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Abstract. This is a suite of the previous paper (1) . In that paper, we showed under

some assumptions that when R is a local ring of equal characteristic with maximal ideal m,
then the algebra BN(R,P) of m-adic P-differentials of rank N (#N) in R is free if and

only if R is regular. In this paper, we shall show under some assumptions that when R is a

ay
local ring of unequal characteristic with maximal ideal m, then Dy (R,P) is free if and only

if R is regular and m2? does not contain a prime element # of P.

§ 1. Preliminaries.

Throughout this paper, all rings will be assumed to be commutative rings with unit
elements. Let P be a ring and let R be a P-algebra. Let IV be a set{1,2,---,n} or the set N
of natural numbers and let N, be NU{o}. The algebra of P-differentials of rank N in R
will be denoted by ]SN(R,P) and associated universal P-derivation of rank /N from R into
51\7(R,P) will be denoted by sz{dj?'P},; ~xo. Furthermore we shall assume that R is an
m-adic ring. Then the algebra of m-adic P-differentials of rank N in R will be denoted
by ,/D\N(R,P) and associated universal P-derivation of rank N from R into /D\N(R,P) will
be denoted by aNz{/C}é’P}iENo. In this paper, when we call R an m-adic ring, we always

assume that an ideal m of R satisfies the condition N m”=().
r=1

§ 2. Characterizations of regular local rings. (unequal characteristic case)

Let R be a P-algebra and let P8 be a prime ideal of R and let p be the contraction of
P in P. Then we shall say tnat P is unramified if the following conditions are satisfied:
(1) pRp=PRy,
(2) Rg/PRy is a finite separable extention of Pp/PPp.
Let p be a prime ideal of P, then R will be said to be unramified over p if the follow-
ing conditions are satisfied:
(17) every prime ideal P8 of R such that L P=p is unramified,
(27) there exist only a finite number of primes in R such that P P=p.
We shall say that R is unramified over P if R is unramified over every prime ideal p
of P.

PROPOSITION 1. Let R be a P-algebra and let B be a prime ideal of R. Let p be the
contraction of B in P. Then if B is unramified, it holds that ﬁN(ng,Pp) = (. Conversely,
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if R is noetherian and Ryp/BRy is finitely generated over Pp/PPp, then from /].\)N (R} Pp)

=0 P is unramified.

PROOF. We denote by %2-and K the fields Pp/pPp and Rg/PRyp respectively. Now
assume that P is unramified. Since K is a finite separable extension of %, we have, by Cor.
2 of Prop. 1.6 in (1), Dw(KE) =Dx(K.Pp)=Dn(K.P)=0. Hence Dy(KPpi=0 for
each i&N where /ZBN(K,PP)Z- is the K-submodule of BN(K,P;,), By the exact sequence

PRy | (BRy)?—> Div (Re,Py): / Ty (BRw)i—> Div (K,Pyi=0
for each {&EN where /I\N(EBRq;)i is the submodule of /ﬁN(R‘.B‘,P,ﬁ)i generated by all elements
of the form ws di~sx such that xEPRp, ws E/D\N(R,P)s and s=1,--, 7 for >y, ﬁN(qu,
Pyp); is generated by the elements EZ\E;;,ppxl--- :1\}%.’ Ppx.’s where xi1,:,x, are any set of
generators of LRy and si+---+s, =7, r==2. Since %R;m is generated by the elements in
pRy, we see that /ﬁN(Rm,Pp)i =(0 for each iEN. Therefor we have /ISNCR«;;, Pp)=0.

Conversely assume that /.bN(R\B Pp)= 0, then we have ﬁN(Rs,B],Pph = (. Hence it
follows, with the same reasoning as in Lemma 4 of Part 2 in (), that Dy(K,k)1=0. This
means that K is separably algebraic over k. Therefore Rgp /PRy is a local ring with the
maximal ideal PRy /PRy and Ry /PRy contains the field 2 such that K is separably algebraic
over k. Hence we can use Lemma 4/ of Part 2 in () and we get PRg/PRg= (PRy /PRyl 2.

Since, by our assumptions, PRy /PRy has a finite set of generators, we must have L Rgp=PRg,

PROPOSITION 2. Let R be an m-adic P-algebra and let P be a prime ideal of R
containing m. Assume that /D\N(R,P) is a finite R-algebra for N+#N. Let U; be the
annihilator of /.bN(R,P)i in R. Then if B is unramified, P does not contain U; for each
IEN.

PROOF. By our assumptions, we see that Ry is unramified over Pp, Hence Rx/PRyp
is a finite separable extension of Pp/PPp, thus we have Dy(Rg/PBRg,Py)=(0 by Cor. 2 of
Prop. 9 in (3) . Moreover ﬁN(R»s/‘BRq:,Pp) =Dy (Ry/PBRg,Pp) by Cor. 2 of Prop. 1. 6 in

(13, hence Dy(Rw/BRy,Py)—0. From this Dy(Ry/BRy,Pp)i=0 for each icN. Then,
by the exact sequence

%Rm/(%R%)z—%BNCR%Pp)i /?N(%Rm)i% /D\N(Rqs /BRy,Pp):=0

for each iEN, ﬁN(R‘.B.,Pp)i is generated by the form :i\fé\n,,pp Y- Zi\f;fﬂ&,pp yr where -,
yr are any set of generators of PRy and s1+:-+s,=7, r=2. Since PRy is generated by
the elements in PPp, we see that /.Z\)N(RSBI,PP)i = () for each i&EN. Since, /D\N(R,P) is a
finite R-algebra, Rsy,@;;ﬁN(R,P) is a finite Ry-algebra. Therefore Rp@RﬁN(R,P) is
Hausdorff from Lemma ].] in (1) . From this and the fact that _/D\N(Rgg,P)ER&,B@RDN
(R,P) , we can obtain Dy (Rg,P) = Ry®zDy(RP) . Hence Dy(RyP)i =Rp®xrDn(R,
P); for each /&N and the annihilator of 3N(R$.P>z is given by W;QrRyp for each i&N.
The above resu}ts implies that the annihilator A:XQzRyp of ﬁN(RS_B,P)i must be a unit ideal



for each i{&N, hence P cannot contain the annihilator ; for each iEN.

COROLLARY 1. Let R be a noetherian m-adic P-algebra. Let U; be the annihilator of
/ﬁN(R,P)i in R. Assume that R/m is finitely gemerated over P/P(\m and /D\N(R,P) is a
finite R-algebra for N#N. Then a prime ideal B in R containing m is unramified if and

only if B does not contain W for each i&N.

PROOF. By our assumption and Prop. ], P is unramified if and only if /bN(R$,Pp)=O.
Hence P is unramified if and only if ﬁN(REB,Pp)i=O for each {&N. Since the annihilator
of i)\N(Rﬁs-,Pp)i is given by W;Rg in the same way as in proof of Prop. 2, we have our
assertion.

COROLLARY 2. Let R be an m-adic P-algebra. Assume that ﬁN(R,P) is a finite
R-algebra for N+#N. Then if R is unramified over P, BNCR,P)=0.

PROOF. We assume that BN(R,P)H&O for some i&=N. Then the annihilator UA; of
BN(R,P)Z» is not. a unit ideal, and there exists a maximal ideal n containing ;. Hence n

must be the one which is ramified over P. This is a contradiction.

LEMMA 3. Let R be a local ring of characteristic ) with maximal ideal m and with

a residue field of prime characteristic p. Let P be a discrete valuation ring dominated by
R and let u be a prime element of P. Assume that R/m is separably algebric over P/uP.
Then we have the following:

(1) There exists a complete discrete valuation ving P’ containing P such that P’ has
the same prime element u as P and P’ /uP’=R/m.

(2) Assume that /D\N(R,P) and BN(R, P’) are finite R-algebras for- N+#N, we have
Dw(RP) = Dn(R,P?) for the valuation ring P’ satisfying (1).

PROOF. The assertion can be proved in a similar way as in the proof of Lemma § in
o).

THEOREM 4., Let R be a local ring of characteristic () with maximal ideal m and
with a residue field of prime characteristic p. Let P be a discrete valuation ring dominated
by R and let u be a prime element of P. Assume that R/m is finitely generated separable
extension of P/uP and Dx(R,P) is a finite R-algebra for N#«N. Then Dy(R,P) is m-

adic free algebra if and only if R is a regular local ving and ucEm?2.

PROOF. Let aj,--,a, be elements of R such that their residue classes aj,-:-, @ modulo
m are separating transcendent base of R/m over P/uP. Now assume that R is a regular
local ring and #&m?2 and let #, u,---,4: be a minimal basis of m. Since ‘@, -+, &y are separat-
ing transcendent base of R/m over P/uP, there exists a discrete valuation ring Pi, dominated
by R such that # is a prime element of P, and P\/uPi=(P/uP) (ZI, -+, @) . Let R* be the

completion of R and let P/ be a complete discrete valuation ring constructed for R* and P



as in Lemma 3, By our assumption, we see that R*=P’[[x),--,x;]], hence ﬁN (R*P’) is a
free R-algebra. Since, from (2) in Lemma 3, /ﬁz\'(R*,PO: ﬁNCR*,P’), /D\N(R*,PO is a
free R*-algebra. On the other hand P, is a quotient ring of P (a),--,a,) and /D\N(P[al,m,a,.j,
P) is also a free P(ay,:--,a,)-algebra. Hence /D\N(Px.P) is a free P-algebra with the base
{?d\;,l_P @y, Zi\;)hp ar | IEN}. Since /D\N(R,P) is a finite R-algebra, §A~(R*,P)=R*®,c
/IBNCR,P) is a finite R*-algebra and we can obtain the following exact sequence
0 —>R¥Q@pDx (P ,P)—> D (R*,P)—>Dy (R¥,P)—> (

from the exact sequence (3) of §] in (1) by a similar argument as Cor. of Th. ] in (5] .
From the above exact sequence. we see that /ﬁA‘(R*,P) is a polynomial ring in variable
(d;

3 i N Y . X P , . . )
rxp XLy d %t, dpgp Qs d gy p @ | 1E N} since Dy(P7,P) is a polynomial ring

R*,P
N

N . . .
ay,dyp, » @ [{EN}. Since we may take x;/s in R such that u, x, - x

in variable {4, ,
form a regular system of parameters, it follows that ﬁN(R,P) is a finite R-algebra by
corresponding /c};,*vp Xxj, ;i\}:*_l, a; to 1®21\§,P x5 1® Zi\lie,P ap (j=1,---,t, [=1,---,7) respectively.

Conversely, assume that /D\N(R,P) is a finite R-algebra. Then /l\)N(R,P)l is at the

same time a finite free R-module. Thus the assertion can be proved in a similar way as Th.
9in (5] .
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