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Remarks on High Order Differential Theoretic
Characterization of Regular Local Rings

Atsushi ARAKI
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In this paper, we assume that R is a reduced noetherian local ring with coefficient field K
of characteristic 0. For any positive integer #, we shall define the module of »-order differentials
of R and will be denoted by DR ). The main result of this paper is to prove that R is a regular
local ring if and only if, for any positive integer #, D%(R)is a formally projective R-module. The
case n = 1 was proved in (1] .

1. Preliminaries. In this paper all rings are assumed to be commutative rings with unit elements, all topological

rings and modules are assumed to have linear topologies, that is, there exist fundamental systems of neighborhoods of

(0) formed of ideals or submodules, respectively.

Let P be a ring. Let A be a P -algebra with the structure homomorphism ¢ : P — A. We denote by 6 the A-

algebra homomorphism A ®» A — A which is defined by ¢ (2} a; ®b;)=2a; b; and denote by I{A) the kernel of §.
Then it is easy to see that Ir(4) is the ideal of A @ A which is generated by the elements of the form {1®x—x®1 :
xE A} as an A-module. We define a map Twp: A — Ip(A) by Twr(x)=1Qx —x®1.

DerINITION 1. Let P be a ring and let A be a P-algebra. Let £ be an A-algebra. Amap r: A — E is called a

general P-Taylor series if the following conditions are satisfied :

(1) ris P-linear,
(2) t(a)=0 forall aEP,
(3) ifx,yEA thent(xy)=xc(y)tyr(x)+c(x)r(y).

LEMMA 2. Let the notation be as above. Then we have :
(1) Zaip is a general P-Taylor series.
(2)  For any generated P-Taylor series T of A into any A-algebra E, there exists a unique A-algebra map o : Ip(A)

— E such that t=0"Tap.

Proof. See [4].

Let E be a A-algebra. We say that E is n-trancated if, for every sequence xo, X1, ***, Tn of n+1 elements of E,

the product xox, ==+ £»=0.

A general P-Taylor series 7 : A — E is said to be n-truncated if E is n-truncated. A 1-truncated general P-

Taylor series is called a derivation.

We denote by 73! (A) the n +1-power of the ideal /r(A) and denote by D ?(A) the A- algebra Ip(A)/I3*'(A).

Let T4 p be the map A — DB(A) which is obtained by composing 7 4/r with the canonical homomorphism Ip(A4) —

D

B(A). It is easy to see that T%p is an n-truncated general P- Taylor series.

Let P be a topological ring and let A be a topological P-algebra. Then we say that A is preadmissible, if there

exists an open ideal u of A such that for every open neighborhoods v of (0) in A there exists an positive an inte-

ger m such that u™Co.
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ProposITION 3. Let P be a topological ring and let A be a formally smooth P-algebra. Assume that A is a preadmissi-
ble ving and that the n+1-th powers of all open ideals are open in A. Then DB(A) is a formally projective A-module.
Proof. See Theorem A2.2 in [1].

It is easy to see that a local ring R with a maximal ideal m is preadmissible in m-adic topology and that if a
is an open ideal of R then, for any positive integer #, the »n +1-power of a is open in R.

Therefore the following Corollary follows from Proposition 3.

COROLLARY 4. Let k be a field. Let R be a local ring containing k. Assume that R is a formally smooth over k. Then
DR(R) is a formally projective R-module.

2. Characterizations of regular local rings.
DEFINITION 5. Let P be a topological ring and let A be a topological P-algebra. Let a be an ideal of A. a is

called a P-differential ideal, if 0 a C a for any every continuous P-derivation d of A to A.

THEOREM 6. Let P be a topological ring. Let A be a topological P-algebra and let m be an ideal of A. Let a be a closed

ideal of A. Assume that DB(A) is a formally projective A-module. If it holds that

Thr a CA( a DR(A)+m"DE(A)),
a is a P-differential ideal. Conversely, assume that A is complete in the m-adic topology. Then if a is a P-differential
ideal, we have

Thr a CA (a DR(A) +m"DKA)).

Proof. Letd=f-T % p be a derivation of A to A, where f is an A-homomorphism DF(A)— A which is obtained
by composing the canonical A -homomorphism D% (A) — D} (A) with A -homomorphism D}(A) — A. By our as-
sumption, da is contained in a+m” for every »=1, 2, ---. Since a is a closed ideal, it holds that daCa.

Conversely assume that it

Thra @ a DE(A) +m DE(A)
for some positive integer s. Then T%p a mod m$D3 (4) is not contained in a (D3#(A )/mSD3(A)). Since D3(A)
is a formally projective A-module, D3(A)/mD%(A) is a projective A/m?-module. Therefore D#(A)/mSD3(A) is
a direct summand of a free A /m®-module F and T%r a mod mD?(A) is not contained in aF. Hence there exists
an A/m®-homomorphism ¢  : F— A/m® such that ¢'(T%r a mod mD3(A)) is not contained in a+mS/m®. Let ¢
be the restriction of ¢" to D3(A)/mSD3(A). Since A is complete, there exists an A -homomorphism ¢ : D3(A) —
A which induce ¢’, by Proposition 5.3 in [1]. By our assumption, ¢ T4 a is contained in a and hence ¢ (7% a mod

mSDA(A)) is contained in a+m®/m®. But this is a contradiction.

COROLLARY 7. Let P be a topological ring and let A be a topological P-algebra. Let a be a closed ideal of A and put
A'=A/a . Assume that D¥(A) is a formally projective A-module. If a continuous A’ -homomorphism Phap: A’ Q@a D3
(A) = DB3A") is formally bimorphic, then o is a P-differential ideal. Conversely, assume that A is complete in the
m-adic topology. Then, if a is a P-differential ideal, a continuous A’ -homomorphism @%iap : A’ @D A)— DBE(A’) is
Sformally bimorphic.

Proof. Now consider the following commutative diagrams for all » =1, 2, - :

o/a A'@aDHA) — P DEA) 0
! ) l
A'®4 DAY/ (4@ DEAY LT Daamrpaa)

where m’=m+a/a. Then if ¢%4/ap is formally bimorphic, we have

lim A'®4 D¥(A)/m"(A'®4D¥(A)) =lim DE(A")/m"DHA")
by Corollary A2.2 in [1]. Hence we have

A'QaDHA)/ M (A'Q4DBA)) = DBA')/m'™DHA")
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for all »=1, 2, ---. Since a is mapped to zero under the homomorphism A — A’ @4 DHA)/m"(A'®4+ D3 A)) and
we have
A'@aDHA)/m (A Q®.DHA)) = DHA)/aDBA)+m"DHA),
hence we have
ThpaC aDHA)+m'DF(A)
for all =1, 2, ---. Therefore a is a P-differential ideal by Theorem 6.
Conversely, assume that a is a P-differential ideal. Then we have
Thea C aDR(A)+m" DEA)
for all »=1, 2, --, by Theorem 6. Hence the surjective homomorphism
(7)) : AQaDHA)/m (A ®sDEA)) — DHA)/m DA
is also injective. Thus we have
A'®4DB(A)/ M (A @aDHA)) = DHA")/m"DBA’)
for all =1, 2, ---. Therefore we have
lim A’‘®4D¥A)/m"(A'®4DHA)) = lim DHA")/m"DHA).

This means that ¢%/4p is formally bimorphic.

THEOREM 8. Let (R, m) be a noetherian complete local ving containing a field k and let K be a coefficient field of R.
Assume that K is separable over k. Then if theve exists a complete regular local ring R * containing K with maximal ideal
m* and a K-differential ideal a of R* such that R is K-isomorphic to R*/a, DM R) is a formally projective R-module.

Proof. Since R*/m* is separable over k&, if R *is regular, R *is formally smooth over k. So R *is formally smooth
over K by Lemma (28.0) in [5], since R *®x K = R*. Then DX R*) is a formally projective R *-module by Corollary
4 and RQr-DHR™*) is a formally projective R-module. Since a is a K-differential ideal, D% R) is formally bimor-
phic to R®x-D# R*) by Corollary 7. Therefore D R) is a formally projective R-module by Lemma A 2.5 in [1].

PrOPOSITION 9. Let K be a field of characteristic 0 or a perfect field of characteristic p=0. Let R=K[[x1,"*, Xn]
be a formal power series ving. Then theve is no proper K-differential ideals in R except (0).

Proof. In case K is a field of characteristic (), our proposition is an analogy of Proposition 13.1 in [1]. In case K
is a perfect field of characteristic p=0, let a be a proper K-differential ideal of R. Assume that a %(0). Then a is
generated by elements in K”[[x{,:--,x%]] by Proposition 13 in [1]. Therefore we choose an element @ of the least

D

. . 1
leading degree in a from K?[[x{,---, x%]]. By our assumption a is the same as its radical. Hence we have a? €a.

.. .. 1
This is a contradiction, because degree ¢ < degree a.

DeriNiTION 10.  Let P be a ring and let A be a P-algebra. The algebra of #-order m-adic differentials of A over
P, denoted D3(A), is defined by
DHA)=DHA)/N m"DHA).

‘We denote by T%p the general P-Taylor series A — D2(A) which is obtained by composing 7% r with the ca-
nonical homomorphism D3(A) — D#(A). It follows from the above remarks that, for any general P-Taylor series t
of A into any separated #-truncated A -algebra E, there exist a unique A-algebra homomorphism o : DR(A) — E
such that =0+ T%p.

From now on we will assume that R is a reduced noetherian local ring. Assume also that the form ring of R is

reduced.

THEOREM 11. Let (R, m) be a noetherian local ving with coefficient field K of characteristic 0. Then R is a regu-
lar local ring if and only if DRR) is a formally projective R-module.
Proof. We may assume that R is m-adic complete by Corollary A2.2 and Lemma A2.5 in [1]. We first show the

only if part. If R is a complete regular local ring, we may express K as a formal power series ring K[[x1, ", X ).
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So D#(R) is a formally projective R-module by Proposition 9 and Theorem 8.
Next we show the if part. Assume that D%(R) is a formally projective R-module. Then 5HR) is an m-adic free
R-module by Corollary 1 in [2]. Since R is a noetherian complete local ring, we may express
R=K][[x1, -, xn])/b
for some ideal bC K[[x1, -, xnl. We put R*=K[[x1, -, x]]. Then DHR*) is a finitely generated R *-module
by Theorem 1.12 in [3]. Since we have
DKR) = RQz-DKR*)/R®x-R* Tl (b).
D¥R) is also a finitely generated R-module. Hence D%R) is a free R-module by Theorem 5.1 in [1]. Thus D¥R)

is a finitely generated free R-module. Therefore R is a regular local ring by Theorem 2.3 in [3].

THEOREM 12. Let (R, m) be a noethevian local ring with coefficient field K of characteristic p=0. Assume that K is
perfect. Then if R is a regular local ving, D%(R) is formally projective R-module. Conversely, if R is analytically unrami-
fied and DY R) is a formally projective R-module, R is a regular local ving.

Proof. The assertion can be proved in a similar way as in the proof of Theorem 11.

Since, for a finitely generated module over local ring, the flatness and the freedom come to the same thing, the

following Corollary follow from Theorem 2.3 in [3].

COROLLARY 13. Let (R, m) be a noetherian local ring with coefficient field K. Assume that DM R) is a finitely gener-
ated R-module. Then R is a regular local ving if and only if DH(R) s flat.

COROLLARY 14. Let (R, m) be a noetherian complete local ring with coefficient field K. Then R is a regulav local
ving if and only if DER) is flat.
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