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9 1. Introduction. Let f = (fo (z) ，h (z)， f2 (z)) be a transcendental SY3tem of 

entire functions in the finite plane I z I <∞ and X = {(aO，al，a2) I ao司 a1，a3EC}ョ subset

of C3 whose arbitrary thre巴寸巴ctorsare linearly independent. 

Now， let w(z) be a 2-v昌lued transcendental algebroid function with th日 irreducible

defining equ丘tionF(z，w) = fo(z)w2十 fl(z)w + f2 (z) = 0， then， we have a system f = 

(fo(z)，ft(z) ，fz(z)) and a s己tX = {(w2， w， 1) I w E C}リ{(l，O，O)}.

The defici己ncyrelation concerning f and X is given by Cartan (D 

2J (5 (a，f) 三三3+ A， a = (呂0，a1，a2)E X， 

wh己re..l (ニ oor 1) is th己 ma玄imumnumber of C-independent !inear relatins among fo， h 

and :f2固 Accordingto this theorem， W色 seethat the valu巴 distributionof a syst号m is clos色ly

concerned with its A 

In this pa per， we sha11 ShOV1 a c己rtain prop号rty of f for A = 1 in th巴 caseof 

algebroid functions， :md then glve proofs of 30m己 inter邑sting theorems obtained by 

Niino-Ozawa (2) and Ozawa (3) from this point of viεw， which is， in 巴ssential，originated 

in Todョ(5).

We 3h呂11 use the standard symbols of t11巴 Nevanlinna theory of systems and 

呂1gebroidIunctions (s巴eCartan (D and Selberg (4)). 

8 2. Now， we shall give the following th色orem.

Th色orem.Let w(z) be as in 8 1， If A 1， then， th巴re exists an elliptic linear 

fractional transformation T of period 2 and， letting Wl and ws be the values w(z) takes at 

Z， we have W2 TW，. 
Proof. Let F(z，w) = fo(z) w2 + h(包)w 十 f2(z) = 0 be the defining equation of 

w (z)， We assume A = L so that we have two cases 

1) f2 =αfo + s h， whereα手 _s2because F(z，w) is irreducible， and 

2) h = r fo・

The case 1). Let F(Z，Wl) = fo V'[]2 + h Wl 十I2 and F(Z，W2) = fo W~2 十 h

W2十 f2，then， taking f2α fo + s h into account， we have F(z， Wl) (W12十α)fo 十

(Wl十s)h and F(z， W2) = (W22十α)fo + (W2十s)h， Considering th巴 conditionto imply 

"F(z， Wl) ニ O ヰ今 F(z.wz) = 0"， we haγ色

I W12十α 1Nl+s I 

I W22十α W2+s! = 0 

-，8 Wl +" From this equation， we hav巴 VYl W2 十 s(¥'f1十l，V2) ー α ニ 0， henc日J i，V2 = 一一一」一一一
主11十戸

=TW1. Here， by transforming the equョtioninto W2二ごりて ニー主主二竺!_ wh己reω1 and 
可172一一 ω2 W1-一α'2' 
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ω2 are th巴 fix色dpoints -s土、/ s2 -t二己 of T， we can see that the tranSfOl.mation is elliptic 

of period 20 

The case 2)圃 Asin the case of 1)， we have 

~ W12 + rW l 

¥¥722十 rW2
ハH
U一一

Fr司om工nthis巴quat“ion，w巴 havεWl+ W2 + r 0， heî臼lce叫~ ¥i'i12ニ一 Wl 一 r TWlム命 Thi凶s 

t討1m巴 t廿i了A百aおI凶工rmJ立m主百1

of th居 fixedpoints of T， W巴 canse邑 th色 transformationto be ell日iptれicof period 2. 

'Ve can also ensur巴 thetheorom by direct calculation. Q. E. D 

Concerning this theorem， we remark that， if w(z) takes only on己 valueWo at z (for 

instancε， it occurs at the branch points of w(z))， then Wo is a fixed point of T. 

$) 3. Applying this th巴orem， we sh呂11 give proofs of the following interesting 

theorems in the theory of algebroid functions. 

Theorem A (Niino-Ozawa (2) and Toda (5)). Let w(z) be a 2-valu邑dtranscendental 

entire algebroid tunction with the deficiency relation 

2J 0 (昌， w) > 2， aキ∞3

then one of {a} is a Picard邑xceptionalvalu色 of w(z)倉

Proof. Let F(z， w) w2 + h(z) W + f1 (z) = 0 be the defining equation of w(z) 

We h3γe ba(旦，w)> 3 (including a =∞)， so that， by the theorem of Carta.n in 8 L we 

have A ニ 1for w (z). According to the th百oremin 9 2， we may consider the following two 

cases. 

1). If f2 =α 白]十 sf1， th日n，letting w 1 and w 2 be the v旦luesw(z) tak巴sat z， 
，8V'1ート α 

we have W2ニ TW1ニヤiてf-s' Therefore， -s， the corresponding value to∞， is a 

Picard value of W(z). Surely， we have 

F (Z， -s) =ß2~hß+f2=ß2 十日キ O.

2). If fニ r. L then， letting VY1 and W2 be as abov巴， we have W2 TW1 

- Wl - r. !n this c呂田， ∞ being a fixed point of T， there is no corresponding point固

However， since ∞ is a Picard value of 附)， w(z) takes ano伽 fix色dpoint -1-of T at its 

branch points. Therefore， estimating the counting function N (r， R) of the branch points of 

the Riemann surfac号 Rof w(宮)， we h呂ve

トJ(r， R)壬N(r，一古川)亘 T(山 )+0(1).

According to the second fundam巴ntaltheorem of Selberg， we have 

N(r，R) 
2J 0 (a， w)三三 2+J1ZN 一 一一

→∞ T(l'， w) 

This is a contradiction and the case cannot occur円 Q. E. D. 

Theor邑m B (Ozawa (3J). Let R be a 2-sheeted covering surface of I z I <∞ and 

P(R) the Picard constant of R. H P(R) 4， then， R is defined by the algebroid function 

w2 = (e百(Z)-A)(巴百(z)_ B)， where H(z) is an entire function and A and B are constants. 
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Proof. Let u(z) be a meromorphic function on R with the irreducib1e defining 

equation F(z，u) = fo(z) U2 + h(z) u + f2(Z) = 0 and with four Picard exceptiona1 va1ues. 

According to the theorem of Cartan in S L we have A = 1 for u(宮). Thus， as in the case 

of Theor巴m A， We may consider the following two cases. 

1).IfI2=αfo + s h， we may assume four va1ues to be a， 二二空三二，a. b and 
a十戸

-sb+α ;~O ../_， _ u(金二竺L
-b-τ7・wedefmv(z)-u(z〉ーω~， where Wl  and ω2 are the fixed points -s::!: '¥伊王Z.

Then， we can see that {V(Z)}2 is a sing1e-va1ued entire function with two Picard yalues A= 

(己戸 andB =(PL)2Setti昭 h(z)=BW(z)}2 -~ . we hav巴印刷refunction 
b-ω2 ・ {v(z)F -B ' 

with two Picard va1ues 0 and∞， that is， h(z) =♂C z). S01ving this equation for {V (Z)} 2， 

e百(同一A
W巴 have{V(Z)} 2 = B ~京五二百・ This shows that the defining equation of R is W2 = 

(e宵CZ)_A) (eHC同一B).

2). If h = r fo， we may assume four Picard values to be a， -a-r， b and -b-r. 

Letting 時)= u(z) +す， A = (a+f)2 and B = (b+f)2， we have th巴 sameconclusion 

Q. E. D. 

REFERENCES 

[ 1 ] H. Cartan， Sur les zeros des combinaisons lineaires de p fonctions holomorphes 

donnees， Mathematica， 7 (933)， 5-31. 

[ 2 ] K. Niino and M. Ozawa， Deficiencies of an entire algebroid function， Kδdai 

Math. Sem. Rep.， 22(970)， 98-113. 

[ 3 ] M. Ozawa， On ultrahyperelliptic surfaces， Kδdai Math. Sem. Rep.， 17 (1965)， 

103-108. 

[ 4] H. L. Selberg， Algebroide Funktionen und Umkehrfunktionen Abelscher Integrale， 

Avh. Norske Vid. Akad. Os10， 8 (934)， 1-72. 

[ 5 ] N. Toda， Sur les valeurs deficientes de fonctions algebroides a 2 branches， 
Kδdai Math. Sem. Rep.， 22 (970)， 501-514. 


