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A note on symbolic powers of regular prime ideals
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Abstract. Let & be a field of arbitrary characteristic and let R be a k-algebra of finite
type. In this paper we shall show that for p € Reg Spec R suppose the residue class field
K of R, is separable extension of k, then D"(p) = p("t1) for all n> 1.

1. Preliminaries.
Throughout this paper, let us denote by £ a field of arbitrary characteristic and let R be
a k-algebra. By a k-higher derivation § = {d,} of finite rank n on R, we shall mean a finite
sequence of endomorphisms dg, d1, - -,d, of R as a k-vector space which satisfy the following
two properties:
(1) dp is the identity map of R, and
(2) for every r (0 < r < n), and for all 7,y € R, we have

S(zy) =Y bi(z)6;(y).

i+j=r

We shall denote the collection of all such k-higher derivations of finite rank n on R by HP*(R).
On the other hand let us denote by Der?(R) the R-module of all n-th order k-derivations of R
to R. Thus ¢ € Der}(R) if and only if ¢ € Homy(R, R), and for all g,z1, -+, 1z, € R we have

n

Plags - 0) = D1 D i3 pl@o- BBy 5).
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For every component 6, of § = {6,} € H(R), é, is an r-th order derivation of R. Let D"
denote the set of composites 5&11) : ..5&11(1)) where each dg"‘_) is a component of an element of
HP(R), and o1 + -+ + a4 < n, g arbitrary. For an ideal I of R, define

D*I)={fel:p(f)el foreverype D"}.

Lemma 1 ([1] Proposition 1). D™*(I) is an ideal of R, and we have "* C D™(I).
Lemma 2 ([1] Proposition 2). If @ is a primary ideal of R, then so is D"(Q).

Consider now a localization A : R — S7'R of R. For every ideal I of R let S(I) = \™}(S~11)
be the S-saturation of I. On the other hand, every higher derivation ¢ = {6,} on R can be
extended uniquely to 6={J,} on S™*R. Then let D" denote the set of composites 5&11) e 5‘(1?,
where each 6{) is a component of a unique extension to S™'R of an element in H(R), and
a1 + -+ ay < n. It is clear that we have

D™ C Der}(S7'R),
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where Der?(S~'R) is the set of all n-th order k-derivations of S™*R to S'R. For an ideal [
of S7'R, denote by D"(I) the set of f € I such that @(f) € I for every ¢ € D™

Lemma 3 ([1] Proposition 3). D™(S—I) = SD™(S(I)). In particular, D*(S71Q) =
S71D™Q) for a primary ideal Q of R such that @ NS = ¢, the empty set.

Lemma 4 ([1] Proposition 4). Let A : R — S™'R be a localization of R, and let Q be a
primary ideal of R such that QNS = ¢. Then

DMQ) = \"LD"(S71Q).

2. Results.

Proposition 5. Let R be a k-algebra of finitely generated type which is a reqular local
ring with the mazimal ideal m. Let K be the residue class field of R. Assume that K is a
separable extension of k. Then D™(m) = m"** for alln > 1.

Proof. By Lemma 1 we have m™*' C D"(m). We shall show the converse inclusion
relation. Let {z1, -,z } be a regular system of parameters for R. Consider R, the m-adic
completion of R. Then R is expressed as a formal power series ring K [z1,-++, 2] . Let

00 = (6N, e HR(R), 1<i<r

be the higher derivation defined by

(@) ¢, m m; mey — [T, m mi—j m
5] (Zl ...Zi‘...zrr)_ Z]. ...Zi‘ .‘.er,

where we put (’;”) = (0 for j > m;. With h = (z]_,--~,z,,»)R we have: If f € 7 and if
5](.11)«--6§:')(f) € m for all 51, -, 7 such that 5, + -+ + 75 < n, then f € »**'. For, let
f =F,+g, where F,, € K[z,-+, 2] is a polynomial of degree n and g € m™™L. Then it is
easily seen that F,, = 0. Assume that we have already exhibited 8% = {8\")},, € H{(R)
such that 8]@ = 6}”]]% for all 4, . Then we obtain what we want : Let f € m be such that

©(f) € m for every ¢ € D". In particular, we have

3](1) o 8](:)(f) em foral g, -,

with j; + -+ - +J» < n, hence
51(1) 5](T)(f) em forall g4
with 5, + -+ -+ jr < n. This implies F,, = 0 and thus
f=gem™ NR=m"t

It remains to show that there exist 8¢) = {8}”} € H*(R), 1 <1 < r, such that a](") = 5](~i)|R
for every 1, 7. Let Q0 (R) be the universal algebra of higher differentials on R over k and let

0= {5]} R — Qk(R)
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be the canonical k-higher derivation of infinite rank (Cf.[2]). Since K is a separable extention
of k, we can choose uy, - - -, us € R such that their images in K form a separating transcendence
base of K over k. Then Q;(R) is a free R-algebra with a free base

{(5]'(21),(5j(um):l:1,...,7‘,m:1,...,5,j:172’...’oo}

([2] Theorem 3). On the other hand it is easily shown that each §() = {6](-i)}jsn_ € Hg(R)
can be imbedded into a higher derivation '{5](’) } of infinite rank. Hence there are uniquely
determined k-higher derivations 8 = {6](-’)} on R of infinite rank such that

O (u) = 6(a), 8 (um) =0

J

for all 4, 5, I, m. Consequently Bj(i):é](i)]R for all 7, j. Hence {8}i)}j5n € HM'R),1<i<r,are
required ones.

Theorem 6. Let k be a field of arbitrary characteristic and let R be a k-algebra of finite
type. For p € RegSpec R suppose the residue class field K of R, is separable extension of k,
then D™(p) = p"*V) for alln > 1.

Proof. Let A : R — R, be the canonical homomorphism and set m = pR,. Then by

Lemma 4, we have
D"(p) = A"'D"(m).
Let {0;}j<n be a k-higher derivation of R, of rank n. Then there exist elements t; € R —
p,i=1,--,n,such that {§o, 01, -, a0} is a k-higher derivation of rank n on R ([3],Lemma
2). Let us set
c?i:tiéi, i=0,l,~~,n, to=1.
Denoting by {J;}i<a the unique extension of {8;}i<n to R, , we have §; = (1/t;); on R, ,
1=0,1,---,n. Let
o= 55111) . 5((;{1)

be a composite of components of higher derivations on R,. Then there exist elements ¢; € R—p,
i=1,---, ¢, and a family of higher derivations {8}1)}, t=1,---,¢, on R such that

1z 1
= (ZWY... (5
(70_(t16a1) (tqaaq )
Here we denote by 8% the unique extension of 8&? to R, . It is obvious that ¢ is an R,-linear
combination of elements of D™ and consequently D"(m)=m"*! by Lemma 5. Therefore we

have
D™(p) = A7 H(m™H) = p" foralln > 1.
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