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On the l'vlandelbrot Set of ω= cz(3 -Z2)十 l

切 ニ cz(3-Z2) + 1のl¥!Iandelbrot集合について

Yusuke MORI↑ and Yuji HASHIMOTO t 

森雄助@橋本有司

The Mandelbrot set of七hequadratic polyno出品Pc(z)=z2+cis七heset of those values 

c such that出e1七erationsequence {ば(o)}of七hefinite critical point 0 of PC(Z) is bOUllded 
Similarly， we c組 definethe Ma凶 elbrotset of七hecubic polynomial %(z) = cz(3 -z2) + 1 
京社thtwo fini七ecri七icalpoints 1 and -1. And investigating this Mandelbrot set， we can 
obt泊立 someexamples of Julia sets which are discollnectedう butlleed no七be七oもallydiscOll-
nected， 

31. Introduction. 

Let Pc(z) = z2 + c be a quadratic polynomial with a complex parameter c. The Mandel-
brot set M of PC( z) is defined by 

M =c-{cl主主Ld(0)=∞}，

where C is the extended complex pl叩 eand ∞is the point at infinity. The Mandelbrot 

set is the set of those values c such that the i七erationsequence {p~'(O)} of the finite critical 
point 0 of pc( z) is b01mded and can be written more precisely田

M = n {cllp~(O)1 三 2}.
，，=1 

On the 0七herhand‘七heMandelbrot set is the set of those values ~uch that the correspond-
ing Julia set :Tc of Pc(z) is connected司 FurtherぅfoI'the value c of C -M， the corresponding 
Julia set Jc is totally disconnected. 
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The similar situ剖ionoccurs in也ec国 eof七hosepolynomials with one宣ni七ecritical point. 
The inves凶七i培ga叫七ionof七heM紅由lb祉>ro叫色 setof p仏ι的叩，〆バT

In the c邸 e of 色也hosepolynomials with two 0町r血 or陀e五n凶it悦ecritical points， the situation is 
much血 or問ecomplicated. In this paper， we co田 iderthe polynomial qc(z) = cz(3 -z2) + 1 
wi出 twofi凶tecritical points 1 and -1. In 32， we defi.ne the Mandelbrot set M of qc(z) 
担 theintersction of the sets M1 and M_1 which町 ethe sets of those values c such that 
出ei七erationsequen回目 {q~(l)} 回ld {q~( -1)} of出e宣nitec批icalpoints 1 and -1 of %(z) 
町 ebounded respectively. We shall also give the computer graphics of M1， M-1 and M-. 
In 33， we shall investigate the Julia set .:rc of %(z). We shall give the computer graphic of 
出.eJulia se七ゴ1+0.1iwhich is disconnected， but is no七七o色allydisconnected. Finally， in !i4， 

we shall give some problems left open. 

!i2. The Mandelbrot set of qc{z). 

Leも qc(z)= cz(3-z2)+1 be the cubic polyno凶 alof a complex parameter c.百 ecritical 
poi山 ofqc(z)町 egiven by七heequation <Ic(:z) = 3c(1 -Z2) = 0，叩d町 e1 and -1. We 
define the sets M1 and M-1田 these七sof those values c such也atthe i七era七ionsequences 
{q~(l)} and {q~(ー1)} 町e bounded respectively. That is， 

M1 =ê ーかゆ~q~(l) =∞} 

阻 d

M一円 c--{c は込 q~(-l) =∞}. 

As in the case of七heMandelbrot蹴 M of l'c (z)， we have the following precise repr四回開

tations of M1 and M-1・

T恥h加e…m 1.Mぱ([1パa紅阻z忍ldM一1パa倒町m…r問町.ち'ec凶 s関蹴帥e抗蜘t旬s叫.ir担加n凹吋l児e

written a邸S 

同=行~c Ilq~(l)1 壬 \1ろ +3~
n=1l V c 】 j

阻 d

M-l = 内~c Ilq~(一山 Jろ +3L
=~l-"-'C\ -II----'Vlcl' -J 

where c = 0 is considered to be contained in M1 and M_1. 

P酌ro∞吋of.W鴨ep…叫e

制 ngic|=;+6(6>O)川 加e

Iqc(l)1 = 12c + 11主21cl一1>2+;6

Further， by induc七ion，we have 

Iq~(l)1 > 2 + (~r 8 
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Thereforeぅcet M1 and M1 C {Icl 三 ~}…c…ue satisか旭川(1)1> JI~I + 3 加 tingIq~1(1)1 = JI~I + 3 + o' 

Proceding by induction， we have 

> Icl (/I~I +い)市 -1

> JI~I +3+26 

Iq~+k(ψ 

3 

! _'" 12 1 
Therefore， c et M1 and M1 C ~ c Ilq~'(l)1 ~ 1 元+3 ~. This inclusion is valid for all t -I I ':lc. ¥ -" ---' V 1 Cl ' -J 
prositive in七egersn、80that we have 

M1 C nO {C Ilq~(l)1 壬品二)
Since the converse inclusion is obviousぅweob七alll

M1 = nOl {C Ilq~(l)1 壬 JI~I +3 } 

We can see that M1 is closedぅ出 theintersec七ionof the closed se七sis also closed. 
The case is the sa.me for M-l and we obtain the出eorem. Q.E.D. 

Theorem 1 sugests a simple algorithm to give the computer graphics of M1 and M_1 

The following graphicsぽ e也osegiven by七hisalgorithm. 

M1 (IRecl壬2，IImcl ~ 0.5) 
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M-l (IRecl壬2，IImcl壬0..5)

According to the computer graphic of M1ぅ thenumber of the connected components of 

M1 seems七obe two. But by magnifying this graphic， we can see tha七thereexist m叩 y

othel' connected compollen七日 of M 1 • 

The 2-cycles of M1 are given by七heequa七ion

(2c十 1)(2c2+ 2c -1) = 0 

And the 3-cycles of M1 are given by the equations 

2c(2c+ 1)(2c2 + 2c -1) -1 = 0， 

2c(2c十 1)(2c2+ 2c -1) -1 + v3 = 0， 

2c(2c + 1)(2c2十 2c-1) -1 -v3 = 0 

Among七hesecycles， we shall give t.he magni五cationsof M1 near the 2-cycle c = -1.36602・.• 
and t.he 3-cycle c = -1.490597・.• 

magnificatioll of M1 magni五c国ionof M1 

(IRec + 1.366021 :::; 0.005ぅIImcl壬0.0025) (IRec十 1.490.5971三0.00002，Ilmcl三0.00001)

Contilluillg. this processう wecan丑nd七hesequence of the cOllnected compollellt.s of M1 
3 __ -:::: 

七ellding七othe point c =一一.Therefore C -M1 is of ill五lliteconllectivity. The case is the 
2 

s紅 nefor M_1. 

The Mandelbrot set of qc (z) i日 tobe defined回出ese七ofthose values c such that出e

Julia set Jc of qc(z) is connected. Therefore， we define the Mandelbrot set M of qc(z) by 

M = M1nM_1. 

The computer graphic of M 姐 dthe magnification of M near the point c = 0.2957 +0.2369 i 

are七hefollowing. 
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一寸

M magni五cationof M 

(IRecl三1，IImcl壬0.5) (IRec -(0.2957 + 0.2369i)1壬0.005，IImcl壬0.0025)

3 
Accoding to Theorem 1， M is corr同inedin the disk {icl :s ~}・ M is a1so consider七obe 

disconnectedう whichis contrary to出ec出 eof七heMandelbro七日etM of PC (z) = z2 + c 

33. The Julia set of qc(z). 

Let Hbe七heset of values c such that there exists阻読むactingor super-attracting :6.xed 
point of qc(z). Concerni時 Hぅwehave the following theorem. 

Theorem 2. H is a domain bOlU1ded by the a.lgebra.ic curves and is represented by 

H=  {c 14c3-4c2+(-3A2+2A)c 入(入-1)2 = 0， I入I<~} 

Proof. According to the conditions on Hぅwehave 

qc(z) = cz(3 -z2) + 1 = z 

and 
Iq~(z)1 = 13c(1-z2)1 < 1. 

Setting A = c(l -z2)， we have z =亡七三 Therefore，fr山 eseequati叫叫a刊

4c3 - 4c2 + (-3入2+2入)c一入(入-1)2 = 0 

阻 dl入|<i Q.E.D. 

The computer graphic of H is ShOWl1 in the following. 

H (IRecl壬2，IImcl :s 0.5) 
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We c岨 seethat H is出eunion of the component of出einterior of M con胞i凶ngc = 0 

and the component of the interior of M-1 containing c = 1. 
The point c = 1 1S contained in M-1 and is not contained in M1. 80 thatう出eJulia set 

Ji of Q1(Z) = z(3 -z2) + 1 is disconnected but is not totally disconnec七ed掴 Wegive the 
computer gra.phic of .Jι0.1'; which shows the fructal s七ructureof Julia se加 muchb剖ter.

ゴ1+0田1包 (IRecl壬:2， IImcl壬0.5)

34. Problems. 

The investigation of the Mandelbrot set of Qc(z) = cz(3 -z2) + 1 in 32組 d33 leads us 
初日omeproblems 1eft open. Among these prob1emsぅwegive七hefollowing two problems. 

(1) Do問 the set M have 1阻1江皿工n恥lC∞ou江凶工

(伊例2幻)How c 阻 one ex却p叫no∞n the semi国 fractal sets appearing 也 the magni 五cation of M? 
Both problems seem to be di伍c叫t.
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