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A Remark on Random Walks on Z¢
720 DT R LA F— TS TR

Yuji HASHIMOTOf
TE&AA w

Abstract. We consider the random walks on the state space Z¢. It is well known that the simple random
walk is recurrent for d = 1,2 and transient for d 2 3 and that the non-symmetric Bernoulli random walk
is transient for any d. In this paper, we consider the random walks of mixed type which are not spatially

homogeneous and give the examples of recurrent random walks of this type.

§ 1. Let Z9 be the space of d-dimensional integers, that is, the set of lattice points
x = (i1, --,iq), (i is an integer for k =1,---,d).
We consider a particle starting at the origin of Z¢ and moving from z to y in Z? at each step with the
probability p(x,y) satisfying the following conditions
ple,y)z 0, > pla,y) =1

yezd
The motion of this particle is called a random walk on the state space Z¢ with the transition probabilities

{p(z,y)}.
Let Sg, S1,S52,--- be the sequence of random variables whose ranges are contained in Z?. The sequence is

called a Markov chain if
P[SnJrl :y|SO :x0751 :xlv"'asnfl :xnflasn :-T] :P[SnJrl :y|Sn :(E]
for every n and xq, 1, -+, 2,1 in Z% where P[A] denotes the probability occurring of the event A. The
random walk starting at the origin 0 is the Markov chain with Sy = 0 and P[S,+1 = y| S, = 2| = p(x,y).
We consider the random walk on Z¢ and set
f2n = P[SO = 07 527&0; Tty S?n—?#ov S2n = O]
The probability fs, is the probability of the return to the origin for the first time after 2n steps. Therefore,

f = Zf?n
n=1

is the probability of the return to the origin infinitely often. When f = 1, the random walk is called recurrent
and when f < 1, the the random walk is called transient.

The random walk on Z with the transition probabilities

pli,i+1)=p, pli,i—=1)=q, p(i,j)=0(G#i+1i-1) (0<p<lLp+g=1)

is called the Bernoulli random walk. When p = ¢, the walk is called symmetric and when p # ¢, the walk is
called non-symmetric. The symmetric Bernoulli random walk is usually called the simple random walk. The
symmetric random walk is recurrent and the non-symmetric random walk is transient.

In this paper, we shall consider the recurrence or transience property of the mixed random walks of these two

types. The method used here is the combinatorial one by counting the number of paths of the random walk,

which is found in Feller[1].

§2. We consider a random walk on Z. Let Sy, S1,59s, - - be the sequence of random variables of this random
walk. We plot the points (0,0),(1,S51),---,(n,Sy,) in tz-plane and connect these points by the line segments
successively. We call it the path of length n.
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We denote by L[A] be the number of paths satisfying the condition A. The number of paths from (0,0) to
(0,2n) is denoted by Us,, and the number of paths from (0, 0) to (0,2n) without touching or crossing the t-axis
is denoted by Fy,. It is evident that Us, = 2,C,. For Fy,, we have the following proposition.

Proposition 1
F2n = in 1 ZnCn
Proof

The proof is found in Feller[1]. For the sake of completeness, we give the proof.
Fon =2L[S1 =1,8 >0, -+, Son_0 > 0, Sop_1 = 1]
=2{L[S1=1,5,-1=1]—-L[S1 =1,5, =0,5,-1 =1]} (for some k)
Here we have L[S; = 1,5, = 0,S2,-1 = 1] = L[S1 = —1, Sa,,—1 = 1] by the reflection principle.
Fy, =2{L[S1=1,5,-1=1]— L[S =—1,5,-1 = 1]}
=2{2,2Cn 1 — 2n72Cn} =2(1—21) 5, 5Ch
=2 50201 = 5.5 2aCh Q.E.D.

We consider the random walk with transition probabilities
p(0,1) =p, p(0,-1)=q (p+q¢=1p>q),
plii+1)=pli,i-1) =35 (i#0)
and call it the random walk of type I. Further we consider the random walk with transition probabilities
p(07 1) = P(07 _1) = %7
p(i,’i-i-].) =q, p(iai_l) =D (Z > O)a p(ivi+1) =D p(ivi_ 1) =q ('L < 0)7 (p+q =1p> (])
and call it the random walk of type II.
Theorem 1
The random walks on Z of type I and of type II are recurrent.
Proof
For the type I, the probability of the return to the origin for the first time after 2n steps is given by
Proposition 1.
P[Sy = 0,570, - -, Sap_270, Sz, = 0).
{ [SO = 0 S1 > O S2n—1 > 0 Sgn = O]—FP[SO :O,Sl < 0,"',S2n_1 < O,Sgn = 0]}
{z
1

N[ L\.’)h—l

Cu(3p)(3)*" 72 + g7 20Ca(50)(3)*" 2}

= -1 2nCn(é)2n

According to the recurrence of the simple random walk,

f Zan*ZQH 1 Qn n 2n:1'

For the type II the probablhty of the return to the origin for the first time after 2n steps is given by

Proposition 1.
fon = P[So = 0,8570, - -, So,_57#0, So,, = 0).
=3{P[So=0,51>0,-+,52,-1 > 0,5, =0]+P[Sy =0, <0,-+, 82,1 <0,5, =0}
= 3 {z1 2:Cu(GP)(PO)" ' + 577 20Cn(30) ()™}
= 5291 20Cn(p0)"

According to the transience of the non-symmetric Bernoulli random walk,

F=) fon=5> s amCn(pg)” = (1 —VT—4pg ) = 5-(2¢) = 1. QE.D
n=1 n=1
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§3. We consider the random walk on Z2. Let Sy, S1, 52, - - - be the sequence of vector valued random variables
of this random walk. We plot the points (0, (0,0)), (1,S51),- -, (n,S,) in the tzy-space and connect these points
by the line segments successively. We call it the path of length n.

The number of paths from (0, (0,0)) to (2n, (0,0)) is denoted by Us,, and the number of paths from (0, (0, 0))

o (2n,(0,0)) without touching or crossing the t-axis is denoted by Fy,. It is shown that Us, = (2,Cp)%.
But, the proposition similar to Proposition 1 cannot be shown explicitly. Nevertheless, the theorem similar to
Theorem 1 can be shown as well.

As in § 2, we define the random walks of type I and type II. For the type I, the transition probabilities are
given as follows.
p((i,0),(i,1)) = §, p((,0),(;,-1)) =3, (p+a=1,p>q)
p((i,4), (1,5 + 1)) =p((i,4), (1,5 — 1)) = 1 (1 #0)

p((6,5), (i +1,7)) = p((5,5), (i = 1,5)) = 3
For the type II, the transition probabilities are given as follows.
p((i,0), (i
p((i,4), (.5 +1)) = %7p«3%01—1»
p((4,9), (4,5 +1)) =%, p((i,5), (6,5 — 1)) =
p((i,4), (i +1,5)) = p((0,7), (i = 1,5)) = §

Theorem 2

;1)) = p((i,0), (i, -1)) = ;
(p+q=1p>q)
(j<0), (p+g=1p>q)

—
..
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S
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The random walk on Z?2 of type I is recurrent.
Proof

Let the number of paths returning to the origin for the first time after 2n steps be Fy,. We take a
path of this type. Let the number of paths above or below the tz-plane be k, with k1 above and ks below
(k1 + k2 = k). The probability of this path is

(i%)kl(ig)k2(4)2n 2k

Considering the reflection on tz-plane, there are 2* paths of this type. The probability of these paths is
Z ka1 ( 1 p)k1 (le %)k}z (%)271—2/@
ki4ka=k
— (%)khtkz( g + %)k(%)2nf2k — (i)ank(%)k — (%)2712]@.
Therefore we have
f2n = F2n(i)2n

According to the recurrence of the simple random walk on Z2,
f Zf2n - ZFQTL i =1 QED

For the random walk on Z2 of type II, the calculation of f is not completed yet. It is probable that this
random walk will be recurrent. As for the random walks on Z3, we can prove in the same way that the random

walk of type I is transient. However, the recurrence or transience of the random walk of type II is not known.

§4. We further investigate the random walk on Z of type I. We consider the number of paths from (0, 0) to
(0,2n) touching or crossing the t-axis for k times without including (0,0) and denote it by FQ(T]?

Proposition 2
FZ( ) = - 2n]ik: 2n7kCn2k
Proof
We denote Lo, —j , the number of paths from (0,0) to (2n — k, k).
FQ(S) = Lank,k 2k = ﬁ 2n7kCn Qk QED
Next we consider the number of paths of length 2n touching or crossing the t-axis for k times without including
(0,0) and denote it by HQ(?
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Proposition 3
HE = 5, xC, 2k
Proof
We can represent HZ(Z) by FQ(:)
B = P+ D e )
= (20-kCn2" — 20 k102" 4 (2 p1Cp2F T — op i 2CR2FF2) oo 5, 02"
= 9n_xCn2F Q.ED
We consider the probability of the return to the origin up to and including 2n steps for k times and denote
it by A,
Theorem 3
) = ankCr (3)F
Proof

We take a path of type Fz(ﬁ), then the number of paths above or below the t-axis is k, with k; above
and ko below (k1 + ko = k). The probability of this path is

()" () ()2
Adding these terms for 2* paths of reflection on the t-axis, we have

> kCr (3p)Fr(Sg)ka(d)2n 2k
ki1+ko=k
— (%)klﬂc? (p+ q)k(%)an% — (%)27#19 — (%)2712]@.
For the paths of the other types, the number of paths above or below the t-axis is k£ + 1, we have a similar

equality. Therefore,
hg;) = 20 kCn 28 ($)" = 2,1 Cy (3)7F. QED
Theorem 1 is the same as in the case of the simple random walk. Therefore, we have
Byl > i) > o> i,

which shows that the probability of the return to the origin for k times after 2n steps decreases as k increases.
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