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On the error estimations of numerical integrations
corresponding to the smoothness of integrands
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Abstract

By the wide use of personal computers , the practical value of numerical inte-
gration methods are recognized again. In this paper, we consider the classical and
famous integration formulas and shall give the error estimations corresponding to the
smoothness of integrands.
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2. X RREENRE

B f(z) 3EM [0,b]) TEHKTHDLT B, [0,0] EnEHLT, ZOHEEIEIC

Tp=a<2; < - < T <z, < -

LU, REDIE%
b—a

h =

n
L35,
Ln= f(zo)h+ f(z)h+ -+ f(zamr)h =

LB E, f(z) O—BEEED D,

ME YLD,
ZOEDI, BEFEOEHOM L, OBEL UTERSY
X 4> k# ¥ (measuration by parts) TH 5.
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K (0,0 2 n $50LT, 8% o, =a+ilb—a)/n (i=0,---n) 2 EIE %
h=({b—-a)/n &7 5,

+a:1 $1+CE2 L1 +mn

M, = M, (f) = f(Z=—=

T s P G T LA P Zfﬁ’”“v

rEE M, %#y [Cfle)de OELELTEFEE BERE (midpoit rule)
.
HERICBE LTS, EEOEBEE f(z) KL, KOSRBEKY Lo,

b
lim M, = | f(z)dz

n—rco a

EFEEE f(z) KET 53, DEBA n OLEOHAEOEEE By, L T5, T2ikb

b
Eaim = Eyn(f) = / f(z)de — M

LE<L,
KORBMMDRTEY, PEAKBICLIBEEZOTEMIE, f(2) P CHBTHoaEE L C? UL
THBEHELT, ENEL 5,

T 2. fz)eCHab] LT 5.
(1) k=155 Eyn=Eua(f) =0(2),
(2) kZZZC“QGi‘ EMn-"EMn f) 0( )

TH 5.

HH. % iBEORM [bi,0] KBUEBESR By, tEE, F(zx) = [ f(z)ds &
ﬁ(j)u k=10rz, FHEORELY, KREBET ¢ d € (vi1,0:) NEET 5.
(3.1) By = 25, f(z)dz — f(Z=5=)R

= F(a)) — F(sina) ~ f(5=520)h
= f(zica)h+ 5 f'(ci)h? = {f(zica) + f'(di)2}A

=B {f(c) — £'(di)}
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M fl(z) WEsEEL D, |fl(z) OBKREE C LEL L,

k5T (31) &Y

IEM,nI < %

Zz—l E}L{,n
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2 k>2 0L,
(diyc;) HICEET 3.

EHEOEES LT (3.1) FY, RREWET ¢, B (Ci,d,‘) ¥ =T
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KM [, 8 n 85 LT, #4% wm=a+ib-a)/n(i=01--n), H8lE*
h=(b—-a)/n &3 5,

T, = T(f) = 5H{F(e) + f@)}+ {((51) + F@)} + -+ {F(wn) + £(20))
oo {f(onna) + £ (5}

riEE, T, %5 [f(z)de OEBELTEFEY BB (trapezoid rule) &>,
BREICELTY, EEOEBEK f(z) KHL, KOBRNKY 2.

Jim T, H= / f(z)dz

EREY f(z) CBET3, 2B n OLEOEBEOBRES Er, L T5., T42kb

b
Brn = Bra(f) = / f(z)dz — T,
viE<.

BREICEZBREQOHMIT, PHRECART, fG) P CKTH2EEL CP U ETH
SZBEELT, ZNELE, TREBROEENESH S,

T 3. fz)eCHab] £33, zorE
W k=1 2> Br,=FEr.(f)=0(2),

20 k>2 mBE Er,=Era(f) =0(%)

TH b,

. mimEoRmcBYaRER B, tE<. ¥k f(o) ORBERE F(z)
L¥ 3.

Dk=1 orx. flz)eC ,F(z)€C?® E»d, PHEOERBLIVOFA5 -0
B LY, RANEWET o,d €(zim1,3,) DEET S,
41) B, = [, f(z)dz — 3{f(ziza) + f(2)}

= F(z:) = F(zie1) = ${f(zi-1) + f(30)}
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= F'(z5-1)(zi — zi22) + %F”(ci)(:c,' —z;q)?
P F i) + Fmicn) ()~ i)}
= f(zica)h + B f'(c:) — B{2f(zim1) + f(di)R}

B{f(c) — f'(di)}
B f(z) REFEEDS, M =max|f'(z)] &B&,(41) &V
|Brnl = | 2t Bl
< BT |f(e) - £1(dd)]
<E S (M 4+ M)
< Mhn= M(b—a)*:
#oT f(z)€Cab] 2diE, Ern=0(L) »Eyio,

2 k>2 ors. Fla) BT53KOF—5—BEEMD, KXEBET o€
(zic1,2:) DEET 5,

F(z;) = F(zim1) = F'(2io)(zi — 2im1) + 31 7"(0i21) (20 — 2i20)® + §F"(c) (25 — 2i21)°
= f(zim)h+ 3 f'(zic)B® + 5 (i) B°
f(z) WKHEIB2%ROF—S—-EHAID, RRXEWET d €(z;,z:01) PEET S,
F(z) = f(mica) + f(mima) (@i — @ic1) + 5 f7ds) (i — 2i21)?

= f(ziza) + f'(zim)h + 5 £"(d)R?
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W 21T
By = o, fe)de = 5{f(zie1) + f(=0)}
= F(z;) — Fziz1) — 2{f(z:) + f(zica)}
= f(z:) + 3 f'(mic1)B® + 5 f"(ci)h?
—{f(@ica + f(mica) + (i) h + 5 7"(di)}
= §f"(c)h® — L (di)h?
B (o) EEBEED D, K =max|f'(s)] ELE, 2fomzw
|Erpl = | s Bl
= h*| Sy {51 (c) — 2f"(d)}]
< KT (GK + 1K)
=ZKh®xn

= 15—2[((6 —a)P%

raman, f(z)eC* (k>2) »biE, Br,=0(%) ThHasZedRENE,
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5. VT VEDBRE

K [a,b] % 2n 5L T, 8% o, =a+ilb—a)/(2n) =0, --2n), HEE:
h=(b—-a)/(2n) 75,

Son = Snlf) = §U{f(20) + 4f(21) + f(22)} + {F(z2) + 4f(z3) + f(24)}
+ - H{f(22n-2) + 4 (Z2n-1) + f(z2n}]
= %E?:l{f(mg{_g) +4f(z9i-1) + fz2)}

LB, Sun B [[f(z) OEBELIZF®EE YV T Yk (Sympson’s rule)

YTV YEHICELTE, FAEOEREHE f(z) KL, KROXPRYIID,

lim () = [ e

EREER f(z) KETS, SFEN 2n OLEOY YTV VEOREER Fgy, THEYT,
TREHL
b
Bsan = Bsan(f) = [ £(2)do = San(/)

LiE <,

VYTYVEICEBEEOTEMIE, HREPEBEOZLLIERY, f(z) M C! #
Thage, C° BThHoEE, C° BTH2HE, BLY C! BULTHEEETE,
ERECBZeRA SN0k, TREIBKOEHEIELHLSD,

£ 4. f(m)ECk[a,b]bc‘:??én zor s
(1) k=1 &5 Esg = Esaal(f) = 0(2)
(2) k=2 @5 Eszn= Espa(f) = 0(35)
(3) k=3 25 Esgn= Esan(f) = 0(%) ,

(4) k>4 2513 Esza = Es2(f)=0(%)

TH 5,
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EHH. EM [agoa] KRWBYYIYVEKEEEES B, c®<. %k
f(z) ORBERE Fz) &¥ 5.

(1) k=1 ors. F@) eC® End Flz) KET32K0F—5—EMEY,
WwARER/ET aq; € (mzi_z, 1112,‘) NEHET .
F(.’I?z,’) - F((L‘z,’_g) = FI(.'EZ,‘_Q) + %Fll(a,‘)(m% - ﬂ;zi_z)z

= 2hf(22i—2) + 2R*f'(a;)

fla)€Cl Enbd  f(o) KET3THEOERLY, KRXEHET b € (Toims, Tains)
BV Cie(ﬂlgi_g’ﬂ)gi) ﬁ‘ﬁ&?éu

F(@2im1) = flraiza) + f'(b:)R
f(22:) = f(m2i-2) + f'(ci)2R
B [22272] KR 28EE B, :HETZL,
B 5 = 20 f(z)ds — 2{f(22i2) + 4f (z2i-1) + f(22)}
= F(2i) = F(220-2) — §${f(22i-2) + 4f(23:-1) + f(22:)}
= 2hf(z9i—2) + 2R*f'(a;)
~51f(23i-2) + H{f(22iz2) + f'(b:)h} + {f(22i2) + f'(ci)2R}]
=2 {6/(a)) - 4f’(5i) = 2f'(ci)}
|Bsanl = | Dy Bl = 51 Tini {6 (@) = 47 () = 2f'(ci)}|
<B x12M xn=M®b-a)?k

HoThk=10rE Egun(f)=0(2) tis,
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(2) k=2 orx, F(z)eC® End, Flz) 03 KhoF-5-BHELY, KX eWHE
R d,‘ (S (932.;_2, il?zi) ﬁ‘ﬁ&j—éo

F(.Xz,‘) - F(mgi_g) = FI(Egi_Q)Zh + %F”(mgi_g)(z}b)z + %F”l(di)(Zh)s
= 2hf(23ig) + 2R ' (w2imz) + A% F"(d;)

f(fll) 0)2?}(@@?"5“@5&*”, f@(@:}:ﬁtﬁ 6,‘6(.’]32,’_2,{172{_.1) ;BJ:U{‘
gi € (Z2i—2,%0:) WNEHET 5,

F(@3im1) = f(@ai-2) + f'(w2i2)h + 3 f"(e0) B
Flz2:) = f(wai-2) + 2f' (zai-2)h + 2f"(g:)h°
K [22i2,22] KRW2 B, ®#HETZL,
Espn = F(z2i) = F(z2i-2) — ${f(22i2) + 4 (23i-1) + f(22:)}

= 2hf(z2i-2) + 2h2 f'(z2i=2) + $h2 f"(di)
_%[f(-’b‘zi—z) + 4{ f(22i=2) + hf'(z2i-2) + %if"‘(ei)} + {f(w2i-2) + 2hf"(z2i-2) + 2h° f"(g:) }]

= B {4f"(d) — 2f"(e;) — 2f"(9:)}
| Bspal = |20y Bl < 5 00y [4£7(di) = 2f"(e:) — 2£(g5)|
< x8K xn=1K(b—a)PL
£oT k=2 0tE, Esou(f)=0(%) 25, 22T K =max|f"(z)|.

(3) k=3 orxE. (2) LAUAET, Flz) Ko2wTiR 4RO, fz) KDV TR I KD
F-S—EHEEIOL, Esn(f)=0(%) »Rahs,
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(4) k>4 e, (2),8) prERAKI, Flz) KoWTlE 5Kk, f(z) iKonT
RAKOF—S—EREBzR>L, EED k>4 AL, f(z) €CF THRIETEK
Eson(f) =0(&) BABRYEDZLARENB,
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