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Polynomial solutions to boundary-value problems of the heat equation 
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Abstract. In this paper we shall determine a polyno出 alψ(x，t) of degree 
at皿ost3 such that for any polYl1omial f(x， t)もhereexists a hea七
polynomial u(り)which叩 alsf(x， t) on出ec町 eψ(x，t) = O. 

1 Introduction 

33 

Let P be the set of polynomials in七wovariabl田 xand t with real coefficients， and Pm the subset of P of 
degree at m佃 tm. The heat operator L is defined in Ja2 by 

θ2U θu 
L同=一τ 一一。z“ θt

Le七1lPbe the set of heat polynomials in P. 

Basic Proble血 ・ Letψε P. Then for any fεP， is there a polynomial solution uεP satisちTingthe followmg 
(1)-(2)? 

L同=0 in Ja2， 

u(x， t) = f(x， t) onψ(x， t) = o. 

Defini色ion1.1 A polynomialψissαid to be squα問 -fi陀 eif 

(リ ψismini四 1，that is，ψ加 no均四tedfactors such as p(x， t)m (間三 2)，and 

(ii) for叩 chi門官duciblefiαctorψli wi仇 realcoefficienお ofψp仇 =0加sinfinitely many poinお.

We have the following algebraic result [1]. 

(1) 

(2) 

Th.eore血 1.2Let ψ be s伊 are-J示問 αOOf ε P. Ifu ε PSαtisfi回 (2)， 仇enthere 田 ists9 ε P St品cht.加t
u-f=ψg. 

Hence we can岨，ytha七theBasic Proble皿 isto find ψsuch that 

手lP+ψP=P.

Th.eo四四 1.3Let ψbe squa問ーかe，and m三2.Forαny fεPrn， if there回おtsuεPm sαtisfying (1)-(2)， 
訪 問 degψ=1.

Proof. Supp田 ethat ψε Pk，k三1.Consider a linear mappi:ng T from Pm-k o:nto Pm-1田 follows:
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T : Prn-k → Pm-1・

UJω  

g 吋 L[ψg]
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We shall show七ha七Tis su事ctive. For any hεl' 'm-1， there exists fε'P'm such that L[fJ = h b配 a田 e
{L[fJ; fε凡}=凡-1・From01ll" assumption there exists a solution u E凡 forf. By Theorem1.2， we 
have 9ε1'=-k sucn that u -f = -ψg. Then it follows T(g) = L[ψgJ = L[f-叫=L[fJ = h. Thus we see 
that T is s1ll"jective. The s1ll"jectivity of T gives 

dim 'P'm-k = m-k+2C2 2:: m+1 C2 = dim 'P'm-1・

Therefore k < 1.口

Put 
[号l...k ~n-2k 

(り)=n!)、ニ-ーτ(π=0，1，.ー).白 k!(n -2k)! 

Then each vn{x， t)包 aheat POlYI畑出1.

Le盟血a.1.4 The set {vn(x， t)}必 ab間信 for究1'.

Proof. A polynomial p(x， t) of degree n is of the form 

p(x， t) = axn +玄α〆 jti+ (ter四 ofde伊豆 n-l)・

If p(x， t) is a heat polyno皿ial，then 

L(PJ =-Ljα〆-jti-1+何回 ofdegr間三 n-2) = 0 

Hence j町=0 for j = 1， . . . ， n and 

p(x， t) =αxn + Pn-l(X， t) (degPn-l::::; n -1). 

Since vn(x， t) = xn + (terms of degree壬n-1)， qn-l(X， t) = p(x， t)-αVn(x， t) is a h曲，tpolynomial of degree 
at血 ostn -1. By the induction we s田 thatany heat polynomial is constmcted by {vn}. Uniqueness of the 
line証明hinationfollows仕omthe 1恒.earindependence of {叫ロ

Le血血a.1.5 Let ψε l' ofdegψ 2:: 2. If the Basic Problem holds forψ， then the variable of the highest deg陀 t

term ofψis only x. 

Proof. H the B出 icProblem holds for ψ， then Theorem 1.3 impli田 thatfor so皿 efε l'the solution u satisfies 
deg f < deg u. Since the solution u is of the form u = f +ψ9 by Theorem 1.2， we have degu = degψg. By 
Lem皿 a1.4， the high田 tdegree term of a heat polyno皿 ial包 isa polynomial of x， so is that of ψ9・Hencethe 
variable of highest degree term of ψis only x.ロ

2 Li目earequations 

Th帥関血 2.1S明。sethatψhas degψ= 1， t，加 t科 the勾uationψ(x，t) = 0 definesαline αx+bt+c=O. 
m開 theBasic Problem is solved aω rding to the 9問 dientof the lineω folloω'8: 

(i) if bヂ0，then the陀 exおお@包，niquesolution， 

(i母 ifb = 0，仇enthe問自色お α削除uniquesolution. 

P宜"Oof.Since the set of heat polynomials is invariant with r田 p配 tto any parallel translation， we can同ke
ψ(x， t) = 0 asαx+bt=O。



Polyno血 ialsolutions to boundary-value proble.皿 Sof tbe heat equa針。n

(i) If b :/; 0， we can take ψ=  0 as t = ax. Substitute it for each vn(x， t)， then 

りn(x，ax)
[号l 長 nーたず...... a..x.... 

n!、ず
おk!(n-2k)1 

xn +(1何 erdeg悶 ter四).

Therefore for any f E P of degree N， there e対st匂，Cl ， . . . ， C N E lA. such that 

N 

f(x，ax) =玄CnVn(x，αx)ヲ
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where Co，ClドペCN are uniquely determinoo. PU七u(x，t) = 2:;;=0 cnvn(x， t)， then we 自由 thatu(x， t)包 a
unique solution to the B田 icProble血巴

(ii) If b = 0， we can takeψ=0剖 x= O. Substitute it for each vn(x， t)， then 

(2n) 1 
V2n(O， t) =τ戸時 andV2n+l(仰)=0. 

Therefore for any fεP of degree N， there exist句，Cl，・・.， CNεlA.such that 

N 

f(O， t) =玄C"，V2n(O，t). 

Put u(x， t) = 1:;;=0 CnV2n(X， t)， then we see that u(x， t) is a solution to the Basic Proble凪 Sin田 V2n+1(0， t) = 
0， u(x，t) +り2n+l(X，t) is also a solution. Hence the uniq阻 le節 ofthe solution does not ho国.ロ

3 Quadratic equations 

Theo肥田 3.1Let ψbe a. s伊綿re-freepolynomial 01 degψ=2.日開 theBasic Problem is a間切eredαifJirma-
tively if and only ilψ(x， t) = 0岱 thefollowi吋 :

(i) 陶 o1加出仰向llelto the t-回 is，0'1" 

(ii) pa叩 bol田 oMα伽 edby pa叩 llelt問 問latio問。Ifx2= 4pt (p > 0)， 0'1" 

(iii) pambo加 obta如edby 1-泊四llelt問 .nslatio問。'Ix2 = 4pt (p < 0) such t，加 t.j二Pis not a zero抑制 01any 
Hermite pol炉lomials.

Purlhermo問 ，the solution u is un~切:Le 和田ch邸 se.

Proof. Every quadr前icpolynomial ψ(x， t) is of form Ax2 + Bxt + Ct2 + Dx + Et + F = O. If the Basic 
Problem holds for ψ(x， t)， then it follows that B = C = 0 from Lemma 1.5. Sinceψ 包 quamatic，we have 
A:/;Oand田 sumethat A = 1. Furthermore， translati時 theequation by x→x-D/2， we can takeψ(x，t) = 0 
as x2 + bt + C = O. 

(i) If b = 0， we have ψ(り )=x2+c=Oandc<Obe団四 ψissq随 時 金 田 .In this c剖 eit is a pair of 
1in田 parallelto the t-axis. 

Any polynomial I(x， t) is reduced to the form f(x， t) = ft(t) + xfz(t) on x2 + C = O. Also， {vn(x， t)} is 
reduced to the form 

り2n(X，t) 

り2n+1(X，t) 

忌 tk(_c)n-k 
(2n)円、一一一一一白 k!(2n-2k)1 

ムが(_c)n-k
= (2n+l)1ぶ京
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on x2 + C = O. Then there exist Co， Cl，・・.，CN and do， d1，...， dM such七hat

五(t) = 玄白V2n(X，t) and 
時 =0
M 

x/2(t) = L dnV2n+l(X， t) 

on x2 + c = O. The:refore 
N M 

匂(x，t) = L CnV2n(X， t) + L dnV2n十1(x， t) 
n=O n=O 

is a solution. We shall show the unique阻 sof the田 lutionu. For f(x， t)三 0，there e対向 aSollltion 

包(x，t) = 22:=0 CnVn(X， t). Then for any points (x， t) and (-X， t) on X2十 c=o，也(x，t)盟出直也

Z
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開]_ .• {_....¥ _ {¥ __..:1 "，[与1.]_ .. (~ .... ¥ _ 1) ~_ ~2 ー
ezn=oC2J2n(zj)=Oand zn=oC2n十lV2n+l(X，t)= 0 on X'l. + C = 0， .and we have c叫=0 (n = 

0，1，・ ..，N)園

Ifbヂ0，then we can take ψ(x，t) = 0出 x2+ bt = 0 by translati時 t→t-cjb. Pllt b = -4p， then we have 
x2 = 4pt. 8ubstitllting t = x2 j(4p) for {vn(x， t)}， we have 

Vn (x， :;) =占(:;)kι:k)，-占(ザぷ
(ii) If p > 0， then the coe盟Cle叫 ofxn for vn(x，x2j(4p)) is nOD:田zero. 80 that for any fεP， we can 

co臨むuctf(x，x2j(4p)) by {vn(x，x2j(4p))}. Hence there exists a solution u and抗包 uniq配 lydetermined. 

(iii) If p < 0， then the coe盟cle国 ofx冊 forvm(x， x2 j (4p))田 .aybe zero for四国e問。 Incase it happens， 
f(x，t)=x開田nnotbe constructed by {vn (x， x2 j (4p))). 8ince 

Vn(x， t) 

wher官 Hn(x)denotes the Her出

I x2¥ X叫 一一-一一、
乱 \x五)=有事nlin~Ý-P)

Therefore vn(x， x2 j(4p))三 oif and only if -Jヲ包 thezero po凶 ofι(x).ロ

4 E正luationsof degree 3 

Theo胞阻 4.1Let ψbe αS伊 α開園.freepolynomial ofdegψ=3巴時間theBasic Problem is a間切erちdnegatively. 

Proof. If the Basic P:roblem holds forψ(x， t)， then it follows thatψ(x，t) = Ax3+Bx2+Cxt+Dt2+Ex+Ft+G 
仕omLemma1ふ Thenwe開 nassume that A = 1 and that B = 0 by translating x→x-Bj3. Sothatψ=0 
is reduced to x3 + Cxt + Dt2 + Ex + F官+G=O.

First， we shall show that D = O. Suppose that D手O.Since ψ=  0 is a quadratic equation of t， we have 

t=仲)=土{-Cx-F士、!(Cx+F)2 ~4D(x3 +Ex十 G)} 
2D 



Polynomia1 solutions to boundary-value problems of the beat equation 
37 

for su担cientlylarge x > 0 or smaH x < 0 according to D < 0 or D > 0， respectively. Then 的)= 0(X3/2) 

(x→∞ or一∞)and 
Vn(x， cp(x)) = xn十n(n-l)ψ(x)x毘 -2+ O(Xn-l). 

For f(x， t) = X2， there exists a吋 ution包(x，t) =ε工。仰百(x，t)， CN i-0， so that 

x2 = u(x，ψ(x)) 
N 

=玄CnVn(x，cp(x))
耳，=0

CNXN + cNN(N _1}cp(x)xN-2 + O(XN-1). 

Cl偶 rlyN > 2. Sinc泡 wecan take x→∞町一∞ for(x， t) onψ(x，t) = 0， 

1 CNN(N -1)ψ(x) ，ハ(1 '¥ 
Fゴ =CN十 x2 十 V ¥ ---;-) 

implies CN = 0， which contrarncts CNヂo.Hence D = O. 

Next，腕 shallshow that CヂO.Suppose that C = 0， then x3 + Ex + Ft + G = O. We co田 iderthis 
equation配 cordi碍 toF i-0町 F=O.

IfFi-Oヲthenby transla七ingt→t -GjF we have x3 + Ex + Ft = O. Substitute t = (x3 + Ex)j(-F) fo:r 
Vn(x， t)， then 

作，守)
[雪1f :'! 島 知

n!t~3土戸内竺晶
k=自

~~， _ xn+[号J+ (l阿佐 degroo岡田)・
(-F)[号J[~l!

For f(x， t) = x2， there 位 istsa solution包(x，t) = 2::=0 CnVn(x， t)，切手 0，so that 

q よ f x3 +Ex¥ 

k=O 、 J

N! 
xN+[亨l十(low町 deg:roo岡田).

N (-F)[菩J[~l!

Co眠 中entlyit foHows that 2 = N + [凹Nj刈司乱， w袖hi袖chne仰v刊悶e町:ro町u四ll'S回s
If F = 0，油田 ψ(x，t) = x3 + Ex + G is fac加rized加

ψ(x， t) = (x-α)(x -b)(x -c)， 

where a，b，cεR are distinc七b配 au田 ψissquare-仕00.As we have seen in the quamatic c田 es，the solution of 
the Basic Proble皿 isuniquely determined by two lin田 parallel 七othe t一位Is. Hence it does not hold in the 
C掴 eof throo parallel lmes. 

By translating x→x-FjC and t→t -3F2 j C3 - E j C t4町 x3+Cxt+Ex+Ft+G = 0 (Cヂ0)，we 
takeψ=0出 x3+αx2+Cxt+β=  O. Then βi-O. In fact，百 β =0， then x(x2 +αx + Ct) = O. For 
f(り)=x2+αx+Ctヲah曲 tpolynomial u副坤ingu = f on the quadratic curve x2 +αx + Ct = 0 is only 
u三 oby Theorem 3.1. But u is no北identicallyequal to f on the iine x = O. Hence βi-O. 

L回 t，we shall show七hatthe Basic Problem does not hold evenぜβ手o.Hence it never holds for anyψof 
deg:r田 3.Substi七utet = (x3 +αx2+β)j(-Cx)おrVn(x， t)， then 

←)  = n記Z3+αx2 +β ， ~1x3 + αx2 + β)kXn-2k 

-Cx 
k=O 

[号]

=沼会記布め
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[号l
吃土ザザ)k-~，~~ー)

[号][号]-j (αX2 + s)j xn-3j 
n!LL  

j=O 1=0 

[号][!!子] 1_ 2 ・ 2

n!~二 L7 一!?2ア，P)3zt3j

[号]1L ~"(1 --L， i 
n!玄り十勾ド'ア)(αzj+??3j 

j=O 

Here百C< 0， then V時 一2j(1，1j(-C))> O. For f(x，t) = x2， a solution u(x，t) = r::=ocnvπ(x， t) (CN i-0) 
satisfies 

日 L id」ャax2-]γ告¥
x-=") C再む叫 Ixヲ 円 l 

晶-" ¥ -L;X I 
k=O 、，

By multiplying x3[N/2J-N to both sides and by comparing the coe血.cients，we see tha七N= 2. If N = 2， it is 
obvio田 thatx2 is not co醐 ructedby vn(x， (x3 +αx2+β)j(-Cx))， n=O，1，2. 

If C > 0， then 

内←，(セ;+β)

The high田 tdegree term is 

n!思りル山山ト日刊2勾沖3
土白~ (伊トπト一抑 (←一Cの)j仔伊jρ ! 

n! 思ι-2j(子)
一一γ (一αx2-s)j xn-3j ♂時白 (η-2j)!j! 

E叫(手)_n 

Jず山

If VCj2 is a間 ropoint of the Hermite polynomial of degree m， then f(x，吋=Xffl is not constructed by 
{旬n(x，(X3 +αx2+β)j(-Cx))}. 

If VC j2 is not a zero poin七ofa可 Herrr帥 polynomials，then we can follow the same argume酷 inthe c蹴

C < O. Hence ifψis of degree 3， then we see that the B国 icProble皿 neverholds.ロ

5 E<主uationsof degree盟 oreth組 3

In the c出 ethat degψ =N三4，we can show that the Basic Problem does not hold ifψ(吋)= AxN +t， 
z ;L 1 4 z k + B zt ， 21L 1 4 z k tN -h or zL2 4 z N -吋 .w恥c…C∞叫O佃叫n吋申Je叫C

for arr可yψofdegree皿or<陀ethan 3. 
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