinedo, 2002).
The properties of replacement times between two successive failed units, when the
unit is replaced at such random times, were investigated (Stadje, 2003). A com-
parative study between periodic and random replacement was done (Nakagawa, et
al., 2011). Furthermore, such a notion of “random maintenance" was applied to a
parallel system with random number of units (Nakagawa and Zhao, 2012).

On the other hand, in crack growth models (Scarf, et al., 1996; Hopp and Kuo,
1998; Sobczyk and Trebicki, 2003) for aircrafts, it has been well-known that the
unit fails when the size of one crack in it exceeds a failure level or the total sizes of
all cracks attain to its certain level. For examples, rivets are normally adopted for
jointing skin to stringers, ribs in aircraft structures and fatigue cracks are known to
initiate at rivet holes. Although one crack may be not dangerous because its force
decreases when it enlarges, cracks at several following rivets may be dangerous
because they can cause multi-site damage (MSD). The MSD has been defined as

the simultaneous occurrence of many tiny fatigue cracks at multiple locations in the
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same structural element and has become recently a major issue of aging aircrafts
since the Aloha Airlines affair in 1988 (Schijve, 1995). If such small fatigue cracks
would be of enough scale and density, the aircraft structure could no longer have
sufficient strength. In case of riveted lap joints, small cracks of following rivet link
up and cause the widespread fatigue damage. We must avoid such fatigue damage
as much as one can, because it might cause the catastrophic aircraft disaster.

This chapter considers an operating system which works at successive random
times for jobs and its maintenance policies, using the cumulative process (Nakagawa,
2007) by replacing shock by work: Each work causes some damage to the system
and these damage are additive, and the system fails when the total damage has
exceeded a failure level K. Maintenance is made at the Nth completion of working
time for the standard model and the system fails with probability p(z) when the
total damage is x at some completion of working times for the minimal repair model.
It might be useless to maintain an operating system even when a planned time T’
comes and be wise to maintain it at the completion of the some working times. We
sometimes want to use the system as long as possible. From such a viewpoint, we
propose the overtime policy where the system is maintained at the first completion
of the some working times over time 7" for the overtime model. When the cumulative
damage models are applied to crack growth models, a limit number N of working
times are introduced, and maintenance is made at a planned time 7" or at a damage
level Z for the last model. Expected cost rates of each model are obtained and

optimal maintenance policies are discussed analytically and computed numerically.

4.2 Nth Working Time

4.2.1 Standard Policy

It is assumed that X; (j = 1,2,---) is the working time of an operating system
and is independent and has an identical distribution F'(t) = Pr{X; < ¢} with finite
mean 1/A. That is, the system works at a renewal process with its distribution F'(¢).
It is also assumed that each work of a job incurs some damage to the system and the

total damage is additive, which is called a cumulative damage model (Nakagawa,
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2007). That is, suppose that the jth work causes some damage to the system in the
amount Y; (j = 1,2,---) according to an identical distribution G(z) = Pr{Y; < z}
with finite mean 1/p. Then, the probability that j times of works are completed in
(0,1] is, from (Nakagawa, 2007, p.17),

Pr{N(t) =j} = FV@t) - FUtY(#)  (j=0,1,2,---),

and the distribution of the total damage Z(t) at time ¢ is
Pr{Z(t) < 2} = 3 GO(@) [FO(t) — FUD (1))
=0

where ®U)(¢) denotes the j-fold Stieltjes convolution of ®(t) with itself and ®©)(¢) =
1 for t > 0 for any function ®(t), and M(z) = 377, GU)(z) which is the renewal
function of G(z).

The operating system fails when the total damage has exceeded a failure level
K, and its failure is detected and maintenance is made at the completion of working
time. As the preventive maintenance policy, the system is maintained before failure

at Nth (N =1,2,---) working time. Then, the mean time to maintenance is

E@)z}iKWNKy—GWUUQLAmﬂ—EW“KMdt
+GM(K) /Oo [1—-FM@®)]dt
Y 69) | o - ri]ae- ;N_l COK).  (41)

Furthermore, let cx and cy be the respective maintenance costs at failure and
the Nth working time with c¢x > ¢y. Then, the expected cost rate is (Nakagawa,
2007, p.44)

Ci(N)  cx— (cK — cN)G(N)(K)

A LK) (N=1,2-) (4.2)

We find an optimal number N; which minimizes the expected cost rate C} (V)
in (4.2). From the inequality Cy(N + 1) — C1(N) > 0,

N-1

L(N) Y GO(K) — [1 - G(N)(K)] S (N=1,2,---),  (4.3)

Ckg —¢C
o K — CN
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where

GMV(K) — GNHI(K)

If L1(N) increases strictly with N |, then the left-hand side of (4.3) also increases
strictly with N . Therefore, if Li(c0)[1 + M(K)] > cx/(cxk — cn), then there

exists a finite and unique minimum Ny (1 < Ny < oo) which satisfies (4.3), and

the resulting cost rate is

C1(NT)
A

(CK—CN)L(NT) < < (CK—CN>L(NT+1)

If Li(N) increases with IV, then we have two inequalities:

Ly(N) p, GO(K) = [1 = G(K)] = Li(N) - [1 = G(K)],
L) N—IG(J)(K) — [1 _ G(N)(K)} > Ll(N)iG(J)<K) -1,

and for (4.5),

Let Nl and Ng be the respective solutions of the equations

CK

Li(N) + G(K) >

CKk — CN7
CK

Ly(N)[t + M(K)] >

CK_CN’

(4.4)

(4.5)
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then NJ < Zvl and Ny < Ng. The upper bounds Nl and J\72 would be useful for
computing an optimal N approximately when N is small and large, respectively.

In particular, when G(z) = 1 — e ie., GU)(z) = > [(px)'/il]e, from
Example 2.2 (Nakagawa, 2007, p.24), L1 (N) = [(uK)N /N /S5 v [(uK)? /4] which
increases from e #¥ to 1. Thus, if uK > cN/(cK — cN), then there exists a finite
and unique minimum N; (1 < Ny < oo) which satisfies (4.3).

Table 4.1 presents optimal N} which satisfy (4.3) and C;(N;)/(Aen) for dif-
ferent uK and cx/cy. Clearly, NJ increase with p/K and decrease with cg/cy.
That is, to control effectively a high cost suffered for failure, we must make the

maintenance time earlier as a failure level K is lower or a failure maintenance cost

¢k is higher.

Table 4.1: Optimal Ny and C1(N7)/(Aen) for pK and cx /cen.

ek Jen 1k =10 pk =15 pk =20
N Ci(Ny)/(Aen) Ny Ci(NY)/(Aen) Ny Ci(NY)/(Aew)
8 0.1561 11 0.1009 15 0.0734
5 0.2129 8 0.1282 12 0.0892
10 4 0.2533 7 0.1455 11 0.0995
15 4 0.2827 7 0.1567 10 0.1047
20 3 0.2993 6 0.1637 9 0.1095

4.2.2 Minimal Repair

It is assumed that the system fails with probability p(x) with p(0) = 0 when the total
damage becomes x at the completion of working times, and undergoes only minimal
repairs at failures, i.e., the total damage remains undisturbed by any minimal repair.
Suppose that the system is maintained at the Nth working time. Then, the expected

number of minimal repairs before maintenance is

Ny = Z_; /Ooop(x)dG(j)(a:). (4.6)
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Thus, the expected cost rate is,

CQ;N) _ %[CM;/OOOp(J;)dG(j)(I’)‘FCN (N=1,2,--+), (4.7)

where c); is the minimal repair cost at each failure.
We find an optimal number NJ which minimizes the expected cost rate Cy(N)

in (4.7). From the inequality Co(N + 1) — C3(N) > 0,

N-1

}:{Awmwdﬂm@%—émmwmﬂwwlzﬂi (N=1,2,---).  (4.8)

C
j=0 M

Thus, if [ p(z)dGY)(z) increases strictly with j, then the left-hand side of (4.8)

also increases strictly. When p(x) = 1 — e=#%,

[ - #0606 < 1- 66y

where G*(8) = [;” e #*dG(x) < 1, which represents the Laplace-Stieltjes transform
of G(x). Hence, (4.8) becomes

N

1-G@Y i Er == (1.9)
j=1

whose left-hand side increases strictly from 1 — G*(3) to 1/[1 — G*(8)]. Therefore,
if cpr > eyl — G*(B)], then there exists a finite and unique minimum Nj (1 <

N3 < 00) which satisfies (4.9). Clearly, if cpr > cn/[1 — G*(0)], then Nj = 1.
Next, it is assumed that a probability function p(z) is the degenerate distribu-
tion, i.e., p(x) = 0 for x < K and 1 for + > K. Then, the system fails certainly
when the total damage has exceeded a failure level K and undergoes minimal repair.

Then, the expected number of failures before maintenance is

N-1
Np=> [1-GU(K)]. (4.10)
j=1
Thus, the expected cost rate is,
Co(N) 1| &= .
j=1

41/116



4.2.  Nth Working Time

From Cy(N +1) — Cy(N) >0,

N—

(GO) - GM(K)] > . (4.12)

=

J]=

Because GU)(K) decreases with j, the left-hand side of (4.12) increases from 1 —
G(K) to 1+ M(K). Therefore, if cpy > ey /[14+ M (K)], then there exists a finite and
unique minimum Nj (1 < N < oo) which satisfies (4.12). If ¢p; > en/[1 — G(K)],
then ]V; =1

Table 4.2: Optimal N5 and Ca(N5)/(Aear) for G*(5) and en/epr.

/o G*(8) = 0.90 G*(8) = 0.95 G*(3) = 0.99
N3 Co(N3)/(Aem) N3 Ca(N3)/(Aem) N3 Ca(N3)/(Aew)

0.5 3 0.2663 5 0.1951 10 0.0938

1.0 5 0.3801 7 0.2809 15 0.1337

1.5 7 0.4689 9 0.3449 18 0.1639

2.0 8 0.5381 10 0.3975 21 0.1892

5.0 16 0.8033 19 0.6077 35 0.2956

Table 4.3: Optimal N3 and Ca(N3)/(Acar) for K and ex /ey

CN/CM B /in 10 B /:LVK f 15 N ,liK f 20
N3 Ca(N3)/(Aem) N3 Co(N3)/(Aem) Ny Ca(N3)/(Aear)
0.5 6 0.0871 9 0.0567 13 0.0414
1.0 7 0.1550 10 0.1033 14 0.0764
1.5 7 0.2175 11 0.1463 15 0.1094
2.0 8 0.2734 12 0.1877 15 0.1406
5.0 10 0.5683 14 0.4047 18 0.3118

Table 4.2 presents optimal Ny and Cy(N3)/(Acys) for different G*(3) and
ck/cm. It is shown that Nj increase with both G*(3) and ck/cp. Table 4.3
presents optimal N3 and Cy(N3)/(Acas) for different uK and cx /car. This shows
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4.3. Overtime Policy

similar tendencies to Table 4.2. From these two tables, we can know that the opti-
mal maintenance times become longer as the minimal repair cost cj; is lower and

the failure level K is larger.

4.3 Overtime Policy

It may be wasteful to maintain an operating system at planned times even if it
is working. For example, when the system is functioning for jobs with a variable
working cycle and processing time, it would be better to be maintained after it has
completed the work and process. It is assumed that the system is maintained before
time 7' (0 < T < oo) when the total damage has exceeded a failure level K, and
after T', it is maintained at the first completion of some working times. Then, the

mean time to maintenance is (Nakagawa, 2007, p.55),

E@)ziikﬁKKy—Gm”UQ}{ATL/w@+umF@ﬂdme)

+/0T tdF(Hl)(t)} n i@(ﬁl)(K) /OT [/:u(t*“)dF(t)] dF9) (u)
:i i:: GO (K)F9)(T), (4.13)

Therefore, the expected cost rate is

Cy(T) ek — (cx — er) o2y GUHD(K) [FO(T) — FU+(T)] »
A > GO(K)FO)(T) , (4.14)

where cr is the maintenance cost at the completion of working time after T'.

We find an optimal time 73 which minimizes the expected cost rate C5(T") in
(4.13) when F(t) =1—e ™ and G(z) = 1 —e ™ ie., FU(t) = > [(At)/il] e
and GU)(x) = Z;’ij[(u:p)i/i!}e*“‘”. Then, differentiating C5(7T") with respect to T

and setting it equal to zero,

Qs(T) Z G(j)(K)F(j) (t) — Z ()\?;)j

=

e M1 - GUI(K)] = —TL— (415)
Cx — Cr
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4.3. Overtime Policy

where

S N[5 (K )1 (j + 1)1] feK
> o(AT) /IGUHD(K)

Qs3(T) =

Because Q3(T) increases strictly with 7" from pK/(e#® —1) to 1, the left-hand side

of (4.15) also increases strictly from

_ —pK
EuK 1+e <,uK

D
erK — 1 - 2

to K. Therefore, we have the following optimal policies:

1. If D > cp/ (cK — cT), then 75 = 0, i.e., the system is maintained at the first

completion of working time, and the expected cost rate is

C1(0)
A

= CKg — (CK - CT)G(K)

2. If D < cT/(cK — cT) < pK, then there exists a finite and unique 75 (0 <
Ty < oo) which satisfies (4.15), and the resulting cost rate is

Cs(T3)
A

= (cK — CT)Q(Tg*).

3. If uk < cT/(cK — CT), then, 75 = oo, i.e., the system is maintained only at
failure, and the resulting cost rate is

C3(00) _ CK
A 1+ M(K)

Table 4.4 presents optimal AT which satisfy (4.15) and C5(7%5)/(Aer) for dif-
ferent pK and cx/cp. It is shown that T35 have the same tendencies with Ny for
the same parameters and A75 ~ Ny in Table 4.1. That is, optimal number and
time are almost the same for two polices, however, from the economical point, the
policy made at Nth working time is better than that at time 7. However, from
the convenient point, the policy at time 7" would be easier than that at number N,

because it is not necessary to count the number of working times.
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Table 4.4: Optimal A\T5 and C5(7%)/(Aer) for pK and ¢ /er.

exJor pK =10 K =15 pK =20
NG Gu(T3)/Oer) ATy Co(T3)/(her) ATy Cs(T3)/(er)
8.89 0.1667 12.21 0.1087 15.80 0.0795
4.71 0.2528 7.73 0.1512 10.86 0.1048
10 3.39 0.3179 6.09 0.1808 9.04 0.1216
15 2.83 0.3588 5.39 0.1986 8.22 0.1314
20 2.51 0.3894 4.98 0.2117 7.73 0.1386

4.4 Limit Number of Working Times

4.4.1 Expected Cost Rate

Some systems fail when the size of one crack in them exceeds a failure level or the
total sizes of all cracks attain to its certain level, as introduced in crack growth
models for aircrafts in Chapter 1. This section takes up the maintenance model
where the system fails when the total damage has exceeded a failure level K or
the total number of working time reaches to N (N = 1,2,---). As preventive
maintenance, the system is maintained before failure at a planned time 7" (0 <
T < o0) or at a damage level Z (0 < Z < K), whichever occurs first. Then, the

probability that the system is maintained at time 7' is

Pr ZNZ_I[F(”(T) — FUH(T)GYW(2), (4.16)

J=0

the probability that the system is maintained at damage Z is

=

Py =Y FUO(T) / ’ [G(K —x) — G(Z — )] dGY) (x), (4.17)

J

I
o

and probability that the system is maintained at failure is

mﬁ:FWMmGWMZy+Zmeﬂan/zéuc—me@@» (4.18)

J=0
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4.4. Limit Number of Working Times

Note that Pr+Pz+Pr = 1, and the mean time to maintenance is, from (Nakagawa,
2007, p.41),

E(L)=) GY(2) / T[F(j)(t)—F(j“)(t)]dt. (4.19)

j=0
Therefore, the expected cost rate is
cx — (cx — or) Y0 [FO(T) — FUH(T)]|GU)(Z)
CuT,2)  —(ex —cz) 355 FUPN(T) [T IG(K — 0) = G(Z — 2)] dGY) (2)

A SN GO(Z) [ [FO(t) — FU+D(1)]dt

Y

(4.20)

where cr, ¢z, and cgx are the maintenance cost at time 7', damage level Z, and at

failure with ¢ < ¢ and ¢z < ¢k

4.4.2 Optimal Planned Time

When the system is maintained only at time 7" before failure, the expected cost

rate is, from (4.20),

cx — (ex — o) )5 [FO(T) = FUP(T)]GY(K)

j=0

SV GO(E) [TTFG(t) — FU+D(1)]de

Cy(T) = lim Cy(T, Z) =

(4.21)

We find an optimal 7f which minimizes C4(7") in (4.21). In particular, when
N=1,

C4(T) _ CK — (CK — CT)F(T) .

[T F@at (4.22)

which corresponds to the expected cost rate of a standard age replacement policy
(Nakagawa, 2005, p.72). It is assumed that the failure rate h(t) = f(t)/F(t) in-
creases strictly and h(oco) = limy .o, h(t). Then, from (Nakagawa, 2005, p.73), if
h(co) > Aex/(cx — er), then there exists a finite and unique 7 (0 < T} < o0)

which satifies

hGUATFGMt+FUU: K (4.23)

CK_CT’
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4.4. Limit Number of Working Times

and the resulting cost rate is

Note that if F((t) = 1 —e*, then h(t) = A, and hence, T} = oo, i.e., the system

is maintained after the first working time, and the expected cost rate is

T—o00

Clearly, from (4.21),

C4(0) = lim Cy(T) = o0,

T—0
. Ack
Cy(o0) = Tl‘glgo Cy(T) = Zj'vz_ol G(J')(K)'

Thus, there exists a positive T (0 < T} < oo) which minimizes (4.21).
Differentiating C,(7T") with respect to T" and setting it equal to zero,

Qu(T) N_lg(j)(Z) /T[F(j)(t) _ F(Hl)(t)]dt
+lewuv—F@muwG@m3=cffc7 (4.26)

where

ou(r) = e DO - SIG)
Zj:o [F(j)(T) — F(]-i—l)(T)]G(])(K)

Let L4(T) be the left-hand side of (4.26),

CK

Ly(0) = lim Ly(T) = 1 <

T—0 cx —Cr
-1

dL(f;T dQ4(T Z ol / FU() — FUHD (4)]dt.

Jj=

Thus, if Q4(T") increases strictly, then L,(7T') also increases strictly from 1 to

L4(OO) Q4(
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4.4. Limit Number of Working Times

Therefore, if Ly(co) > cx/(ck — cr), then there exits a finite and unique 7} (0 <
T} < oo) which satisfies (4.26), and the resulting cost rate is

Cu(Ty) = (cx — er)Qu(T}). (4.27)

In particular, when F(t) =1 —e * for N > 2,

(4.28)

Qi(T) =\ (1 _ Zj:_o [(/\T)j/j!]G(j+1)(K)) |

>0 [(AT)T /] GO(K)

Suppose that GUTD(K)/GU(K) decreases strictly. In this case, (4.26) becomes

N-1 00 N-1 ,
T T T A
IS gy 3o AP o 52 AT gy = - (499)
A 7=0 izt J : i—0 ! Ck —¢r

whose left-hand side increases strictly to ZN 01 GU)(K), because of, from Appendix,
Q4(T') increases strictly to A\ . Therefore, if Z?f:—ol GY(K) > ex/(cx — er), then
there exists a finite and unique 7} (0 < Tj < oo) which satisfies (4.29), and the
resulting cost rate is given in (4.27).

If each damage is not additive, as introduced in Chapter 3, the expected cost

rate in (4.21) is rewritten as

cx — (ex = er) 315 [FO(T) = FUSD(D))[G(K)P
Yo (G [y [FO(t) — FUtD(n)]dt

We can make similar discussions for deriving analytically an optimal policy which

Cy(T) = (4.30)

minimizes Cy(7T).

4.4.3 Optimal Damage Level

When the system is maintained only at damage level Z before failure, the expected

cost rate is, from (4.20),

Ci(2) _ K = (cx — ¢z Z fo — G(Z — )] dGY) ()

. (431
A Z;V:olG]() 30
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4.4. Limit Number of Working Times

We find an optimal level Z§ which minimizes the expected cost rate Cy(Z) in
(4.31). In particular, when N = 1, Cy(Z) increases with Z, and hence, Z; = 0.
When N = oo,

Ci(Z)  ex = (e —cz) Jy [GIK — ) = G(Z — x)]dM(x)

N M(Z) : (4.32)

where M(z) = 3772, GU(x). If M(K) > cz/(cx — cz), then there exists a finite
and unique Z§ (0 < Z; < K) which satisfies
K

M(K — 2)dG(z) = —Z (4.33)

K-2Z Ck — Cz

Denote g(x) be a density function of G(x). Differentiating C4(Z) in (4.31) with
respect to Z for N > 2 and setting it equal to zero,

N-1 N-1 VA c
Qu(2)Y GY(Z)+ {/ G(K —2) — G(Z — 2)]dGY(2) | = —F—,
j=0 j=0 L0 ez
(4.34)
where
(N)
9 (2) =
QuZ)= = tGK-2).
Yim 99(2)
Let Ly(Z) be the left-hand side of (4.34),
N-1

Li(0) = Q4(0), Li(K) =Qu(K)) GY(K),

J

Il
o

Ly(Z) = Qi(Z) ) GV(Z).

<
I
o

If Q4(Z) increases strictly with Z, then Ly(Z) also increases from (Q4(0) to

L4(K). In this case, we have the following optimal policies:

1. If Q4(0) > cx/(ck —cz), then Z; = 0 and the resulting cost rate is Cy(0)/A =

Ck.
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4.4. Limit Number of Working Times

2. If Q4(0) < cx/(ck — cz) < Qu(K) Zj.v:_ol GU)(K), then there exists a finite
and unique Z; (0 < Z; < K) which satisfies (4.34), and the resulting cost
rate is

Ca(Z;)
A

= (CK — Cz)Q4(ZZ) (435)

3. lf e /(ecx —cz) > Qu(K) ij;Ol GU)(K), then Z; = K, and the resulting cost
rate is

C4(K) o CkK
A SN GU(K) (4.36)

In particular, when K = oo, the expected cost rate is

C4(Z) - Cy — (CN - Cz)G(N)(Z)

A Z;V: *01 GW(Z) ’

where cy represents the maintenance cost when the total number of working times
reaches to N. In this case, (4.34) is simplified as for N > 2,

N—

,_.

Gv) GM(z) =~

)
C C

where
~ WN)(z
g
)= 2D
Z -1 9V (Z)
Furthermore, when K = oo and N = oo, the expected cost rate is

04(2) Cz
A M(Z)

and hence, Z; = oo.
When G(z) =1—e " for N > 2,

(nZ)NH/(N = 1)! | o H(E=2)
Yo (wz)i /41 ’

Q4(Z) =

and (4.34) becomes

« 1{ i(#_z)ie W2 4 (1 K] (HZ)j} _ Ck
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4.4. Limit Number of Working Times

and when N = oo,

pZe ME=2) — <z
Cxk — Cgz

It can be easily seen that Q4(Z) increases with Z from e *¥ to Q4(K). Therefore, if
cx/(cx —cz) < Qu(K) Zj.v;ol GU)(K), then there exists a finite and unique Z; (0 <
Z; < K) which satisfies (4.34).

4.4.4 Numerical Examples

We compute numerically optimal 7 and Z; which minimize C4(7") in (4.21) and
Cy(Z) in (4.31) for N > 2, respectively, when F(t) =1 —e * and G(z) = 1 —e #*,

Then, an optimal T} satisfies

= () — AT o, S (AT /5GU I (K)
=0 ) i;l i (1 >l (AT /GO (K)
n ~ (Ar)j QU (K) = K (4.37)

’
j' Ck — Cr

=0
and an optimal Z} satisfies

S oy (WD =D ks
. ( RN )

§=0
N-1 -
(1Z) .z —uK CK
+ —L_(e7H4 — gTHEY = , 4.38
; J! ( ) Ck —Cz ( )

In particular, as K — oo, i.e., the system is maintained only when the number

of working times reaches to N, (4.37) and (4.38) a rewritten as, respectively,

AN YN =D o Sy o AT | SR OTY e e
svaoarp | &N T T T T T
(4.39)
W2 N =D NSy B2 z| NS W2 L ew
sV zp | N I L e =T
(4.40)
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Table 4.5 presents optimal AT and pZ; for different N and pK when ¢k /¢; (i =
T, 7). It shows that both AT} and pZ} increase with N and K when N > 5, and
are stable when N = 2, 3,4 for different u K, because for small N, we must maintain
the system at earlier times before the number of working times reaches to N. When
N = o0, it can be seen that uZ; > AT for finite p/. When K = oo, uZy < X1} for
finite IV because the left-hand side of 4.39 is less than 4.40 for NXT' = uZ and ¢y = c.
When N = oo and puK = oo, then AT} = pZ; = oo, because Cy(T) = ¢r/T and
Cy(Z) = Xer /(1 + p2).

Table 4.5: Optimal AT} and pZj for K and IN.

N nK =38 K =10 pK =00
NIp pZp  NIY pZi AT; pZi
2 1305 0.226 1.305 0.226 1.305  0.226
3 1512 0779 1,512 0.779 1.512  0.779
4 1956 1371 1956 1374 1.957 1.375
5 2462 1973 2472 1984 2476  1.986
6 298 2576 3.021 2.606 3.037 @ 2.611
7 3489 3.161 3.580 3.236 3.628  3.249
8 3934 3.699 4.124 3.867 4.242  3.899
9 4284 4.154 4.624 4.486 4874  4.560
10 4.513 4.498 5.050 5.068 5.522  5.232
20 4.695 5.004 5.750 6.709 12.549 12.373
oo 4.695 5.004 5.750 6.709 () ()

4.5 Concluding Remarks

We have discussed three maintenance policies for an operating system which works
at successive random times for jobs, the system fails due to damage that can be
additive caused by jobs. Using the technique of cumulative damage models, the
expected cost rates have been obtained, and the optimal maintenance policies have
been discussed analytically. Numerical examples have been computed for all models

and some useful explanations have been given.
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For the Nth working time model, we first discussed the standard model where
maintenance is made at the Nth completion of working time, the model has been
given in (Nakagawa, 2007), we discussed the approximate upper bounds and for
computing the optimal policy when the number of working times are small and
large, respectively. Minimal repair is a important policy when a large and complex
system is operating, so we introduced such a repair to the above policy where
the system fails with probability p(x) when the total damage is x and undergoes
minimal repair at failure. Exponential and degenerate distributions are applied to
discuss the optimal minimal repair policies, respectively.

The overtime model is the simplest policy when we consider the random work-
ing times, that is, we can delay the maintenance time suitably in order to continue
the works until they are finished. Compared with the standard model, it is in-
teresting that the property of optimal polices for the standard model has similar
tendencies with that for the overtime model, however, the resulting cost rates of
the standard model is lower than that of the overtime model, because the overtime
policies increase the probability of failures when they are delayed.

The limit number of working times model is modified from (Nakagawa, 2007,
p.40), before discussion such a notion, we have introduced its applications in crack
growth models for aircrafts. In this chapter, a limitation N is considered, and
optimal operating time and damage level are discussed, it has been shown that two
optimal policies have the same variation properties when the same parameters are
given. As extended models, we can set the limitation is the operation time 7' or

damage level Z, and obtain other optimal policies.

Appendix

Prove that
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decreases to 0 as T' — oo. Differentiating @4(T) with respect to T,

d@v4(T) 1 N-1 (AT) i) N ()\T)Z i
ar :{Eﬁvo[(AT)j/j!}GU)(K)p LZ_;]TG( (K )ZZ_; GO(K)
Z i G(J+1 K) Z i%G(i)(K)
The numerator is
Z ()\jT') j+1) Z B G(z )(] . Z)
= Z (AY;!)F GY(K) (/\jT')J GUV(K)(j — i) + '_ )\jT) GO (K) - Z)]
- T Y (J+1 a Z_l .
:Z J! ¢ Z K)(j—1)

N -1 N i (G+1) D)
.S AT o) 3 A o) i - j) G@(j)(%) - GG(")(E(}?

Thus, if GU+D(K)/GU)(K) decreases strictly, then Q4(T) decreases strictly to 0,
and hence, Q4(T") increases strictly to A.
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CHAPTER 5

Maintenance Last Policies

From the economical viewpoint of several combined PM policies in reliability theory,
this chapter proposes a standard cumulative damage model in which the notion of
maintenance last is applied, i.e., the unit undergoes preventive maintenances before
failure at a planned time T, at a damage level Z, or at a shock number N, whichever
occurs last. Expected cost rate is detailedly formulated, and optimal problems of
two alternative policies which combined time—based with condition—based preven-
tive maintenances are discussed, i.e., optimal 77 for NV, Z7 for T', and Nj for T are
rigorously obtained. Comparison methods between such a maintenance last and
the conventional maintenance first are explored. It is determined theoretically and
numerically which policy should be adopted, according to the different methods in
different cases when the time-based PM policy is optimized or the condition—based

PM polices are optimized.

5.1 Introduction

PM actions for damage models are generally grouped into time—based and condition—
based maintenances: If we have no information on the condition of a unit, its main-
tenance should be done at some age or usage period, e.g., at a planned time T'

(Nakagawa, 2007, p.42). On the other hand, if we could monitor some selected
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measurement, parameters such as fatigue, wear, crack, etc., its maintenance should
be done based on such conditions by periodic or random inspections, e.g., at a shock
number N or at a damage level Z (Nakagawa, 2007, p.44-45). Furthermore, it was
shown from numerical examples (Nakagawa, 2007, p.52-53) that optimal PM poli-
cies based on shock and damage conditions show more superiority than that based
on a planned time, i.e., from the viewpoint of expected maintenance cost rates, PM
done at Z is better than those at T and N, and PM done at NN is better than that
at T" in most cases.

It has been assumed in all policies until now that the unit is maintained pre-
ventively at some amount of quantities, e.g., age, operating period, usage number,
damage level, etc., or at failure, whichever occurs first, which is called maintenance
first (MF). These policies are reasonable in practical fields if a unique PM policy
in which to prevent failure is performed. However, this is especially the case when
several combined PM policies are done. Taking parts of an aircraft as an example,
appropriate maintenances are usually scheduled at a total hours of operation or at a
specified number of flights since the last major overhaul (Duchesne, Lawless, 2000).
Maintenance models with two PM policies, such as age and usage number, age and
failure number, etc., have been discussed (Nakagawa, 2008, p.149). However, it has
be found that such MF models would cause frequent and unnecessary maintenances
which may incur production losses, when two or more alternative PM policies are
adopted (Zhao and Nakagawa, 2012).

In addition, it has been assumed in all PM policies that the catastrophic failure
mode is supposed, i.e., the unit suffered for failures may incur heavy losses. If the
maintenance cost after failure would be estimated to be not so high, then the
unit should be operating as long as possible before failures, so that the notion
of “whichever occurs last” (Chen, et al., 2010a, 2010b) was proposed, i.e., the
unit is replaced preventively at a planned time or at a working number, whichever
occurs last. To motivate such a newly proposed notion more clearly, the policies
with “whichever occurs last and first” were defined as replacement last and first,
and their optimization problems, comparison methods, and real applications were
explored (Zhao and Nakagawa, 2012). Furthermore, such a replacement last was

applied to a shock model with damage level Z (Zhao, et al., 2011a).
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As the following studies of the notion “whichever occurs last', this chapter
takes up a standard cumulative damage model in which maintenance last (ML) is
applied, i.e., the unit undergoes PM before failure at a planned time 7', at a damage
level Z, or at a shock number N, whichever occurs last. We detailedly formulate
the expected cost rate which has been given directly in (Zhao and Nakagawa, 2012).
Optimal problems which combine time—based with condition—based PM policies are
discussed, i.e., optimal T} for N, Zj for T, and N} for T' are rigorously obtained.
To compare such results of ML with those of MF, optimal T} for N, Zj, for T', and
Nj. for T are also derived by similar methods, and comparisons between optimal

ML and MF policies are demonstrated in detail.

5.2 Expected Cost Rate

It is assumed that random variables X; (j = 1,2, - - - ) are shock time intervals which
are independent and have an identical distribution F'(t) = Pr{X; < ¢} with a finite
mean 1/)\ and a density function f(¢) = dF(¢)/dt. Each shock causes a random
amount of damage Y; (j =1,2,--+) to a unit according to an identical distribution
G(z) = Pr{Y; < x} with a finite mean 1/p and a density function g(x) = dG(z)/dz,
and these damages are additive. The unit fails when the total damage exceeds a
threshold level K (0 < K < o00), its failure is immediately detected, and then
corrective maintenance (CM) is done. Then, the probability that shocks occur j

times in [0, ¢] is (Nakagawa, 2007, p.17)
Pr{N(t) = j} = F9(t) = FU™D(t)  (j=0,1,2,---),

and the distribution of the total damage Z(t) at time ¢ is

Pr{Z(t) <a} =) GU()[FU(t) - FU"D(1)),

where ®V)(t) denotes the j—fold Stieltjes convolution of any function ®(t) with itself
and ®©)(¢) =1 for t > 0.

As preventive maintenance (PM) policies, the unit is maintained before failure
at a planned time 7' (0 < T < 00), at a damage level Z (0 < Z < K), or at a shock
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5.2. Expected Cost Rate

number N (N =0,1,2,--), whichever occurs last, which is called maintenance last
(ML). We assume that the unit becomes as good as new at each CM or PM, i.e.,
any maintenance is perfect. Then, the probability Py that the unit is maintained
at time 7T is
Pr =Y [FO(T) = FU(T)GY(K) - GV(2)], (5.1)
j=N
the probability P, that it is maintained at damage Z is

o0

PZ:}:Fmﬂuuézmur_@-mxz—@mewmy (5.2)

J=N
where ¢(t) = 1 — ¢(t), and the probability Py that it is maintained at shock N is

()

Py =F (T)[G™(K) - G™N(Z)]. (5.3)

The probability Px that the unit is maintained at failure is divided into three cases:

The probability that the total damage exceeds K at some shock after 7" and N is
—FHD) oy [ -
E:}ZF](ﬂ/‘QK—@MW@L
N 0

the probability that the total damage exceeds K at some shock after T" when the

total shock number is less than or equal to N is

=z

-1

Py =Y FV(T)GY(K) — GUI(K)],

<.
I
o

and the probability that the total damage exceeds K at some shock before T' is
P; = Z FUD(T)[GY(K) — GUHD(K))].
§=0

By summing up Py, Py, and Pj,

o0 ) K
PKEPHJB+%:1—§:ﬁﬁ%ﬂ/1@Mﬁwﬂ@%@, (5.4)

i=N z
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where note that P, + Py + Pr + Px = 1. Then, the mean time to maintenance is
=T Y [FO(T) = FO(D)][GO () - G9(2)]

—H@Mmj—dmwﬂ/mmﬂmw

T

0

i i /TOO tdF(j+1)(t) /OZE(K — x)dG’(j)(:L’)

+E;Lfmﬂﬂwﬂ/ﬂmk—xy4xz_@MgW@

_i_Nz_:l[Gu)(K) G(J'“)(K)]/ tdFUTD (1)

+ N_l(;(J)<K) /OO[F(J)(t> F(JH)(t)]dt
n i G (K) /T[F(j)(t) — FUHD($)]dt. (5.5)

Therefore, from (5.4) and (5.5), the expected cost rate is

ep+ (cr — ep)[1 = Y00 FU(T) fZ K — 2)dGY) ()]
Sy GO(Z) [ IFO(1) — FUH <t>1dt

+ 35 GUE) [ [F“)(t) FUD(t)]dt
+ E;io GUN(K) fo [FO)(t) — FUD(4)]dt

CL(T, Z,N) =

, (5.6)

where cp is the PM cost at T', Z, or N, and cp is the CM cost at failure with
cp > cp.

In the following sections we find optimal PM time 77}, damage Z7, and shock
N}, which minimize Cp(T) = limz o C(T, Z,N) for N, C(Z) = limy_o CL(T, Z, N)
for T, and CL(N) = limy_oCp(T,Z, N) for T, respectively, and compare them
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with the conventional PM policies discussed in (Nakagawa, 2007, p.42-46), when
Ft)=1—e ie, FO(t) =32 [(At)/il]e™ (j = 0,1,2,---). Clearly,

)\CF

~ T M@ (5.7)

Jim CulT) = Jin €u(2) = fim (N
which is the expected cost rate when only CM is made, i.e., when the unit is
maintained only at failure, where M(K) = >°7, GU)(K) presents the expected
number of shocks before the total damage exceeds a failure level K.

Furthermore, we define the following three policies, i.e., T—PM, Z—PM, and
N—PM, as the standard PM policies in cumulative damage models:
et 1 L B ) i )

Z—0,N—0 > o FUT(T)GO(K)dt /A
(5.8)

which is the expected cost rate when T'—PM is made, i.e., when the unit is main-

tained preventively at a planned time T,

%@ﬁiﬂ%ﬁmﬂzm:”@“V”ﬂﬁﬁ@%ﬁWF@me
(5.9)

which is the expected cost rate when Z—PM is made, i.e., when the unit is main-

tained preventively at a damage level Z, and

— — MN(K
Cs(N)= lim Cp(T,Z N) =L (cr — cp)GYV(K)

5.10
T—0,2—0 Zj-v:_ol GU(K)/\ ’ ( )

which is the expected cost rate when N—PM is made, i.e., when the unit is main-
tained preventively at a shock number N.

Optimal policies T*, Z*, and N*, which minimize Cs(7T) in (5.8), Cs(Z) in
(5.9), and Cg(N) in (5.10), have been discussed (Nakagawa, 2007, p.42-46). From
the numerical examples (Nakagawa, 2007, p.52-53), it has been shown that the
standard policy made at Z is better than those at 7" and N, and the standard

policy made at N is better than that at T in most cases.
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5.3 Optimal Planned Time

Suppose that the unit is maintained before failure at 7' (0 < 7T < oco) or at N (N =
0,1,2,---), whichever occurs last. Then, putting that Z = 0 in (5.6),

L) _ er+ (er —cp){1 = T2 PV (D)GO(K) = GUHI(K)])

A N—150+1) : - ) ) (5.11)
>0 I AT)GO(K) + 3772, FUtH(T)GU)(K)
Differentiating C(T) with respect to T for N and setting it equal to zero,
N-1 0o
Ry(T,N) | S FV ()G (k) + 3 FOH)(T) 69 (K)
Jj=0 j=0
+ 3 FI@)G0 (k) - QU -1 = — P (5.12)
j=N Cpr — Cp
where
> FUrDHIGUI(K) — GUTD(K
RL(t’N)EijNf ()[ ( ) ( )]

S FOBGO(K) )
and fUTD(t) = [A(At)//je . From Appendix 1, when GU/(K) = Y22 [(uK)' /i!]
e K it is proved that Ry (¢, N) increases strictly with ¢ from 1-GW*+D(K) /GW) (K)
to 1. Denoting the left-hand side of (5.12) by Vi(T, N) and r1(¢t, N) = dR(t, N)/dt,

dVL (T, N)
dT

N—-1 [e%s)
= (T, N) | S FU DGO () + Y FUI(T)GO(K) | > 0,
j=0 j=0

(5.13)
which follows that V(T N) increases strictly with 7" from

G(N)(K) _ G(N+1)(K)
GM(K)

N-1

VL(0,N) =

to Vi(oco, N) = M(K).
Therefore, if V,(0,N) < ¢p/(cr — cp) < M(K), then there exists a finite and
unique 75 (0 < T} < o) that satisfies (5.12), and the resulting cost rate is
Cr(T})
A
If M(K) < ¢p/(cp — cp), then T} = oo, and the resulting cost rate is given by

(5.7). If VL(0, N) > cp/(crp — cp), then T} = 0, and the resulting cost rate is given
by (5.10).

= (CF — CP)RL(T£7 N) (514)
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5.3.1 Comparison with Maintenance First

Suppose that the unit is maintained before failure at 7' (0 < T' < oco) or at N (N =
1,2,---), whichever occurs first, which is called maintenance first (MF). Then, the
expected cost rate is, from (Nakagawa, 2007, p.42),

Cr(T)  cp+(er —cp) 3255 FUD(D)[GY(K) - GUH(K)]

X Z;-V:ol FU+)(T)GW(K) ' (5.15)

By the similar method above, we discuss optimal 77 as follows: Differentiating

Cp(T) with respect to T for N and setting it equal to zero,

=

N—

Rp(T, N) FUt (TG (K FUD(TYGO(K) — GUH(K) = — L
Crpr —Cp

(5.16)

>—‘

<.
Il
o

Jj=0

where

2o [IVMIGOK) - GUHY(K)
>oise SOV (H)GO(K)

From Appendix 2, when GV (K) = 32 [(uK)" /ille™X it is approved that Rp(t, N) =

1 — G(K) for N =1 and increases strictly with ¢ for 2 < N < oo from 1 — G(K)

to1— G(N“)( )/G(N)(K). Denoting the left-hand side of (5.16) by Vx(T, N) and

RF(t, N) =

=

rp(T,N) Y FUt(T)GY(K) >0, (5.17)

J

AVi(T,N) _
a7

I
o

which follows that Vx(T', N) increases with 7" from 0 to

MK — GO+ (g V=L o
Vr(oo. )= =y 2 €0 ~G N K)

J=0

Therefore, if Vr(co, N) > cp/(cr — cp), then there exists a finite and unique

TF (0 < TE < 00) that satisfies (5.16), and the resulting cost rate is

Cr(TF)
A

= (CF - CP)RF(TE;» N)‘ (5‘18)
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If Ve(oo, N) < ¢cp/(cp — cp), then T} = oo, and the resulting cost rate is given by
(5.10).

Let N* (1 < N* < 00) be an optimal shock number which minimizes Cg(N)
in (5.10). Then, N* is a unique and minimum solution of the inequality, from
(Nakagawa, 2007, p.45),

N-1
RS (k) - ™M (k) > L 5.19
() 3 60 -G ) 2 S (5.19)
where
. GU(K) — GUHY (K ,

G(j)(K)
Denoting the left-hand side of (5.19) by Vs(V), it is easily shown that Vg(N) =
VL(0,N) = Vr(oo, N). Then, the following comparison results between ML and
MF can be given:

1. If a predetermined N < N*, then T} = oo, and 0 < T} < oo when M (K) >
cp/(cp —cp), and T} = oo when M(K) < ¢p/(cr — cp), i.e., ML should be
adopted when N < N*.

2. If a predetermined N > N*, then T} = 0, and 0 < T} < oo when Vg(N) >
cp/(cp —cp) and Tj = oo when Vg(N) < c¢p/(cr — cp), i.e., MF should be
adopted when N > N* and Vg(N) > cp/(crp — cp), and the standard N—PM
should be adopted when N > N* and Vg(N) < ¢p/(cp — cp).

In addition, from Appendixes 3 and 4, both Ry (¢, N) and Rg(t, N) increase
strictly with N, that is, V(T, N) in (5.12) and Vr(T, N) in (5.16) increase with N.

In other words, if finite 77 and T} exist, they would decrease with N.

5.3.2 Numerical Example

Suppose that shock intervals X; (j = 1,2, ---) have an identical distribution F(t) =

1 — e and random amount of damage Y; (j = 1,2,---) have an exponential

distribution G(z) = 1 — e #*. Table 5.1 presents optimal T}, T}, and their cost

rates C(T}) and Cp(T}) for N and cp/(cp — cp) when A =1, p =1 and K = 10.
Table 5.1 indicates:
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Table 5.1: Optimal T}, T}, and their cost rates when A =1, p =1, K = 10.

cp N=2 N=5 N =38

ar—ep T Cu(T}y) T Cr(Tp) Ti Cu(Ty) Tp Cp(Ty) Tp Cu(Tf) Tp Cp(Ti) N*
0.1 4.00 0.034 oo 0.050 0.00 0.026 oo 0.026 0.00 0.041 4.75 0.033 5
0.2 520 0.055 oo 0.100 1.28 0.046 oo 0.046 0.00 0.054 6.84 0.052 6
0.3 6.07 0.073 oo 0.150 3.56 0.065 oo 0.066 0.00 0.067 9.49 0.066 6
0.4 6.78 0.089 oo 0.200 5.01 0.084 oo 0.08 0.00 0.080 14.09 0.079 7
0.5 742 0.104 oo 0.250 6.09 0.100 oo 0.106 0.00 0.093 28.35 0.092 7
0.6 8.00 0.118 oo 0.300 6.97 0.115 oo 0.126 0.00 0.106 00 0.106 8
0.7 856 0.131 oo 0.350 7.75 0.129 oo 0.146 0.00 0.119 00 0.119 8
0.8 9.09 0.144 oo 0400 8.44 0.142 oo 0.166 0.00 0.131 0 0.131 8
0.9 9.61 0.156 oo 0450 9.07 0.155 oo 0.18 0.00 0.144 oo 0.144 8
1.0 10.12 0.168 oo 0.500 9.68 0.167 oo 0.206 2.62 0.157 o 0.157 9

1. There exist three cases between 17 and T} according to N*: 0 < 1T} < oo
and T = oo for N < N*, 0 < T} < oo and T} =0 for N > N*, and T} =
and T} = oo for N = N*. That is, ML should be adopted for N < N*| e.g.,
when N =2 and ¢p/(cp —cp) = 0.1, C(T}) = 0.034 < Cp(TF) = 0.050; MF
should be adopted for N > N* e.g., when N = 8 and c¢p/(cp — cp) = 0.1,
Cr(Ty) = 0.033 < CL(T) = 0.041; the standard N—PM should be adopted
when N = N* e.g.,, when N =5 and cp/(cp—cp) = 0.1, Cp(T}) = CL(T}) =
0.026.

2. When 0 < T} < oo or 0 < Tj < oo, both T} and T} increase with the
maintenance cost ratio cp/(cp — cp), i.e., decrease with cgp/cp. When cp/cp
increases, PM should be advanced to prevent a higher CM cost. In other
words, the unit can be operating for a longer time as ¢g/cp becomes smaller,
e.g., when N = 2 and ¢p/(cp — cp) = 0.1,0.5, Tf = 4.00,7.42; when N =8
and cp/(cp —cp) = 0.1,0.5, T = 0.033,0.092.

3. When a predetermined N becomes smaller, ML shows more superior cases
than MF, not only because of comparison results between optimal cost rates

in Table 1, but also because ML can let the unit work as longer as possible.
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For example, uK = 10 means that the unit will be suffered failure around
10 shocks, when N = 2, PM is done at 2 shocks for MF, no matter whether
cr/cp is large or small; however, PM would be done around from AT} ~ 4 to
AT} ~ 10 shocks according to cp/cp. It seem more reasonable when ML is

adopted for such cases to avoid unnecessary maintenances.

5.4 Optimal Damage Level

Suppose that the unit is maintained before failure at T (0 < T < 00) or at Z (0 <
Z < K), whichever occurs last (Zhao, et al., 2011a). Then, putting that N = 0 in
(5.6),
0uZ) o+ (er—er)l = X5, V) X Gl — 2)AG0 (@)
M S FTMNG02) + SR FU(TGO(K)
Differentiating C(Z) with respect to Z for T and setting it equal to zero,

(5.20)

00 X K
}:ﬁ”%ﬂ/’@m:wyiﬂK—@mdm@
3=0 Z
+OE -2y GIK)—1=—2 5.21
( ); (K) p—— (5.21)
Denoting dG(z)/dx = g(z) and the left-hand side of (5.21) by Vi(Z,T),
dvi(2,T) _ S 70D o 40) S 0D (7 G0)
— =K Z);;F (ﬂG(@+§%F (T)GY(K)| >0,

(5.22)
which follows that V7,(Z,T) increases strictly with Z from

> FUT(T) / K[@(K) — G(K — 2)]dGY(z) < 0
=0 0
to M(K).
Therefore, if M (K) > c¢p/(cp—cp), then there exists a unique Z; (0 < Z; < K)
that satisfies (5.21), and the resulting cost rate is
CL(Zi) =

T = (e — ep)G(K - Z7), (5.23)

If M(K) < c¢p/(cr—cp), then Z7 = K, and the resulting cost rate is given by (5.7).
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5.4.1 Comparison with Maintenance First

Suppose that the unit is maintained before failure at 7' (0 < T < 00) or at Z (0 <
7 < K), whichever occurs first. Then, the expected cost rate is, from (Nakagawa,
2007, p.53),

Cr(2) 0p+(cF—6p)Z;i0F(j+l (T) f G(K — 2)dGY)(z)

. > FODGONZ) B

Differentiating C'r(Z) with respect to Z for T and setting it equal to zero,

iF () /OZ[_<K ~ 2) - G(K — 2)dGY) (z) = —"—. (5.25)

Cp — Cp

Denoting the left-hand side of (5.25) by Vr(Z,T),

dVFé? D gx - 2) i FOr(T)GY(2) >0, (5.26)

which follows that Vr(Z,T') increases strictly with Z from 0 to

Therefore, if N(K) > cp/(cp—cp), then there exists a unique Z5. (0 < Z5 < K)
that satisfies (5.25), and the resulting cost rate is
Cr(Z5)
A
If N(K) < cp/(cp—cp), then Z} = K, and the resulting cost rate is given by (5.8).
Because M(K) > N(K), there exist both unique Z; (0 < Z; < K) and
Zy (0 < Zy < K) which satisfy (5.21) and (5.25) when N(K) > cp/(cr — cp).
Compare the left-hand side of (5.21) and (5.25) by denoting

= (cp —cp)G(K — Z3). (5.27)

A(Z) = Vi(Z,T) — Ve(Z,T).

Then,

A(0) = lim A(Z Z FU( / G(K) — G(K — £)]dG9(z) < 0,

Z—0
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AMjE%gA@%zMMQ—NMj:fiﬁWﬂGmwﬁ>Q

From (5.22) and (5.26),

dA(Z)
4z

=9(K - 2)

iﬁNWWW@+iﬂW@mWM—WMN>O

Thus, there exists a unique Z7% (0 < Z% < K) which satisfies A(Z) = 0.
From (5.25), denoting that

<MEDEF“MUU/QFYK—ZD—CW(—@MGW@) (5.28)

Then, the following comparison results can be given:

1. If L(Z}) < cp/(cr — cp), then Z} < Zj, and hence, from (5.23) and (5.27),
Cr(Z3) < Cr(Z3}), i.e., ML should be adopted.

2. If L(Z%) > cp/(cr — cp), then Z} < Z7F, i.e., MF should be adopted.
3. If L(Z}) = cp/(crp — cp), then ML is the same with MF.

In addition, V(Z,T) in (5.21) decreases with T"and Vp(Z, T) in (5.25) increases
with 7', that is, optimal Z7 increases with 7" while Z}. decreases with 7. It also
can be easily found that Z7 increases with 7, in other words, MF would show more
superior cases than MF when a predetermined 1" becomes smaller.

Furthermore, let Z* (0 < Z* < K) be an optimal damage level which minimizes
Cs(Z) in (5.9). Then, Z* is a unique solution of the equation, from (Nakagawa,
2007, p.45),

/ﬂ@K—Z%JﬂK—@MM@%HRK—@—@Mj: . (5.29)

Cp — Cp
and the resulting cost rate is

Cs(Z27)
A

= (cp —cp)G(K — Z%). (5.30)
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Denoting the left-hand side of (5.29) by Vs(Z) and B1(Z2) = Vs(Z) = V.(Z,T),
then Bl(O) > 0, BI(K) =0, and

dB,(Z)
dz

— g(K — 7) i FUth(m[GY(Z) — GY(K)] < 0. (5.31)

7=0
Similarly, denoting Bs(Z) = Vs(Z) — Ve(Z,T), then By(0) = 0, By(K) > 0, and

dB,(2)
dZ

— (K — 7) if(”l)(T)G(j)(Z) >0, (5.32)

which follows that Z* < ZJ and Z* < Z},, from (5.23), (5.27), and (5.30), Cs(Z*) <
Cr(Z;) and Cs(Z*) < Cp(Z}), i.e., the standard Z—PM should be adopted.

5.4.2 Numerical Example

Table 5.2 presents optimal Z; and Z}., their cost rates C(Z;) and Cp(Z}), and
Z% and L(Z%) for T and cp/(cp — cp) when A =1, p =1 and K = 10.

Table 5.2: Optimal Z7, Z7,, and their cost rates when A =1, =1, K = 10.

cp T=2 T=5 T =38

cp—cp Z CL(Z}) Zyp Cr(Zy) Zp Cu(Zy) Zy Cr(Zp) Zy Cu(Z}) Zp Cr(Zp) Z°
01 595 0.017 7.02 0051 6.32 0.025 6.24 0.023 6.90 0.045 6.00 0.018 5.92
02 653 0.031 7.71 0.101 6.73 0.038 6.89 0.045 7.13 0.057 6.63 0.034 6.52
0.3 6.88 0.044 811 0.151 7.01 0.050 7.28 0.066 7.31 0.068 7.00 0.049 6.87
04 713 0.057 840 0.202 7.23 0.063 7.56 0.087 7.46 0.079 7.27 0.065 7.12
0.5 7.32 0.069 862 0.252 7.40 0074 7.77 0.108 7.59 0.089 7.47 0.079 7.32
0.6 748 0.080 880 0.301 7.54 0.085 7.95 0.129 7.70 0.100 7.64 0.094 7.48
0.7 7.61 0092 895 0.350 7.67 0.097 810 0.150 7.80 0.111 7.78 0.109 7.61
08 773 0.103 9.09 0403 7.78 0.109 823 0.170 7.89 0.121 7.91 0.124 7.73
09 7.84 0.115 920 0.449 7.88 0.120 834 0.190 7.98 0.133 8.02 0.138 7.84
1.0 793 0126 9.31 0502 7.97 0.131 845 0212 806 0.144 812 0.153 7.93
z% 3.74 6.43 7.85

L(Z%) 0.003 0.123 0.751

Table 5.2 indicates:
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1. There exist two cases between Z7 and Zj according to L(Z%): When L(Z%) <
cp/(cp — cp), then Z7 < Zj, i.e., ML should be adopted; when L(Z%) >
cp/(cp —cp), Z3 < Zj, i.e., MF should be adopted. For example, when
T =2, L(Z}) = 0.003 which is less than all given ¢p/(cp—cp), then C(T}) <
Cp(T§); when T = 5, then L(Z%) = 0.123 > cp/(cp — cp) = 0.1, then
Cr(T3) = 0.023 < CL(T7) = 0.025.

2. Z; and Z}. increase with the maintenance cost ratio cp/(cp—cp), i.e., decrease
with ¢g/cp. The reason can be found as the same as that in Table 1. For
example, when 7" = 2 and cp/(cp — cp) = 0.1,0.5, Z; = 5.95,7.32 and
7% = 17.02,8.62.

3. Zj increases with T from Z* and Zj decreases with T to Z*, e.g., when
cp/(cp —cp) = 0.1 and T = 2,5, Z; = 5.95,6.32 and Z; = 7.02,6.24.
Z7 for T has different properties from 77} for N, nevertheless, it shows the
same tendencies with Table 1 that when a predetermined T becomes smaller,
ML shows more superior cases than MF from the viewpoint of both optimal
cost rates and unnecessary maintenances avoidance. For example, uK = 10,
when T' = 2, C(T}) < Cp(T}), and PM is done around AT = 2 shocks for
MF and around from puZ; ~ 6 to uZ; ~ 8 shocks for ML; when T' = 5,
CL(Ty) < Cp(Tf) for 0.2 < ¢p/(cp — cp) < 1.0 and Cp(T}) < Cp(T}) for
cp/(cp—cp) = 0.1, and PM is done around AT = 5 shocks for MF and around
from pZ7 ~ 6 to uZ; ~ 8 shocks for ML.

5.5 Optimal Shock Number

We discuss an optimal Nj for 7' to minimize CL(N) which is given by (5.11).
Forming the inequality Cp(N + 1) — CL(N) > 0,

Crp — Cp

J

> FO(T)GO (K)RG) - RV +R<N>f)G”><K> —1>—"— (5.33)

where R(j) ( =0,1,2,--+) is given in (5.19).
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From (Nakagawa, 2007, p.24), GUTD(K)/GU(K) decreases strictly with j
when GU(K) = Y27 [(uK)'/ille X, then R(j) increases strictly with j from e~ #%
to 1. Denoting the left-hand side of (5.33) by V. (N,T), then V,(N+1,T)—VL(N,T)

[R(N + 1) szﬁl mUQ+§f@WK)>Q (5.34)

which follows that Vi (N, T') increases strictly with N from
}:Fﬁ17 /[<Ky4xK_@mdM@<o
J=0 0

to M(K).
Therefore, if M(K) > cp/(cr — cp), then there exists a unique and minimum
N} (1 < N} < 00) which satisfies (5.33), and the resulting cost rate is

GV < (e — epr(V;). (5.35)

If M(K) < c¢p/(cr—cp), then Nj = oo and the resulting cost rate is given by (5.7).

(CF — CP)R(NE — 1) <

5.5.1 Comparison with Maintenance First

An optimal N} for T' to minimize Cp(NV) in (5.15) is a unique and minimum solution
of the inequality

N-1

> FUT)GO(K)R(N) - R()] = ———, (5.36)

cp—¢C
= F—Cp

Denoting the left-hand side of (5.36) by Ve(N,T), then V(N +1,T) — Vr(N,T) is

N-1
[R(N +1) E:Fﬁn NEK) >0, (5.37)
=
which follows that Vr(N,T) increases strictly with N to N(K).
Therefore, if N(K) > cp/(cr — cp), then there exists a unique and minimum
N (1 < Nj < o0) which satisfies (5.36), and the resulting cost rate is

Cr(Nr)

(cp —cp)R(Njp — 1) < < (e¢p — cp)R(N}). (5.38)
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If N(K) <cp/(cp—cp), then Nj: = oo and the resulting cost rate is given by (5.8).

There exist both unique Nj (1 < Nf < o0) and Ny (1 < Nj < oo) which
satisfy (5.33) and (5.36) when N(K) > cp/(cp — cp). Compare the left-hand side
of (5.33) and (5.36) by denoting

A(N)=Vy(N,T) — Vp(N,T).
From (5.34) and (5.37), A(N +1) — A(N) is
N-1 - 0
(RN +1) = R(N)] | Y FU (160 () + Y FO(1)a (k) | > o,
=0 j=N
which follows that A(N) increases with N strictly to
Aloo) = S FY(T)GY(K) > 0.

J=0

Thus, there exists a unique and minimum N} (1 < N} < oo) which satisfies
A(N) > 0.
From (5.36), denoting that

N3i—-1

L(N;) = Y FUP(T)GY(K)R(N;) — R()))- (5.39)

Then, the following comparison results can be given:

1. If L(N}) < cp/(cp — cp), then Nj < Nj, and CL(N}) < Cpr(N}), i.e., ML
should be adopted.

2. If L(N} — 1) > ¢p/(cp — cp), then Nj < N}, ie., MF should be adopted.

3. If L(N} —1) <cp/(cp —cp) < L(N}), then either ML or MF may be better

than the other, or the same with each other.

In addition, similar properties can be found as those shown for Z; and Z},
that is, optimal NN} increases with 7" while N} decreases with 7', and MF would

show more superior cases than MF when a predetermined 7" becomes smaller.
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Furthermore, let N* (1 < N* < 00) be an optimal shock number which mini-
mizes Cg(N) in (5.10). Then, N* is a unique and minimum solution of the inequality
(5.19), and the resulting cost rate is
Cs(N¥)

A

Denoting the left-hand side of (5.19) by Vs(N) and By (N) = Vs(N)—=VL(N,T),

then By(o0) =0, and B;(N + 1) — By(N) is

(CF — CP)R(N* — 1) < < (CF — CP)R(N*) (540)

—uaN+4)—zuNn§éF0“MwaxK)<0. (5.41)

Similarly, denoting By(N) = Vs(N) — Vie(N,T), then By(1) = F(T)[GY(K) —
G?(K)], and B;(N + 1) — Bi(N) is

=2

~1
RN +1)— RN S FU ()69 (k) > o, (5.42)
J
which follows that N* < Nj and N* < N}, then Cs(N*) < CL(N;) and Cg(N*) <
Cr(N}), i.e., the standard N—PM should be adopted.

Il
o

5.5.2 Numerical Example

Table 5.3 presents optimal N; and N}, their cost rates C(N}) and Cr(N}), N3,
and L(N}) and L(N} —1) for T and ¢p/(cp — cp) when A =1, p =1 and K = 10.
Table 5.3 indicates:

1. There exist three cases between N} and N;. according to L(N3—1) and L(N}):
When L(N}) < ¢p/(cr—cp), then Nf < N}, i.e., ML should be adopted, e.g.,
when T' = 2, L(N}) = 0.012 which is less than all given cp/(cr — cp), then
CL(N}) < Cp(N}); when L(N} —1) > ¢p/(cr —cp), then Ny < N, ie., MF
should be adopted, e.g., when ' =5, L(N}—1) = 0.142 > ¢p/(cp—cp) = 0.1,
then Cp(Nj) = 0.029 < CL(T}) = 0.032; when L(Nj — 1) < cp/(cp —cp) <
L(N%), then Nf = Nj, and either ML or MF may be better than the other,
e.g., when T'=5 and cp/(cp — cp) = 0.2, then Nj = Nj =6 but C(N}) =
0.048 < Cp(Nj) = 0.052, and when 7" = 8 and c¢p/(cp — cp) = 0.6, then
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Table 5.3: Optimal N7, Ny, and their cost rateswhen A =1, =1, K = 10.

cp T=2 T=5 T=38
cr —cp  Nj Cp(Nj) Ni Cp(Np) Nj CL(Np) Ni Cp(Ni) Nj CL(Np) Ni Cp(Ng) N
0.1 5 002 6 0052 5 0032 5 002 6 0049 5 002 5
0.2 6 0045 7 0102 6 0048 6 0052 6 0063 6 0049 6
0.3 6 0062 9 0152 6 0064 7 0074 7 0075 6 0064 6
0.4 7 0077 10 0202 7 0078 7 0095 7 008 7 0080 7
0.5 7 0091 11 0252 7 0093 8 0116 7 0100 7 0096 7
0.6 8 0106 12 0302 8 0106 8 0137 8 0112 8 0111 8
0.7 8 0119 14 0352 8 0119 9 0157 8 0124 8 0126 8
0.8 8 0131 15 0403 8 0132 9 0178 8 0.136 8 0141 8
0.9 8 0144 17 0453 9 0145 10 0198 9 0148 9 0156 8
1.0 9 0156 19 0503 9 0156 10 0219 9 0159 9 0169 9
N 3 6 8
L(N%) 0.012 0.270 0.821
L(N; —1) 0.003 0.142 0.547

Nf = Nj =8 but Cp(Nj) = 0.111 < CL(Nf) = 0.112, it is interesting that

such a case number will increase when 7' becomes larger.

2. N} and N} and their cost rates C(N}) and Cr(N}) show similar properties
with those in Table 5.2 but different from those in Table 5.1. For example, N}
and N} increase with the maintenance cost ratio c¢p/(cp — cp), N} increases
with 7" from N* and N}, decreases with 1" to N*. So that analyses could be
obtained in a similar way, e.g., uK = 10, when T' = 2, PM is done around
AT = 2 shocks for MF and at from N; =5 to N; = 9 shocks for ML

3. Compare Cp(ir) (i = T,Z,N) in Tables 5.1-5.3, ML done at Z; is better
than those done at 77 and N}, and ML done at Nj is better than that done
at 17 in most cases, when a predetermined 7" or N is in a moderate size, e.g.,
2 and 5; however, when 7" or N is large enough, e.g., 8, both PM done at
T} and at Z] are better than that done at N, and PM done at Z] is better

than that done at 77 in most cases. In other words, if we could monitor

73/116



5.6. Concluding Remarks

the damage level at every shock time, then optimizing condition-based PM
policies would be better than time—based PM policy. For MF, by comparing
Crlir) (i =T,Z,N), the time-based PM policy shows more superior cases,
and the condition—based PM policies are in a position of weakness in most

cases.

5.6 Concluding Remarks

We have discussed the standard cumulative damage models with maintenance last
(ML) and maintenance first (MF), i.e., the unit undergoes preventive maintenances
(PM) before failure at a planned time 7', at a damage level Z, or at a shock number
N, whichever occurs last and first. We have detailedly formulated the expected
cost rate of ML given in (Zhao and Nakagawa, 2012) and optimized three sub-PM
policies which combined time-based with condition—based polices, i.e., optimal 77}
for N, Z7 for T', and N for T'. We also have optimized three sub-PM policies of MF
whose expected cost rates have been given in (Nakagawa, 2007) by similar methods,
i.e., optimal T} for N, Zy for T, and Ny for T'. Comparisons between optimal
ML and MF policies have been demonstrated in detail. It has been determined
theoretically which policy should be adopted, according to the different methods in
different cases.

A representative example of such a cumulative damage model with maintenance
last is to maintain a database or to perform a backup of data. We can consider its
necessity and feasibility from the following viewpoints: (i) Normally, the database
is maintained at periodic times such as day, week, month, etc. However, when a
transaction is processing its sequences of operations, it is necessary to guarantee
ACID (atomicity, consistency, isolation, durability) properties of database transac-
tions (Haerder and Reuter, 1983; Gray and Reuter, 1992; Lewis, et al., 2002), so
that it is not advisable to suspend any transaction when it is under busy state.
That is, a strict periodic maintenance is not always effective, and sometimes a ran-
dom maintenance policy is performed by considering the idle states of the system.
(ii) Cumulative damage models have been successfully formulated the incremental

processes of updated data in a database, such as differential backup and cumulative
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backup (Qian, et al., 1999, 2002a, 2002b, 2010; Nakamura, et al., 2003), which have
become the most popular backup manners in the world. In other words, we can mon-
itor the cumulative updated data at any time. (iii) Replacing shock with random
idle states, damage with updated data, and failure level K with backup threshold,
we can modify such theoretical models into maintaining database or performing
backup polices by considering the fault recovery costs. Obviously, the catastrophic
failure mode is not sensible because the backup threshold K can be determined to
be not so high by the database management system (DBMS), especially when two

or more combined backup schedules are performed.

Appendix

1. When FU)(t) = S (A /ille™, e, FUD(E) = [A(\t)7/5']e ™, prove
that Ry (t, N) increases strictly with ¢ from 1 — GV (K)/GWN)(K) to 1, i.e., prove
that

[T /NGUHD (K
L = SO0/ GE ) .
> n[(A)I/NGU(K)
decreases strictly with ¢ from GWV*+Y(K)/GM)(K) to 0 when N = 0,1,2,---. In

particular, when N = 0, the process of the proof has been given in (Nakagawa,
2007, p.49). When N =1,2,---, differentiating 1 — R (¢, N) with respect to ¢,

A, (¢, N)
D 2w (M) /GO (K]

where

o0

s.

EZ ' Z GU2(K)
jg: . ) e jg: K). (A2)

We denote Gj, = G*V(K)/G®(K), and G}, decreases strictly with k from G(K)
to 0 when GV(K) = Z;’ij[(uK)"/i!]e*”K (Nakagawa, 2007, p.24), and (A.2) is
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rewritten as

2T 2
zziz(i?zj;l(yfcwnkjcwﬂxkaa%+y—eg
+ iv O 5 B G0 1) 60119 Gy — G
zg;%ﬁygz&ﬁi&gmuogmﬂuqaa—aﬂg
+§;Lﬁy§§U+ﬂ)éffﬂGmUQGU“KKXGH1—GJ
:§;@3V§;éffwﬂwwa“NKxaﬁy—axj—r+n<o.

Furthermore,

P IGO(E) G (k)
0 ORI FIGI(E) — GOI(K)

For any Ny > N,

L SEMP /GO (E) Gk
1m —
t—o0

YN0 /GO(K)  GE(E)

Because NV, is arbitrary,

lim 2N ) GNGUHI(E) y GO(K)

MRS T IGOE) - at GOI(R)

Thus, 1— R (t, N) decreases with ¢ from GV+Y(K)/G™)(K) to 0, which completes
the proof that Ry (t, N) increases with ¢ from 1 — GV (K)/GW™N)(K) to 1.
2. Prove that Rp(t, N) increases with ¢ from 1-G(K) to 1-GWV*+Y(K) /G (K),

i.e., prove that

N /NGO (K)

L= Rp(t,N) = S IO /GO (K)

(A.3)

76/116



5.6. Concluding Remarks

decreases strictly with ¢ from G(K) to GN*V(K)/GMN)(K) when N =1,2,---.
particular, when N =1, Rp(t, N) =1— G(K). When N =2,3,---,

1 — Rp(t, N) with respect to t,

As(t, N)
D0 (AR /NGO (K]

Y

where

Furthermore,

- ol /GO (K)
03l /GO (K)

and

Z] oA/ /FJGUTI(K)  GOV+D(K)

e SN OGO (K)  GOI(E)

Thus, 1 — Rp(t, N) decreases with ¢ from G(K) to GWV*D(K)/GW)

In

differentiating

K), which

completes the proof that Rp(t, N) increases with ¢ from 1—G(K) to 1 -GN+ (K)/

GN(K).
3. Prove that Ry (t, N) increases with N. From (A.1),

J+1 K) Z Oj) G(J( ) — Z (j J+1 Z

=N j=N+1 7° j=N+1 7° Jj=
& ‘ G(N+1)( J+1)
MK
160 | Gy }>O

(A.5)
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For any Ny > N,

SO /IGUI(K) G (k)
Neoo SOOI /GO ()  GIVI(K)

Because Vg is arbitrary,

LSRG ) gt

Nem 3 [O/IGO(K)  wimee  GON(K)

Thus, 1 — Rp(t, N) decreases with N from

> ol /J|GUV(K)

= — A6
> (00 GO (E) A0
to 0, which completes the proof that Ry (¢, N) increases with V.
4. Prove that Rp(t, N) increases with N. From (A.3),
N-1 N ; N . N—1 .
(At)! (At) . (At) . (A) .
i G(J+1)(K) Z i G(J)(K) _ Z i G(JH)(K) i G(J)(K)
i=0 =0 =0 =0
AN S~ O ) v gy [CODE)  GYD(K)
= K)GM(K : — : A.
N ;é; oG GOE) ~ ¢™EK) | Y (A7)
Thus, 1 — Rp(t, N) decreases with N from G(K) to (A.6), which completes the

t
proof that Rp(t, N) increases with V.
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CHAPTER 6

Garbage Collection Policies

It is an important problem to determine the tenuring collection time or major
collection time to meet the pause time goal for a generational garbage collector.
From such a viewpoint, this chapter proposes two stochastic models based on the
working schemes of a generational garbage collector: Garbage collections occur at
a nonhomogeneous Poisson process. Minor collections are made when the garbage
collector begins to work, tenuring collection is made at a planned time 7" or at the
first collection time when surviving objects have exceeded K for the first model.
Major collection is made at time 7" or at the Nth collection for the second model.
Using the techniques of cumulative processes in reliability theory, expected cost
rates are obtained, and optimal policies of tenuring and major collection times

which minimize them are discussed analytically and computed numerically.

6.1 Introduction

In recent years, generational garbage collection (Ungar, 1984; Vengerov, 2009) has
been popular with programmers for the reason that it can be made more effi-
ciently. Compared with classical tracing collectors, e.g., reference counting collector,
mark-sweep collector, mark-compact collector and copying collector, a generational

garbage collector is effective in computer programs with the character that it is
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unnecessary to mark or copy all active data of the whole heap for every collec-
tion, i.e, the collector concentrates effort on those objects which are most likely to
be garbage. Based on the weak generational hypothesis (Ungar, 1984) which as-
serts that most objects are short-lived after their allocation, a generational garbage
collector segregates objects by age into two or more regions called generations or
multiple generations. The survival rates of younger generations are always much
lower than those of older ones, which means that younger generations are more likely
to be garbage and can be collected more frequently than older ones. Although such
generational collections cost much shorter time than that of a full collection, the
problems of pointers from older generations to younger ones and the size of root
sets for younger generations will become more complicated. For these reasons, many
generational collectors are limited to just two or three generations (Jones and Lins,
1996). This generational technique is now in widespread use for the memory man-
agement. For instance, the garbage collector, which is used in Sun’s HotSpot Java
Virtual Machine (JVM), manages heap space for both young and old generations
(Vengerov, 2009): New objects space Eden, two equal survivor spaces SSf1 and
SS#2 for surviving objects, and tenured objects space Old (Tenured), where Eden,
SS#1 and SSf2 are for younger generations, and Old is for older ones.

The generational garbage collector uses minor collection and tenuring collection
! for younger generations and major collection for multi-generations (Jones and
Lins, 1996). Most generational garbage collectors are copying collectors, although
it is possible to use mark-sweep collectors. In this chapter, we concentrate on a
generational garbage collector using copying collection. However, for every garbage
collection, the manner of stop and copy pauses all application threads to collect
the garbage. The duration of time for which the collector has worked is called
pause time (Jones and Lins, 1996), which is an important parameter for interactive
systems, and depends largely upon the volume of surviving objects and the type
of collections. That is, pause time suffered for minor collection increases with the

number of collections and is less than that of tenuring collection, major collection

!Tenuring collection is also one kind of minor collections (Jones and Lins, 1996). We define
tenuring collection in distinction from minor collection because there may be some surviving

objects tenured from survivor space into Old.
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pause time is the longest among the three ones.

This chapter considers a pause time goal which is called time cost or cost for
simplicity, and our problem is to obtain optimal collection times which minimize
the expected cost rates. Using the techniques of cumulative processes and reliability
theory (Nakagawa, 2005; Nakagawa, 2007; Nakamura and Nakagawa, 2010), opti-
mal tenuring collection times and major collection times are discussed analytically

and computed numerically.

6.2 Working Schemes

In general, the frequency of garbage collections depends on whether the computer
processes are busy or not. So that, it is practical to assume that garbage collections
occur at a nonhomogeneous Poisson process with an intensity function A(¢) and a
mean-value function R(¢ fo u)du. Then, the probability that collections occur
exactly 7 times in (s,t] is
R(t) — R(s))
Hy(s,1) = Me—mm—fusn (=012 )
j!
Denote Fj(s,t) (j = 1,2, ) be the probability that collections occur at least j

times in the time interval (s,t

i(s,1) / du-ZH (s,1), (6.1)

where Fy(s,t) =1 and

Fy(0) = F(0,6) = 3 Hi(0)

The volume X; of new objects in Eden at the ith collection has an identical
distribution G(x) = Pr{X; <z} (i = 1,2, ). Further, compared with the method
of estimating object lifetimes (Vengerov, 2009), it would be more easier to estimate

the survivor rate of one group of objects using the statistical methods rather than
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focusing on every object. So that we suppose that survivor rate o; (0 < o; < 1;7 =
1,2,--+), where 1 > ay > ag > -+ > o; > --- > 0, means that new objects will

survive 100q; percent at the ith minor collection.
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Figure 6.1: Working schemes of a generational garbage collector.

That is, detailed working schemes of a generational garbage collector which
have been introduced in (Jones and Lins, 1996; Vengerov, 2009; Zhao, et al., 2010b,
2011b, 2012c) are given as following steps (Figure 6.1):

1. New objects X; are allocated in Eden.

2. When the first minor collection occurs, surviving objects a; X; from Eden are
copied into SSg1.

3. When the second minor collection occurs, surviving objects a; X from Eden
and ay X from SSf1 are copied into SSf2.

4. In the fashions of 1-3, minor collections copy surviving objects between SS#1

and SSf2 until they become tenured, i.e., tenuring collection occurs when
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5.

some parameter meets the tenuring threshold, and then, the older or the

oldest objects are copied into Old.

When OIld fills up, major collection of the whole heap occurs, and surviving
objects from Old are kept in Old, while objects from Eden and survivor space

are kept in survivor space.

In practice, tenuring threshold mentioned in step 4 above is adaptive, which is

called adaptive tenuring (Jones and Lins, 1996) and can be modified at any time. In

this chapter, we propose two cases of working schemes according to the properties

of adaptive tenuring: Based on (Ungar, 1984), new objects can be tenured only if

they survive at least one minor collection, because objects that survive two minor

collections are much less than those that survive just one. In other words, surviving

objects are likely to reduce slightly with the number of minor collections beyond
the two. That is, for step 4:

4a.

4b.

When tenuring collection occurs, surviving objects from Eden and survivor
space are copied into the other survivor space and Old, respectively. That is,
if tenuring collection is made at the jth (j = 1,2,---) collection, surviving
objects oy X; and ap X;_; +a3X;_o+-- -+ ;X are copied into survivor space

and Old, respectively.

After tenuring collection, the same collection cycle begins with step 1. The
collector works 1 — 2 — 3 — 4a — 4b — 1 — ---. In this case, tenur-
ing collections can be consider as renewal points of the collection processes,
because Old will be filled with tenured objects slowly and major collection
occurs rarely, especially when the tenuring threshold is high and the survivor
rates are low. Modelings and optimizations of tenuring collection times are

discussed in Sections 6.3.

From (Vengerov, 2009), the oldest objects can be tenured from survivor space

into Old at every collection time when tenuring collection begins, i.e., for step 4:

4c.

When tenuring collection occurs, the oldest objects from survivor space are

copied into Old, and the other surviving objects from Eden and survivor space
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are copied into the other survivor space. That is, if tenuring collection is made
at the jth (j = 1,2,---) collection, surviving objects a; X; + asX; 1 + -+ +

a;—1X2 and «; X are copied into survivor space and Old, respectively.

4d. When the next collection occurs, the collector works as the same rule as
4c. That is, when the second tenuring collection occurs, surviving objects
a1 X1 + aeXj + -+ + ;1 X3 and «a; X, are copied into the other survivor
space and Old, respectively. The collector works 1 — 2 — 3 — 4¢c — 4d —
5 — 1 — ---. In this case, major collections can be consider as renewal
points of the collection processes, because there are always some surviving
objects tenured from survivor space into Old at every collection time when
tenuring collection begins, especially when the tenuring threshold is low and
the survivor rates are high. Related optimization problems of major collection

times are discussed in Section 6.4.

From the above discussions, if tenuring collection is made at the jth (j =
1,2, --+) collection, surviving objects that should be copied at the ith (i = 0,1,2,--- |
j — 1) minor collection, copied objects and tenured objects at the kth (k =1,2,--+)

tenuring collection are, respectively,
i—1

J
ZanJrlXifn < K, ZO{anJrk,n > K and CYij, (62)

n=0 n=1
where Z;io = 0, and K is tenuring threshold in step 4, which means that the
total volume of surviving objects has exceeded level K. It could be easily seen
that copied objects increase with the number of minor collections and are relatively
stable with the number of tenuring collections. We define that the distribution of

the total surviving objects at the ith minor collection is

i—1
(%@)EPr{E:amLXingx} (i=0,1,2,--), (6.3)
n=0

where G;(z) deceases with i, and Go(z) = 1 means that there are no objects in
the heap space at time 0. The probability that the total surviving objects exceed
exactly a threshold level K at the (i + 1)th (¢ = 0,1,2,---) minor collection is

pMQEA G(K — 2)dGi(z) = Gi(K) — Gi1(K), (6.4)
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where V(z) = 1 — V(z) for any distribution V().

Let ¢s + cp(x) be the cost suffered for every minor collection, where cg is
the constant cost of scanning surviving objects and z is the surviving objects that
should be copied, cp/(x) increases with = and ¢j(0) = 0. Then, the expected cost

of the ith minor collection is

1 K -
Gi(K) /0 [cs + ep(2)] dGi(x) (i=0,1,2,---), (6.5)

where C'(0, K) = 0 and C(i, K) increases with 7.

CGi,K) =

6.3 Tenuring Collection Time

6.3.1 Expected Cost Rate

Suppose that minor collections are made when the garbage collector begins to work,
tenuring collection is made at a planned time 7" (0 < T < o0) or at the first
collection time when surviving objects have exceeded a threshold level K (0 < K <
o0), whichever occurs first. Then, the probability that tenuring collection is made

at time 71" is

Pr =) Hy(T)G,(K), (6.6)
§=0
and the probability that tenuring collection is made at level K is
Pi =Y Fia(T)p;(K), (6.7)
j=0
where note that Pr + Px = 1. The mean time to tenuring collection is
00 00 T
Bi(L) =T 3" H(TIGH(K) + Y w(K) [ tdFya(t)
j=0 §=0 0
00 T
= Gi(K) | Hj(t)dt (6.8)
j=0 0

The expected cost suffered for minor collections until tenuring collection is

Car =YY Cli, K)H;(T)G(K) + Y > C(i, K)Fj1(T)p,(K)

j=1 i=1 j=1 i=1
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C(j, K)F{(T)G4(K). (6.9)

o0

7=1

Then, the expected cost until tenuring collection is

E\(C) = ek = (cx —er) ZHj(T)Gj(K) + ZC(J) K)F(T)G5(K),  (6.10)

Jj=0

where cr and ¢ (e, cx > cs+cp(K)) are the costs suffered for tenuring collections
at time 7" and when surviving objects have exceeded K, respectively. Therefore,
from (6.8) and (6.10), by using the theory of renewal reward process (Ross, 1983),

the expected cost rate is
cx — (ex — o) 20720 Hi(T)G4(K)
+227, CU, K)Fy(T)G(K)

Al = S0 G(K) [} Hi(t)dt

(6.11)

6.3.2 Optimal Policies

When tenuring collection is made only at time 7T,

QU%EMMMﬂM:%{fﬁWDAﬂ@ﬂ%@M@@+@}.mm

K—oo

Let f;(t) be a density function of Fj(t), i.e., f;(t) = dF;(t)/dt. Then, differentiating
C1(T) with respect to T" and setting it equal to zero,
> [TH(T) — Fy(T)] / les + e (0)] dGj(x) = e, (6.13)
- 0

Jj=1

Let Ly(T) be the left-hand side of (6.13),

L1(0) = lim L(T) =0,

L) =N (DTS (D) [ fes + cua)] Gy

FNTPT S H(T) / Dy (2)dens (2)
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Thus, if A\(t) increases with ¢ and L;(co) > c¢r, then there exists a finite and unique

Ty (0 < T < 00) which satisfies (6.13), and the resulting cost rate is

C\(T7) = T S Fy(TY) / " py(@)den ().

Jj=0

In particular, when H;(t) = [(At)?/jl]e ™ (j =0,1,2,---), i.e., garbage collec-

tions occur at a Poisson process with rate A, (6.13) becomes

> iFn(T) /0 " p(e)den(x) = er. (6.14)

Differentiating the left-hand side of (6.14) with respect to T,
S H(T) / ps(@)den () > 0.
j=1 0

Thus, if the left-hand side of (6.14) is greater than ¢z, then there exists a finite and
unique 77 (0 < T} < 0o) which satisfies (6.14).

When tenuring collection is made only at level K,

. O Sy les + ear(@)]dGy (@) + exc
GUE = i, G R = S G () [ Hy(1)dt

(6.15)

Let g;(x) be a density function of G;(z) in (6.3), i.e., g;(x) = dG;(x)/dx. Differen-
tiating C}(K) with respect to K and setting it equal to zero,

Qi) qmm[ﬁwm—ZJ:@+wmm@@:%, (6.16)
where

[es + ear(K)] 3272 95(K)
doe g (K) [o7 Hy(t)dt

Let Li(K) be the left-hand side of (6.16),

O1(K) =

L2(0) = lim Li(K) = Q1 (0) /0 " Ho(t)dt,

K—0

() = Q) Y Gy(m) [ o
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Thus, if Q1(K) increases with K and L;(0) < c¢x < Li(00), then there exists a
finite and unique K7 (0 < K} < oo) which satisfies (6.16), and the resulting cost

rate is
Ci(K7) = Q1(K7).

In particular, when H,(t) = [(At)7/j!]e™, (6.16) becomes

”MQ+4 lent(K) — ent(2)] AM (x) = cx — es, (6.17)

whose left-hand side increases with K from 0 to co, where M(z) = 77, G;().
Thus, there exists a finite and unique K (0 < K} < oo) which satisfies (6.17).

6.3.3 Numerical Examples
When A(t) = A, X; (: = 1,2,---) has a normal distribution N(u,0?), a; = /i (0 <
a<l;i=1,2,---) and ¢y (z) = epyrz. Then

j—1

ﬂ@):1-§j“ﬁﬂaﬁ <%@g:¢(%£%%§>, (6.18)

where ®(x) is the standard normal distribution with mean 0 and variance 1, i.e.,
®(x) = (1/v2m) [ e~*/2du, and

1=0

J J
1 1
v, = E — Wi E —.
J n’ J ng
n=1

Tables 6.1 and 6.2 present AT}, C1(15) /A, K and Cy(K7)/ for er = cx = 20,
30, 40, p = 8, 10 and o = 0.40, 0.45, 0.50, 0.55, 0.60 when cg = 10, ¢);y = 1 and

o = 1. These show that optimal tenuring collection times A7} increase with cost

cr and decrease with both the volume of new objects in Eden at collection time p

and the survivor rate a, optimal tenuring collection times K7 increase with all of

ck, band «, and C1(T7) /X and Cy(K7)/A increase with all of ¢r or ¢k, p and a.
We can explain all the results and obtain some interesting conclusions as fol-

lows:
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Table 6.1: Optimal AT} and C;(T7)/A when ¢g =10, ¢py =1 and 0 = 1.

cr = 20 cr = 30 cr =40

NTp CTP/N NI Ci(TP/A MY Cy(T3)/A

0.40 8.99 19.24 12.48 20.18 15.84 20.89
0.45 8.24 20.11 11.34 21.14 14.35 21.92

8§ 050 7.61 20.95 10.42 22.07 13.15 22.92
0.55 7.08 21.77 9.66 22.98 12.17 23.90
0.60 6.64 22.58 9.03 23.86 11.34 24.85
0.40 7.61 20.95 10.42 22.07 13.14 22.91
0.45 6.96 21.98 9.49 23.20 11.95 24.14
10 0.50 6.44 22.97 8.75 24.30 10.97 25.31
0.55 6.01 23.95 8.13 25.37 10.17 26.47
0.60 5.64 24.91 7.61 26.43 9.49 27.60

1. When tenuring collection cost cr or cx increases, it is not economical to make

tenuring collections frequently, then 77 or K7 should be postponed.

2. When p or « increases, cost suffered for minor collections will increase in a
shorter time, because of faster increase in copied objects. If cost ¢r or cg is
constant in this case, 77 should be advanced. For K7, it costs much shorter
time to increase copied objects until level K, then K} would increase suitably
to decrease both the frequency of tenuring collections and the total minor

collection cost.

3. The resulting cost rates Cy(77) or Cy(K7) increase with all u, a and ¢p or ¢,
because the total expected cost of one cycle increases but the expected time

decreases.

4. It is interesting that C(K7) are always less than C)(77) for the same param-
eters, i.e., tenuring collections at level K are better than those at time 7. In
fact, from Tables 6.1 and 6.2, we can know that expected number of minor

collections until tenuring collection for two models are almost the same. That
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is, from the assumption of a; = a/i, we can derive

*

1 1 1 1
T4+ +=4-+ <l o
2 3T DT S 2 3T T DT 1

(6.19)

where [z] denotes the greatest integer contained in z. For example, when
cr =cx =20, p=8and a = 0.4, NI} = 8.99 and K = 8.76, and hence

1 1 8.76 1 1
T —f =2 =274< 1+ =4+~ =283
tg ot g =285 < e =274 < L g 5 =283

We can estimate approximate values Kj from 77 using the relationship of the

two policies in (6.19), and vice versa.

Table 6.2: Optimal K7 and C1(K7)/\ when ¢cg =10, ¢py =1 and 0 = 1.

cx =20 ck =30 cx = 40
Ky Cu(K{)/A Ky  Ci(K})/A Ky  Ci(K7)/A
0.40 8.76 18.76 9.61 19.61 10.71 20.71
0.45 9.25 19.25 11.04 21.04 11.57 21.57
8§ 050 9.71 19.71 12.03 22.03 12.39 22.39
0.55 10.12 20.12 12.69 22.69 13.18 23.18
0.60 10.49 20.49 13.32 23.32 13.94 23.94
0.40 10.72 20.72 12.05 22.05 12.41 22.41
0.45 11.24 21.24 12.87 22.87 13.39 23.39
10 0.50 11.64 21.64 13.64 23.64 14.33 24.33
0.55 12.08 22.08 14.37 24.37 15.23 25.23
0.60 12.44 22.44 15.07 25.07 16.09 26.09

6.4 Major Collection Time

6.4.1 Including Minor and Tenuring Collections
6.4.1.1 Expected Cost Rate

Suppose that minor collections are made before surviving objects exceed a threshold

level K (0 < K < 00), and when they have exceeded K, tenuring collections are
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always made. Further, major collection is made at time 7" (0 < T' < o0) or at the
Nth (N =1,2,---) collection including minor and tenuring collections (Figure 6.2),

whichever occurs first.

| 7 > Time

O Minor collection \/ Tenuring collection [ Major collection
Figure 6.2: Major collection including minor and tenuring collections.

Let ¢xr (k= 1,2,--+) be the cost suffered for the kth tenuring collection, where
cs +ey(K) < car < cor < -+, and cp (¢gp > cpr) be the cost suffered for major

collection. Then, the probability that major collection is made at time 7' is

Pr = Z Hy(T)GY(K) + Z Z Hy(T)pi(K) =1 — Fx(T), (6.20)

and the probability that major collection is made at collection N is

Py = Fx(T)GW(K) + Z_ Fx(T)p;(K) = Ex(T), (6.21)

§=0
where note that Py + Py = 1. The mean time to major collection is
T N-1 T
@@F/ﬁﬁwwujymn:/u—m@w. (6.22)
0 g 0

The expected costs suffered for minor collections and tenuring collections when

major collection is made at time 7T are, respectively,

N-1 J j—1
Crar = Y H;(T) | CGK)GI(K)+> > Ok, K)pm]
j=1 i=1 i=1 k=1
N-1 J
=Y Hy(T)) C(i, K)GY(K), (6.23)
7j=1 =1
N-1 7—1 57—
Crr = Hj (T) Cksz(K)
7=1 =0 k=1
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N-1 j—1
HJ Z Cli+1)T — (j—i)TG(H—l)(K)} ) (624)
j=1 =0

and the expected costs suffered for minor collections and tenuring collections when

major collection is made at collection N are, respectively,

N—-1 J
CNM:FN ZC], G(N —I—ZZCZKp]
7j=1 i=1
N
= Fy(T) ) C(j, K)GY(K), (6.25)
j=1
N—-1N—j
Cnr = FN(T) Cszg(K)
j=0 =1
N-1 ‘
= (1) [egnr — cv-prGUT(K)] . (6.26)
§=0

Thus, the total expected cost until major collection is, summing up from (6.23)

0 (6.26) and adding the cost cp of major collection,

N
By{C) =er + 3 Ol K)BT)GY(K)
j=1
N
+ Y F(T) |ejr - Z GU™(K)(cipyr — cir) | - (6.27)
j=1
Therefore, the expected cost rate is, from (6.22) and (6.27),
N
cr + . F.AT A
cmﬂNp:FTzflﬂ)J (6.28)
Jo 1= Fx(t)]dt
where
K J—1
A, =cr —1—/ lcs + ey (2)] dG J) Z GU- Cli+1)T — GiT)-
0 =0

It can be easily proved that A; increases with j because

Ajpr — A =(err — s — ex(K))p; () + / pj(x)dens (x)

+ ij i ciynr — cir) > 0.
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6.4.1.2 Optimal Policies

When major collection is made only at time 7T,

ZF +CF

Differentiating C2(T") in (6.29) with respect to 7" and setting it equal to zero,

Co(T) = lim Co(T,N)

N—oo

(6.29)

o0

Z Aj [TNT)Hj—A(T) = F3(T)] = cr,
that is,
ZA / td [A(t)H;_1(t)] = cp. (6.30)

Let Lo(T) be the left-hand side of (6.30),
T
ZAJH / EX(E) H (1)t + Z pa = ) [ INOPH 0
= 0 0

—i /Ootd (t)H,;_1(1)].

Thus, if A(t) increases with ¢ and Ly(00) > ¢, then there exists a finite and unique
Ty (0 < Ty < oo) which satisfies (6.30).
In particular, when A(t) = A,

[e.o]

Ly(T) = (G + D Fja(T)(Aj2 — Aj),

J=0

Ly(o0) = Z(Aoo —4;).

Therefore, if > 7 (Aw — Aj) > cp, then there exists a finite and unique 73 (0 <
T5 < 00), and the resulting cost rate is

[e.9]

= H(T3) A

93/116



6.4. Major Collection Time

When major collection is made only at collection N,

ZN 1 A +cFr
C5(N) = lim Cy(T, N ! N=12---). 6.31
2( ) TE};o 2( ) fo 1_FN( )]dt ( y 4 ) ( )
From the inequality Cy(N + 1) — Co(N) > 0,
N-1
AN / }
Hy( . (6.32)
pars [fo Hy(t)dt A
Letting Lo(N) be the left-hand side of (6.32),
ANn2 ANt /OO
Lo(N +1) = Ly(N) = | = 1 — Fy,q ()] dt.
AN+ 1) = L) = | g = ] [ )

(6.33)

Thus, if Ayxi1/ fo Hy (t)dt increases with N and Lo(o0) > cp, then there exists a
finite and unique minimum Nj (1 < N5 < oco) which satisfies (6.32).
In particular, when A(t) = A,

N

Ly(N) = Z(AN—H —Aj),

j=1

Ly(N +1) = Ly(N) = (N + 1)(An 1o — Axy1) > 0.

It is assumed that A, = lim; ., A; < co. Then,

=1

Further, because Z;VZI(ANH —Aj) > Avp— A (N=1,2,--+),if A = o0, then
Ly(o0) = co. Therefore, if 377 (A — A;j) > cp, then there exists a finite and

unique minimum N3 (1 < NJ < 00), and the resulting cost rate is

Ca(N3)

Apny < < Anzo1-

It is of interest that when collections occur at a Poisson process with rate A, if

> 21 (A = Aj) > cp, then both finite and unique 75 and N exist.
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6.4.2 Including Tenuring Collections
6.4.2.1 Expected Cost Rate

Suppose that minor collections are made before surviving objects exceed a threshold
level K, and after they have exceeded K, tenuring collections are always made.
Further, major collection is made at time 7' (0 < T° < o00) or at collection N

(N =1,2,---) including tenuring collections (Figure 6.3), whichever occurs first.

| 7} > Time

O Minor collection \V/ Tenuring collection [ Major collection
Figure 6.3: Major collection including tenuring collections.

Then, the probability that major collection is made at time 7T is

Py (K) /0 " Hiw, u+ TYAF 1 (u), (6.34)

Py = i | i pi (K) /0 " Hyu, w4+ T)AF; 1 (1), (6.35)

(L) = ]fzpjuc) / N [ / (u+ APyt t)} AF; 41 ()
N "_O gpm | D DB )
- fj:mm | wba
lipjuo [ - By a(uu ) atfdFa. (630
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The expected costs suffered for minor collections and tenuring collections when

major collection is made at time 7" are, respectively,

o J oo

Cry = Z Z civp;(K) / (1= Fyoa(u,u+T)] dFj(u), (6.37)
j=0 i=1 0
0o N—2 itl 0

Crr = Z Z Z crrp; (K) / Hi(u,u + T)dFj(u), (6.38)
=0 i=0 k=1 0

and the expected costs suffered for minor collections and tenuring collections when

major collection is made at collection N are, respectively,

o J 0

Cnm = Z Zciij(K)/ Fn_1(u,u+ T)dFj(u), (6.39)
j=0 i=1 0
oo N 00

Cnr =) cirn;(K) / Fy_i(u,u+ T)dFj 4 (u). (6.40)
j=0 i=1 0

Thus, the total expected cost until major collection is, summing up from (6.37)

to (6.40) and adding the cost cg of major collection,

E3(C) =cp + Z Z cinpj(K)

j=1 i=1
oo N o
+§:EZQﬁ¢Kj/ Fir(, 1+ T)dF 1 (u). (6.41)
j=0 i=1 0

Therefore, from (6.36) and (6.41), the expected cost rate is

C3(T,N) = E3(C)/Es(L). (6.42)

6.4.2.2 Optimal Policies
When major collection is made only at time 7',
cr+ Y50 Yy cnpy (K)

. + 30700 2ien cirpi (K) fo Fii(w,u+ T)dFjp (u)
C3(T) = lim C3(T,N) = — <
N—oo > ocopi(K) Jo udFypa(u) + T

(6.43)
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Differentiating C3(T") with respect to 7" and setting it equal to zero,
Xpﬁl / Qs(u, T)AF;, (%4m+§kW@WKL (6.44)
j=1
where
QﬂmTﬁEiiQ?AwU+wﬁﬂMu+@Hgﬂmu+xﬂ
i=1
_ZCZT/ (4 2) N(u+2)H;_o(u,u + x)dz

3 (e — cusar) | ) W 2P i+ a)a

and

1=>nx) [ wan .

which represents the mean time until surviving objects have exceeded K. Letting
L3(T) be the left-hand side of (6.44). Thus, if A(¢) increases with ¢, L3(T") increases
with T'. Therefore, if Ls(c0) > cp+3°72, cjiGY(K), then there exists a finite and
unique T3 (0 < T < oo) which satisfies (6.44).

In particular, when A(¢) = A, then [ = [1 + M(K)]/\, and

Qs(u, T) =[14+ M(K Z Fi(T)(cjroyr — c+1r)
7j=1

+> JFa(T)(cgrar — cgrir),
j=1
Ly(00) =Y (coor = ¢(i1y7) + [1+ M(K))(Cour = Co7).
j=1

Therefore, if

Z (coor — cjanyr) + [1 + M(K)](Coor — cor) > cp + Z c;uGY(K),

j=1
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there exists a finite and unique 73 (0 < 75 < 00), and the resulting cost rate is

= Hi(T3)cgsar
j=0
When major collection is made only at collection N,

cr + Z})O DY Ciij( ) + Zj-v:l ¢
J (]p] fo j+N )]dt
(N=1,2,--). (6.45)

Cy(N) = lim C4(T, N) =

From the inequality C3(N + 1) — C5(N) > 0,

N [e's)
Q?)(N)C(N—i-l)T — Z CiT Z cr + Z CjMG(j)(K)7 (646)
j=1 J=1
where
Qs(N) = ] Op] fo J+N )]dt
3 pr—
] o Di(K fo Hjin(t

Letting L3(N) be the left-hand side of (6.46),

Ly(N +1) = Ly(N) = [@a(N +1) - }ij ) [ Bevatla
where

g o Pi(K fo jill

Thus, if Q3(i) increases with i, L3(N) increases with N. Therefore, if L3(c0) > cp+
> cjuGY (K), then there exists a finite and unique minimum Nj (1 < N < 00)
which satisfies (6.46).

In particular, when A(¢) = A, then Q3(N) = M(K) + N, where M(z) =
> GU)(x) is the expected number of minor collections before surviving objects

exceed x, and

Mz

(covynyr — ¢jr) + M(K)ewvyyr,
7j=1
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L3<N + 1) — Lg(N) = [M(K) + N + 1] (C(N+2)T - C(N+1)T> > 0.

It is assumed that coor = lim;_ ¢jr < oo. Then,
L3(c0) = Z(COOT —¢jr) + M(K)coor.

J=1

Clearly, if c.o7 = 00, then Ly(oc0) = 0o. Therefore, if

Z(COOT — CjT) + M(K)COOT > cp + Z CjMG(j)(K),
j=1 i=1

then there exists a finite and unique minimum Nj (1 < N} < oo) which satisfies

(6.46), and the resulting cost rate is

C5(N3
cnzT < 3()\ i) < C(Nz+1)T

6.4.3 Numerical Examples

It is assumed that ¢y = e + kB (6 > 0;k = 1,2,---), and other assumptions
are the same as those in Section 6.3.3. Tables 6.3-6.6 present optimal A7 and
Ci(TH)/X (i = 2,3), N and C;(Nf)/X (i = 2,3), when cp = 100, cr = cy = 20,
cs = 10, cpy = 1, p = 10 and o = 1 for different o and 3. These show that both
AT5 and N3 decrease with o or 3, both A\T5 and g increase with o and decrease
with 3, all C;(T7)/A (i = 2,3) and C;(N;)/X (i = 2,3) increase with a or f3.

Table 6.3: Optimal AT and Ca(75)/A for o and 3.

B=1 B=2 B=5

M GaT3)/A ATy Ga(T3)/A NIy Co(T3)/A
0.3 17.98 24.4699 15.51 25.1134 13.14 26.0229
0.4 14.09 28.1939 10.66 31.5677 7.77 35.1867
0.5 13.80 31.6197 9.95 35.5256 6.60 42.2212
0.6 12.86 32.8499 9.86 37.6922 6.33 46.6393
0.7 12.86 33.6762 9.86 39.2143 6.27 50.0259

It can be explained as follows:
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Table 6.4: Optimal N5 and Cy(N35)/A for o and (.

p=1 B=2 B=5
N3 Cy(N3)/A Nj  Co(N3)/A N3 Cy(N3)/A
03 17 241785 16  24.3642 15  24.7538
04 14  28.6941 11  30.5818 8  32.8485
05 14 311212 10 345257 7 39.7804
6
6

0.6 14 32.3506 10 36.6942 44.1853
0.7 14 33.1763 10 38.2160 47.5548

1. When « or [ increases, it means that the total cost suffered for minor col-
lections or tenuring collections increases, then optimal major collection times

should be advanced, but even then the expected cost rates increase.

2. The differences between Tables 6.3 and 6.5, Tables 6.4 and 6.6, are that when
« increases, M (K) decreases, then optimal major collection times should be

postponed, because it is not economic to make major collection frequently.

3. Compared Tables 6.3 with 6.4, Tables 6.5 with 6.6, these show that Co(Ty) >
Cy(N3) and C3(Ty) > C5(N3) for the same parameters, that is, major collec-
tions made at Ny or N3 are better than those at T or T5. It is interesting that
Co(N3) =~ C5(N3) and Co(T5) ~ C5(T75), that is, although the two policies

are different, the resulting expected cost rates are almost the same.
4. We can derive the relationship of the two polices, that is,
My~ 1+ M(K)+ T3, N5 ~ M(K) + Nj.
For example, when a = 0.3 and § =1, M(K) = 14.8, then

AT = 17.98, 1+ M(K)+ MT5; =1+ 14.8+1.95 = 17.75,
N; =17, M(K)+ N; =14843=178.
Therefore, the concrete performances of the two kinds of policies would be

depend on the program engineers and software system structures at the be-

ginning, and so on.
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Table 6.5: Optimal A\T5 and C5(75)/A for a and 3.

. B=1 B=2 B=5
T Ca(Tp)/N AT3 Cy(T3)/A NI Cs(T3)/A
0.3 1.95 23.9629 0.06 24.1471 0.01 24.3401
0.4 6.92 28.9179 3.42 30.8389 0.57 32.8532
0.5 9.45 31.4559 5.54 35.0679 2.10 40.4869
0.6 10.75 32.7357 6.69 37.3694 3.06 45.3683
0.7 11.60 33.5878 7.48 38.9639 3.80 49.0298

Table 6.6: Optimal N5 and C3(N3)/A for o and S.

B=1 B=2 B=5
o Ni G(NH/A Ni Gy(NH)/A Ni  Cs(Np)/A
0.3 3 23.9071 2 24.1387 1 24.3365
0.4 8 28.6662 5 30.5026 2 32.5947
0.5 10 31.1223 7 34.4997 3 39.6811
0.6 12 32.3455 8 36.6799 4 44.1223
0.7 13 33.1731 9 38.2105 5 47.4478

It has been shown from tables 6.1-6.6 that the policies at level K and N are

better than those at time T'. However, from simple points, the policy at time 7' is

easier to operate than those at level K and N. For further studies, we can modify

the policy at time T from the viewpoint of operations. For example, it may be

wasteful to collect the garbage for an operating system at a planned time T even if

it is processing and would be better to do it after the process has been completed.

In this case, we suppose that collection is always made at the first collection time

after T, by using the overtime policy in Chapter 4. Then, C}(7T") becomes

Cy(T)

_ Z(;; Fy(T) fooo [c1 + co(2)]dGj(x) + 2

S o Sy Jo2 (W) d P (H)dFy(u)

Y

(6.47)
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and C3(T") becomes

G(T) = >y Fi(T)(es — Aj) + (6.48)

S0 o S [+ w)dE (DA F; (1)

It is feasible to discuss (6.47) and (6.48) analytically and compare them with C4(7T)

and C3(T") or with Cy(K) and C4(N) numerically from the viewpoint of economy.
To choose a better policy, it would depend on the original structure and actual

operational scheme of a garbage collector.

6.5 Concluding Remarks

We have proposed the problems when to make tenuring collection and major col-
lection to minimize the total expected pause time which can disturb the process
of program in memory management. Two stochastic models based on the work-
ing schemes of a generational garbage collector have been discussed analytically:
Garbage collections occur at a nonhomogeneous Poisson process. Minor collections
are made when the garbage collector begins to work, tenuring collection is made
at a planned time 7T or at the first collection time when surviving objects have
exceeded K, major collection is made at time 7" or at the Nth collection. Using
the techniques of cumulative processes and reliability theory, expected cost rates
have been obtained, and optimal policies have been discussed analytically. Detailed
examples and analysis have been given and compared numerically. Such theoretical
methods could provide some useful information to computer programmers to design

more efficient collectors in the near future.
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CHAPTER 7

Conclusions

This dissertation has proposed several extended cumulative damage models and
their applications to garbage collection policies in computer science, based on the
standard cumulative processes (Cox, 1962; Nakagawa, 2007) in reliability theory.
With respect to optimizations for the extended models, policies of a planned time
T, shock, working, or periodic checking number N, and damage level Z have been
optimized. For the application models of the generational garbage collector, practi-
cal working schemes with tenuring collection at time T" or object level K and major
collection at time 7" or collection IV have been considered. The value contributions
of the proposed models in this dissertation could be summarized as follows:

In Chapter 2, it may be more practical to assume that the initial damage level of
a used system would be a random variable and the maintenances are imperfect. The
models have indicated that failure rates with continuous and discrete times play an
important role in deriving optimal policies and the necessity of optimizations also
includes that cost for ICM should be greater than that for the first IPM which
includes the maintenance cost for the initial damage. That is true because the
bathtub curve in reliability shows that the used system has avoided the earlier
failure problems period, and the higher damage level Y} is, the earlier maintenances
should be made or the more wasteful operating a used system is.

In Chapter 3, if we take no account of failures caused by independent damage,
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Conclusions

the policies become the standard cumulative damage models, which is idealized in
theory. However, in practice, take the fracture of brittle materials such as glasses
for an example, maintenances for such a system should be more frequent because of
minimal repairs. By combining additive and independent damages, three replace-
ment policies with minimal repairs have been discussed from different viewpoints.

In Chapter 4, the damage has been defined as the results of works operated by
the system when the every work time is a random variable. The proposed models
have been formulated when every maintenance policy is made at the end of working
time, which is more economical to operate. Especially when the damage models are
applied to crack growth models for aircrafts, two failure facts have been considered,
and the proposed models are more reasonable for such systems.

In Chapter 5, as an application of the notion “whichever occurs last”, the main-
tenance last damage model provides new analytical methods when two preventive
maintenance policies are made, and the comparative studies between such a main-
tenance last and the conventional maintenance first have been shown that which
policy is better depends on different cases. From (Zhao and Nakagawa, 2012),
when a system is operating according to random working intervals, the policy with
“whichever occurs last” can let the system operate for a longer time and avoid un-
necessary maintenances. Such results are also suitable to the models when random
working times proposed in chapter 4 are considered.

In Chapter 6, the pause time goal of a generational garbage collector has been
selected to optimize tenuring and major collection times. The working schemes
firstly proposed by (Vengerov, 2009), which were supposed by estimating the life-
times of all objects, however, it would be more easier to estimate the survivor rate
of one group of objects using the statistical methods proposed in this chapter.

We have obtained many results analytically and numerically. It has been shown
in this dissertation that the optimal values are given by the unique and finite solution
of equations under some reasonable conditions. To understand the results easily, we
have given the numerical examples of each model, and have evaluated the results
for several parameters. If some parameters are estimated from actual data, we can

determine the best policy easily.
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