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On m-adic Higher Differentials in Commutative Rings

Atsushi ARAKI

Abstract. In []], it was shown that quotient ring R of affine k-algebra with respect to
a separable prime ideal is regular if and only if Dy(R,%) is free R-algebra for N=N. In
this paper, we shall define the algebra /ﬁN(R,P) of m-adic P-differential of rank NV in R.
When R is a local ring of equal characteristic, we have the following result under some
assumptions: BN (R,k) is m-adic free algebra if and only if R is regular.

In this paper, all m-adic ring R are assumed to satisfy the conditions () m’=( unless
r=1

otherwise stated.

§1. Generalities.

In the present paper, all rings will be assumed to be commutative and have identities.
Let R be a ring and let m be an ideal of R. A ring R will be called an m-adic ring if R
is topologized by taking m"(»=1,2,---) as a fundamental system of neighborhoods of zero.
Let R be an m-adic ring.

An R module £ will be called an m-adic R-module if E is endowed with the topology
in which n"E(r=1,2,---) form a fundametal system of neighborhoods. An m-adic R-module
is not necessarily a Hausdorff space. An m-adic R-module £ is a Hausdorff if and only if

N E=(,
720
The following lemma are well known.

LEMMA 1.1.Let(R,m) be a Zariski ring and let E be a finite R-module. Then E is a
Hausdorff m-adic R-module and any submodule F of E is a closed set. Moreover the
m-adic topology of F coincides with the induced w-adic topology of E. (Cartan, H. and
chevally, C. : Géométrie algébrique, Seminaire de E N S., 8 année, 1955/1956. Th. ] of
Exposé 18)

Let N be a set {1,2,---,n} or the set N of natural numbers and let N, be NU{(}.
Let P be a ring and let R be a P-algebra.

DEFINITION 1.2. A family d={d‘}sen~o of P-linear mapping from R into an R-algebra
A is called a P-derivation of rank N from R into A if the following conditions are

satisfied:

(i) do(x)=x°14 for every x&R, where ], is the identity element of A.
(i) di(xy) = 3 dsxdi~sy for every x, yER and all i&N.
0=s=i

DEFINITION 1.3. A P-derivation {d’};e o, of rank N from R into A is called universal if
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the following wuniversal mapping property is satisfied: For any R-algebra E and any P-
derivation {07};e 5o of rank N from R into E, there exists a unique R-algebra homomorhism
¢ : A—>FE such that for all i&EN,, ¢p-di=4d%,
It is known that for any ring P and any P-algebra R, there exists a universal P-
derivation of rank N from R into A and it is unique up to an R-algebra isomorphism.
Henceforce, we shall denote by Dy(R,P) the R-algebra A for such an universal P-

derivation of rank NN from R into A. The associated universal P-derivation of rank NN from
R into Dy(R,P) will be denoted by dy={dp »}:c vo.

Let A= @ A; be a graded ring.
=0

DEFINITION ].4. A P-derivation dy={d% p}icno of rank N from R into A is called universal-
finite if the following conditions are satisfied :

(1) dpp(R) C A for all iEN,

(2) For all iEN,, A; is a finitely generated R-module by virture of dg p,

(3) As an R-algebra, A is generated by {dRi,Px | iEN,. xER}

(4) Let B= .@ B; be a graded ring and let § = { 6;3‘1:}7:61\70 be a P-derivation of rank
N from R into ézguch that 52,?(13) C B:. Let B; be finitely generated R-module for all
iEN, by virture of 63 . Then there exists a ring homomorphism ¢ from A into B which
satisfies pedy p=0z p for all iEN,.

By (3), the ring homomorphism in (4) is uniquely determined. When there exists a

universal-finite P-derivation of rank N from R into A4, A is uniquely determined up to an
R-isomorphism by (3) and (4). Then we shall call A an algebra of finite P-differential of

rank N in R and we shall denote it by D5 (R,P). The associated universal-finite P-
derivation of rank NN from R into Dy(R,P) will be denoted by dN={d1§yp}z'ENo.

Since déy p (MF)CmEtDy(R,P) for all k=i, all d};’ p are continuous in m-adic topology.
When in Definition 1,2 R is an m-adic ring and A is an m-adic R-algebra, a P-derivation

of rank N from R into A will be denoted by {:i\é'P}ie No-

DEFINITION 1.5. Let R be an m-adic ring. An m-adic R-algebra A is called an algebra of
m-adic P-differenlials of rank N in R if the following conditions are satisfied:
(1) 4% »(R) CAs for all iEN,.
(2) As an R-algebra, A is generated by {g;‘}'x | iEN, xER}
(3) A is Hausdorff m-adic R-algebta.
(4) Let B= iCZ_Do B; be an any Hausdorff m-adic R-algebra and let /6\= {lﬁ\é'p Yieno be a

P-derivation of rank N from R into B such that /(S\}},P(R) CB;, Then there exists an R-

. A~ . . s N TN i .
algebra homomorphism ¢ from A into B which satisfies pe dgp = 0z p for all iEN,

Clearly the R-algebra homomorphism in (4) is uniquely determined and A is uniquely
. . . ay .
determined up to an R-isomorphism. Then we shall denote A by Dy(R, P) and associated

: . . as N\
universal P-derivation of rank N from R into ﬁN(R,P) will be denoted by dy ={d zr}ic no.
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P:ROPOSITION 1.6. Let R be a P algebra and let m be an ideal of R. Assume that R is
an m-adic ring. Then b\\ (R, P) is given by
Dv(R P)= Dx(R,P)/ ﬂ mTDA(R P)
PROOF. We shall show that Dy(R, P)/ﬂ m’DN(R P) satisfies the four properties in
Definition ].5. Let p be a natural homomorphlsrn
0:Dy(R,P)>—>Dxy(R,P)/ N w"Dy(R,P)
and let us put /5\1;'? x=p (d,fp x) for all {EN,, TI:;:no{é\}{P}i eno is a P-derivation of rank
N from R into R-algebra Dy(R,P)/ ﬂ m"Dy (R,P), Thus properties (1) (2) and (3) are
easily satisfied. Since DN(R P)/ ﬂ m’DA (R,P) 1is a Hausdorff m-adic R-algebra, there
exists an R-algebra homomorphlsm
DN(R Y ﬂ m Dy(R,P)—> DN(R P)
such that dRP g 6Rpfor all {&EN,. Hence by the universal mapping property, g is an R-

algebra isomorphism and property is satisfied.
COROLLARY 1. If Dy(R,P) is a Hausdorff m-adic R-algebra, we have

Dw(R,P)=Dy(R,P)

COROLLARY 2. If R is a field, we have
Dw(R,P)=Dx(R,P)

CROPOSITION 1.7. Dy(R,P) is a direct sum of {/ﬁN(R,P)z}izo ;
DN(R P)= @ DN(R P);

where DN(R P); is the m-adic R submodule of DN(R P) generated by the elements
/d\fg,pxl"‘dﬁ'lz xXr such that x,--,%xr&R and b1+ +k,=1i for i=o0. ‘

PROOF. Let 3— @ DN(R P);. Then D is easily seen to have a structure of graded R-
algebra. Further, the P derivation {dR p }ienxo of rank IV defines a P-derjivation {Bl}zeNO of
rank N from R into D by the rule

/B\ix = ZZ\RfP x for any x&R and all i=No,
Since /D\N(R,P) is generated by Zi\ﬁg,px’s (x=R,i=N,) over R, /D\ is generated by /B\fx's
(*ER,iEN,) over R. Since Dy(R,P): is a Hausdorff m-adic R-submodule of Dy (R,P) we

have

Q m” ( @ Dw(R, P = @ (ﬂ D (R, P))= o0

Y0 2 l.~_0 7’_

Therefore D is a Hausdorff m- ad1c R algebra. Clearly there exists an KR-algebra homomor-
phism f D—> DN(R,P) such that f 5’5=dR,p for all iEN,, Thus by the universal

N\ AN\ . .
mapping property of Dy(R,P) and {d; p}ien, ? must be an R-algebra isomorphism.

PROPOSITION 1.8. Let R be a noetherian ring and let m be an ideal of R. If there
exists an algebra Dy (R,P) of finite P-differential of rank N in R, we assume thal one
of the following conditions is satisfied:

(1) (R,m) is a Zariski ring.
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(2) Any element a such that a-1 € m is not zevo divisor of Dy (R,P); for all iEN.
Then we have
D%(R,P) =D(R,P)
where ﬁfv (R,P) is algebra of finite m-adic P-diffevential of rank N in R.

PROOF. (1) follows from Lemma ].] and the assumption.
(2) is a consequence of the Theorem of Artin-Rees.

Now for an ideal m of R, we shall define an ideal /I?v(m) of BN(R,P) with the following
homogeneous components :

/I\N(m)o= m

/I:v(m)l: the submodule of l/)\N(R,P)i generated by all elements of the form

WkC/Z}—k m such that mEm ,wkEﬁN(R,P)k and £2=1,--- ¢ for i>>0.
Then Tw(m)= @ T (m) is a ideal of Dy(R,P) which contained in dy(m),and Ty (m)i=
A (e for iGN
Hence we can obtain an exact sequence for each &V in the same way as 1.5 in [1]
m/m2—>Dy(R,P)i | Tw(m)i—>Dy(R/m, P)i—> o
If there exists an algebra ﬁf;, (R,P) of finite P-differential of rank IV in R, we obtain
the correspondent sequence with /ﬁfv and /}Ne .

Suppose now that R is a local ring and m is a maximal ideal which is finitely generated.
Let (w1, ,4;) be a minimal set of generators of m. Let ﬁN(R/m,P) be generated by

(@, 4z, d%, & | iEN)(E=2+m). Then Dy(R,P) is generated by {(d%pm-,

Qi pus, A pr, o, dh pze | iEN).

Let R be an m-adic P-algebra with a ring homomorphism f : P—> R and let S be an
n-adic R-algebra with a ring homomorphism g: R—>S, Then S is naturally a P-algebra
with the ring homomorphism iZ=g-f : P—>S. Moreover we assume that

1) g(m) C n.
By definition, Dy (S, P) is a Hausdorff n-adic S-algebra. At the same time Dy (S,P) is an R-
algebra and we can introduce in ﬁN(S,P) an m-adic topology. Since m’b\N(S,P) =g(m)r/131v
(S, P), I/D\N(S,P) is also a Hausdorff m-adic R-algebra under the condition (1), Let us now
define a family {/c?\i}z'e,zvo of mappings from R into ./D\N(S,P) by Bix =/c},gfpx for all iEN, and
x&ER. This is clearly a P-derivation of rank IV from R into /I\DN (S,P), hence there exists
an R-homomorphism « : ./D\N(R,P) ——>1/)\N(S,P) such that /6\ix=/¢},gfpx =a/c}1§,‘1;x for xER.
From this we can define an S-homomorphism

oprs . S RﬁN(R,P)i—%/D\N(S,P)i

by the rule ¢'p; r,5(3s; ®/c}1§:1: X5) =2>.Sj /(\ig'vp x; for s;ES, x;ER and all i&No.
Moreover we can de;ine an S-homoméphism

@ ¢eins: S®=r Dv(R,P)—>Dn(S,P).

AN
Since Dy(S,P) is a Hausdorff n-adic S-algebra, we can define the homomorphism
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AN

op.r,s - SQr Dn(R,P)/ ﬂ n’(S®RDNCR P))—%DN(S P).
Denoting by Np ®,s and DR,S the kernel and cokernel of <pp rys, We have the following
exact sequence )

DA N AN AN N
(3) o—> NP;R,S‘>S®RDN(R,P)/QnTCS®RDN(R,P))%DN(S,P) —>Dg,s—>0
r=0
Let us denote by S/D\N(R)i the submodule of BN(R,P)Z- generated over S by the
elements :l\fg,P x for x&R and let us set SﬁN(R) =@ S/D\N(R)i.
i=0

Then we have the following proposition.

PROPOSITION 1.9. Notations being above, assume that g(m)Cn. Then we have
D(S,R)=Dr.s/ N1 Di.s
DN @S, R)~DN(S P)/ﬂ (nTDN(S P) +SDN(R))
PROOF The assertion can be proved in a similar way as in the proof of Prop. 5 in[2],
COROLLARY 1. Let(S,n) is a Zariski ring. If there exists an algebra of finite P-
diffevential of rank N in R then we have
D (S,R) =D (S,P)/S Dy (R).
PROOF. As is easily seen, we have
D (S,P) / ﬂ wDj S, P+ SDg (R)) = ®{DN (S,P)i/ ﬂ(n’ D; (S, Pi+SD(R))).
Since DN (s, P) 1s a finite module and SDN(R)@ is a submodule of DN(S P, SDN (R);
is a closed set by Lemma 1,]. Hence we have

D% (S,R)= D ( Dt (S, P)i/SDE (R):)
i=o0

— D£ (S, P)/SDs (R)

COROLLARY 2. Notations and assumptions being as in Prop.1.9. If f)\N(R,P)= 0, then
Dn(S,P) = Dn(S,R).

PROOF. We can obtain this proof in a similar way as Cor. 2 of Prop. 5 in [2].

Let S* be the completion of S with respect to the n-adic topology and let us denote
n* the extended ideal nS*. Then it is well known that the topology of S* as the limit
space of S coincides with the n*-adic topology and S* is a Hausdorff n*-adic ring. Under the
condition (1), we can uniquely extend the homomorphism g to a ring homomorphism g% of
R* into S*.

PROPOSITION 1.10. With notations as above, it holds the following equality

D (S*, S)=o.

PROOF, Let {g;}iem; be an R-derivation of rank IV from S into a Hausdorff n*-adic S*-
algebra Z. Then { :S\i}iem, can be uniquely extended to an R-derivation of rank NN from S*
into £ and we shall denote this extention by the same letter {/\cﬁ}iem_ Since /(S\i(n*")Cn*’“‘iE
for k=1, gi\ is continuous. From this we have BN(S*, S)=o0 otherwise{/c}s@,s}i eno will give

a non-trivial S-derivation of rank NN from S* into a Hausdorff n*-adic S*-algebra BNCS*,S).
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PROPOSITION 1.11. Let S be an R-algebra satisfying the condition (1) and assume that
(S,n) is a Zariski ring. If there exists an algebra D% (S,R) of finite R-differential of

rank N in S, then we have

Dy (5% RO=D (5% R)= S*® 5D (S, R) =S*@sDiy (S, B.
PROOF. Since, by our assumption, (S*n*) is a Zariski ring, 313 (S*, R*) = Dy (S*, R*)
by virtue of Prop. 1.8. By 2.2 in []], Cor. 2 of Prop. 1.9 and Prop. 1.10, we have
Di (5%, R =D (S,R) = S*® 5D (S, R)=5*® sD3,(S, R).

COROLLARY, Let S and R be local rings such that R is contained in S. Then if there
exists an algebra Dy (S,R) of finite R-differential of rank N in S, we have
Dy (S*, R¥Y) =Dy (S*, R) =S*®@sD3(S, R) =S*@sD' (S, RD.

§ 2. Characterizations of regular local rings. (equal characteristic case)

LEMMA 2.1. Let R be a local ring and let m be its maximal ideal generated by a
minimal set (ur,---,u:) of generators. Let S=R [X1,--,Xs] be a polynomial ring in
indeterminates Xi,-+,Xs over R and let us set a=m S+ (X, -, Xs). Then we have the
Sfollowing equality

dim 2 /m a/a2=t+s.
@G.14n (1D

LEMMA 2.2. Let R be a ring and let S=R [ X,,---,Xs] be a polynomial ring in
indeterminates Xi,--+,Xs over R. Let z,---,zs be elements of S such that S=R [z1,"*-,2s] .
Then z,---,zs ave algebraic independent over R.

3.2 i [1D

PROPOSITION 2.3. Let R be a local ring (but not necessarily noetherian ring) and let
mbe its maximal ideal. Let P be a subring of R and let k be the quotient field of P/m(P
and let us set n=(mNP)R. Assume that the residue field of R is a separable extension of
k. Then, for eachi=N, we h%)e a exact sequence

0 —sm/(n4m?) L5 Dy (R, P) fAmde —> D (R fm, k) —> o
where El\; is induced by universal derivation of rank N in R. If there exists an algebra
Dy (R,P) of finite P-differential of rank N in R and if m/m2 and D; (R/m,k): are finitely
generated for all iEN, /D\N and /I\N can be replaced by /ﬁ,f, and /I\}’V in the sequence.

PROOF. The assertion can be proved in a similar way as 3.3 in [1]. Therefore we omit
the proof.

COROLLARY. Let R be a local ring and let m be its maximal ideal. Let P be the ring
contained in R which is either a field or else a discrete valuation ring such that the prime
element u of P is contained in m2. Assume that the vesidue field of R is a separable

extension of the residue field k of P. Then, for each iE N, we have a exact sequence
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AN N\ pas
o—>m/m2—>Dy(R,P)s/ I v(n)i—>Dy(R/m, k);—>o0.

PROOF. When P is a field, the assertion is obvious. Hence we assume that Pis a

discrete valuation ring. Let us set S=R/m2. From the assumption that ucm2, k=P/uP is
considered as a subfield of S. Since S is the local ring with the maximal ideal n=m/m2, the
residue field of S is a separable extension of 2 and (n£)S=o0, for each iEN we get the
following exact sequence
ay N\ AN
0 —n/n?2—>Dn(S,k) i/ In()i—>Dn(S/n, ) i—> o.

By definition we have S/n=R/m and n=n/n2. Hence it is sufficient to prove that

Dw(S, )i/ T w() =D (R, PYe/ T (s
But this is obvious.

PROPOSITION 2.4, Let R be a local ring and let m be its maximal ideal generated by a
minimal set (w, -, u:) of generators. Let P be a subring of R and let N={1,2,---,n}. Let
21,25 be elements of R such that Dy(R/m,P) is generated by {4 5-ds, 5 | i€EN}
where z;=z;+m and let us set , '

a=m @ @ Dsf R, P):
i=1

Then we have

(1) dim R/m a/a2 < t+n(t+s)
If the equality holds, then the sequence
0 —>m/m2—5Dg (R,P): /Tw(mdi—> D (R/m,P)i—> o

is exact for each i & N.

Conversely, if this sequence is exacl for each icN and if /15; (R/m,P) is a polynomial
ring over R/m in the indeterminates {:i\ij ’PEI,"',ZZ\Rl/m p Zs | iENY, then the equality holds
in (1).

PROOF. We can obtain this proof in a similar way as 3.4 in []]. ThHerefore we omit the
proof.

THEOREM 2.5. Let R be a local ring of equal characteristic with maximal ideal m. Let
k be a field contained in R such that R/m is a finitely gemerated sepavable extension of
dimension v over k. Assume that BN (R,kR) is finite algebra and N*N. Then /D\N(R,k) is
m-adic free algebva if and only if R is regular.

PRrROOF. Let K=R/m and N={1,2,-:-,%}. Let ai,---,a, be elements of R such that their
residue classes ay,-:-, @, modulo m are separating transcendent base of K over 2 and let

(#1,-+-,4-) be a minimal set of generators of m. Then /ﬁN(K,k) is generated by {?d\xi,;ﬁl e,
c/i\fr,k‘&r | iEN}. Since K is separable over k2, we have the following exact sequence for each
IEN.

0 —>m/m?—> D (R, B/ T (mdi—> Do (K, k)s —> 0
by Cor. of Prop. 2.3.
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Now let us set G=n1®i<>‘91/1\)N(R,k)i- Then by Prop. 2.4 it holds the equality

dim , a/a®= t+n(t+7).
Since ﬁN(R,k) is finitely generated by the assumption, we may view it as a polynomial ring
over R in indeterminates Y),---,Y,. Therefore it is no loss of generality to assume that
elements Y,,-:-,Ys are contained in a. Then we have

a=m D (R, B+ (Y1, Y5)
and from Lemma 2.]

dim . a/a?2=t +s.
Thus we obtain s=n(t+7). By Lemma 2.2, /bN(R,k) is a polynomial ring over R in
indeterminates {Q{kal,n-,/c},{kah /c\lpkaul,---ﬁ};k us | iEN}. Next we shall show that u,--,
u; is a regular system of parameters of R. Let F(Xi,---,X;) be a homogeneous polynomial of
R[X] with degree i such that F(u,, -, u;) Em**t. In ﬁN(R,k), it holds that, for sufficiently
large N such that iEN,

Ak Flu, - u)=F(d %, -, dbud)+G with GEmDy(R, k)
Since glﬁ,k(mi+1) Cmf)\N(R,k), we have
F(a%,m,, d% ) Em Dy(R,E).

Hence all coefficients of F must be contained in m because ﬁi‘kul, - :i\kl,ku; are contained
in D (R, 5.

Conversely, let R* be the completion of R and let us denote by n* the extended ideal
mR*. Then K=R*/m* and R*=K[[w, - u:]]. Hence we see that, by the same way as in the
proof of Prop. 7 and Cor. 3 of Prop. 9 in [3], 3N(R*,K) and BNCK,k) can be expressed as
polynomial rings over R* in zet indeterminates and over K in #ner indeterminates respectively.
Moreover we have the following exact sequence for each i{EN

A A~ ~
wk/m*2—> Dy (R*,R)i/ In(m*);—> Dy(R*/m*, B);—> 0

By this fact, we see that BN(R*,k) is generated by {fi\f;»;k ay, -, /3,%*,6 ar, ;i\;.r‘kkul,'“, é\éikkut
| iEN}. Thus by Lemma 2.2, Dx(R*,k) is free R¥-algebra. By Prop. 1.11, Dy (R*,E)i=
R*® /D\N(R,k)i for all {EN. Therefore above isomorphism is given by corresponding

/C\i;a‘:k aj, c/i\éikkuz, to 1 ®/c}1§k a;, 1®/c}fg‘,cuz (j=1,---,s, I=1,--,t) respectively.

The assertion follows from this.
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