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Hopf algebra structures on the quantum affine superalgebras
of type DM(2,1;z) (z € C\ {0,-1})
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Abstract. We will construct Hopf algebra structures on the quantum affine
superalgebras of type DM (2,1;2) (z € C\ {0, —1}).

1 Introduction

In [2], we prove the existence of the bilinear forms on the quantum affine superalgebras of type D™ (2,1; )
by using a manner similar to Tanisaki’s in [5], where z € C\ {0, —1}. Our purpose of this paper is to give
the foundations of the paper [2]. Especially, Proposition 3.4 is an important key to prove the existence of the
bilinear forms.

It should be remarked that Theorem 3.5 of this paper is nothing but Theorem 4.5(1) of the paper [1].
However, in the paper [1], they do not give the proof of Theorem 4.5(1), and they comment that Theorem 4.5(1)
can be checked by using the computer algebra program Mathematica. In this paper, we will give a detailed
proof of Theorem 3.5, i.e., the existence of Hopf algebra structures on the quantum affine superalgebras of
type DM (2,1; z) by using Proposition 3.4.

This paper is organized as follows. In section 2, we recall the definition of the quantum affine superalgebras
of type DM (2,1;z) and give several formulas. In section 3, we give several formulas related to the existence
of Hopf algebra structures on the quantum affine superalgebras of type D()(2,1;z) (see Proposition 3.4), and
then construct Hopf algebra structures on the quantum affine superalgebras of type D(l)(2, 1; ). In section 4,
we give detailed proofs of several equalities which are used to prove Proposition 3.4.

2 The quantum affine superalgebras of type DW(2,1; 2)

First of all, we would like to mention that the notations of this paper follow that of [1] and [2]. By referring
to the papers, we will omit the detailed description of the notations.

In this section, we will give several formulas on the quantum affine superalgebra of type D) (2,1;z), where
xz € C\ {0,—1}. For each d € D, the associative algebra U, over C with the unit 1 is defined by the generators

+1 .
0d, K',dz) E’i,d) -Fi,d (2 € I)?

7

and the following relations

1
XY =YX for X,Y€{oaK, 7}, (2.1)
03=1, KK, ?=K 2Ki =1, (2.2)
0aBigoq = (~1)P D E; 4 04F; q0q = (—1)P0F; g, (2.3)
1 1 1 1
Kiz,’dE}dKi 7= q(ai,d‘aj,d)/zEj’d7 KizdFjadKi,dQ — q—(ai,dlaa‘,d)/QFjd, (2.4)
1 1
E;qFjq — (—1)PleadPCs0 By g = 5ij{(Ki2,d)2 - (K, ¢ Y (@—qh), (2.5)

for all 4, j € I. The algebra U has a unique Qqg-grading Uy = @req.Uy , Uy, Uy, C Uy, .y such that
1
{1, ad,dez} C Uy, Bia €U, ,and Fig €Uy .  foralliel Then the quantum affine superalgebra
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U’ of type DM (2,1;z) over C is the quotient algebra of U, divided by the two-sided ideal generated by the
following elements:

Ef,d, where ¢ € T and p(o,q) = 1, (2.6)
[Eid,Eja], wherei,j €1, i# 7, and (o;4layqa) =0, (2.7)
[Ei,a, [Fia,E;all, wherei,je€l, i j,and p(os,q) =0, and (o4,4|aj,q) # 0, (2.8)
[(aialora)l[[Eia; Ejal, Exal — [(ialog,a)lo[[Es s, Bral, Ejal, (2.9)
if d = 4, where 4,j,k € I such that 1 < j <k,
(ei,a + o alom,a + aa,a)lql[Ea,ds Ei,dls [Ea,a, Ej,all, [Eads Er,a]]
= [(o,a + agaleya + aa,d)lgll[Eaa, Eidl, [Ead, Er,a]l, [Eaa Ej ] (2.10)
if d # 4, where {i,7,k,d} =1, and 1 < j < k,
U4(X), for all X in the above, (2.11)

where the g-super-bracket [, |: U} x U} — U} is a unique bilinear mapping defined by [X», X, ] := X)X, —
(—1)pPPW g~ X, Xy for all Xy € U}, and X, € U} ,, and where ¥y is a unique algebra automorphism
of U such that Wa(0g) = 04, Va(K2) = K, Wa(Esa) = (~1)P@0) Fy g, W4(Fyq) = Eia.

Let S be a subset of U consisting of any elements chosen from (2.6)—(2.11), (S) the two-sided ideal
of U}, generated by the elements of S. Then the quotient algebra A = U)/(S) has a unique Qg-grading
A = @xeq,Ax induced from the Qq-grading of Uy. In particular, the Qq-grading Uj; = ®req, U] , is induced
from that of ¢;. In addition, the tensor algebra A®? = A ® A has a unique Qg-grading A%? = ®)cq dA§2,
ARPAS? C ASY, such that {1©1,04®1, Kfj ®1, 1®04, 1®de%} CAF* {Bia®1, 10 E; 4} C A%?,, and
{Fia®1,1®F; 4} C A‘?ii)d for all i € I. The g-super-brackets [, J: Ax A — Aand [, ]: A%? x A®? — A®?
can be defined by the same way as above. We call a non-zero element © € A (resp. € A®?) a weight vector
with weight X\ if z € Ay (resp. = € A?Z), and write wt(z) = A.

1o,
For each \ = %Ziel mi.d € %Qd with m; € Z, we set Ky := HiGIKﬁ;%'

Lemma 2.1. Let A be the quotient algebra of U divided by the two-sided ideal of U}, generated by any elements
chosen from (2.6)—-(2.11). We assume that x,vy,z are weight vectors of A (resp. A®?). Then the following
equalities hold in A (resp. A®2):

[y, 2] = oy, 2] + (—1)PHEIPEED) =@ [ ]y, (2.12)
[z,y7] = [z,y]z + (_1)p(wt(w))p(wt(y))q~(wt(m)lwt(y))y[[x, z]. (2.13)

Moreover, the following equalities hold in A®?:

[[xgs(wt(y))Kwt(y) ® v, Zgg(wt(w))Kwt(w) ® w]
= (~1)r 0N { (g — g1 (wh(y) wt(2) gz + g~ TN [, 2] b B D Ky @

+ (—1)POHEDPWHE) = (W) i) PO D @ [y, w]. (2.14)

In particular,

[e® 1,07 Ky © w] =0, (2.15)
[z ®1, zog(Wt(w))Kwt(w) ®w] = [z, z]]ag(Wt(w))Km(w) ® w, (2.16)
[[xag(wt(y))Kwt(y) ® y}gg(wt(w))Kwt(w) ®w] = gwg(wt(yw))Kwt(yw) ® [y, w], (2.17)
[0 Ky @y, 2 @ 1] = (—1)POH R0 (g — g (wi(y) wh(2)) ]z Koagy) © 9, (218)

u:xo-g(Wt(y))Kwt(y) Y, 2Q 1]]
= (1 { (g — ) Gty () oz + DD o, ) D K oy, (219)
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Proof. We see that
[zy, 2] = zyz — (_1)p(wt(my))p(wt2)q—(wt(zy)lth)zxy,
zly, 2] = zyz — (—1)PVEVIP(wE2) = (whylwez) g oy
(__1)p(wty)?(wtz)q—(wtylwtz) [[$, z]]y
= (—1)PvtwIp(wez) o= (wtylwtz) g oy (1) PWH@y)p(wtz) = (whley)iwez) 0y
which are imply (2.12). We see that
[z,y2] = zyz — (_1)p(th)p(Wt(yZ))q—(Wtwlwt(yZ))yzx)
[z, ]z = zyz — (—1)POto)p(wiy) = (wezlwty)
(_1)p(wtw)p(wty)q—(Mmlwty)y[[$7 7]
= (—1)P(Wtz)p(wty) o= (wezlwey)y 0y (—1)pvt@)p(wt(y2)) o= (weazlwi(yz))y 5
which are imply (2.13). By the definition of the g-super-bracket, we see that

W

o1, Udt(w) Koi(w) ® w]] _ M;vt(w) Koy ®w — (_1)p<wt<z>)p(wt(w))q—<wt<m)|wt(w))azlvt<w Ki(w) @ w = 0,
[[Ugt(y)Kwt(y) ®y,z®1] = Uyt(y)Kwt(y)Z Qy— (_1)p(wt(Z))p(Wt(y))q—(wt(Z)th(y))xagt(y)Kwt(y) ®y
= (=1)POt(2)p(wi)) (g (W) Iwo(y)) _ q—(wt(Z)th(y)))xagt(y)Kwt(y) ®y
= (_1)P(Wt(z))P(wt(y))(q _ q_l)[(Wt(z)IWt(y))]qZU;Vt(y)Kwt(y) ®y.
Hence, by (2.13) and (2.12) with the previous equalities, we see that
[[de(Wt(y))Kwt(y) ®y, ZUS(Wt(w))Kwt(w) ® w]
= [[xo'g(Wt(y))Kwt(y) Y, z2® 1]] (US(Wt(w))Kwt(w) ® w)
+ (=1)P(WtEy)p(wi(2) o = (wien)Iwh(z)) (, & 1)[[xJZ(Wt(y))Kwt(y) ®v, ag(wt(w))Kwt(w) ® w]
= (—1)P(tW))p(wt(2) {(q — q_l)[(Wt(y)|wt(z))]qxza;vt(y)Kwt(y) Ry + q—(wt(y)lwt(Z))[[x’ Z]]ag(wt(y))Kwt(y) ® y}
% (Us(Wt(w))ch(w) ®w) + (_1)p(wt(wy))P(Wt(Z))q—(wt(ﬂcy)th(z))zxag(wt(yw))Kwt(yw) ® [y, ]
= (~LPr RO [ — g (wh(y)lwt())]gwz + g~ WM, 2] F DK ) © g
+ (_1)p(wt(zy))p(wt(2))q—(wt(my)th(Z))zxas(Wt(W))Kwt(yw) ® [y, w]. O
In the following we use notations Eq, , := Ejd, Fa, , = Fi .

Lemma 2.2. Let o, 3 € Iy with p(a) = 1 and p(B) = 0. Then [E4, [Fa, Eg]] = 0 in the quotient algebra
U /{(2.6)) of UC divided by the two-sided ideal {(2.6)) generated by the elements displayed in (2.6).

Proof. Since E2 =0 and (aa) = 0, by Lemma 4.3 of [1] with the notation (3.6) of [2], we see that
[Ea, [Eas Ep]] = [[Ea, Bal, Bg] + (1P g= 2By, [Eq, Egl]geia-s)
=0- [Eav [[Eou Eﬁ]”q—(alaﬂa) = _[[Eaa [[Eow Eﬁ]”]:
which implies the required equality. O

Lemma 2.3. Let d # 4 and i € I\ {d}, and put E; = E; 4 and oy = oy,q for each | € 1. Then the following
equalities hold in U°/((2.6)):

[Ea, EJEq = —¢*\*) By Eq, Ei], (2.20)
[[Ea, Eil, Ba] = —(q— ¢ ")[(ad|ei))g EalEa, Ei].- (2.21)
Moreover, if {i,j,k,d} =1, then the following equalities hold in U;°/((2.6)): |
[[E4, Bi), [Ea, Ej]) Ea = ¢~(*1*%) By[[Ea, Bi], [Ea, B5]], (2.22)
[[1Ba, B, 1B Bl Ba] = ~(a - a7 )(@alon)]oEa[[Ba, B, [Ba, 5] (2.23)
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Proof. By Lemma 2.2, we have [Eq, [Eg, Ei]] =0, i.e.,
E4[E4, Ej] — (—1)¥ g~ (edleated [B, BB, = 0,
which implies (2.20). By (2.20), we see that
[[Eq, Ei], Ed] = [Ea, Ei]Eq — (—1) g~ @l By [Ey, B;] = —(q — ¢ V) [(cua| )] g EBal Ea, Ei].-

Moreover, it is easy to see that

0= [, [1Ba, B, [Ba, Byl | = BallBs, Bil, [Ea, Bj]] - (—1)*2q~(les+e) [[By, Bi], [Ba, By] Bu,
which implies (2.22) since (ag|a; + o + ax) = 0. By (2.22), we see that

|[|[[[Ed,E¢]], [[EdijﬂyEd]] = [[Ba, Bil, [Ea, Bi]] Ba — (—1)* g~ (el By [[By, Bi], [Ea, By]]
= [[E4, E], [Eq, E;]) Eq — <ad'°‘k>EdMEd,E~]] [Eq, B;]]
—(a—q )(edlaw)leEallEa, Eil, [Eg, B5]]. O
Lemma 2.4. Letd# 4 and i,j € I\ {d} with i # j, and put E; = Ey 4 and a; = oy q for each I € I. Then
[[Eq, 2], B;] = [[Ea, Bj], 2] (2.24)

in the quotient algebra U7 °/((2.7)) of U° divided by the two-sided ideal ((2.7)) generated by the elements
displayed in (2.7). Moreover, if {i, j, k,d} =1, then the following equality hold in U5 °/{(2.7)):

|:|:|[[[Ed,Ei]], [[Ed,Ej]]]l,Ek}l = M[[Ed’Ei]L |[[[Ed>Ej]]7Ek]|]] +q (W [By, By Ei[By, Bj]
— ¢\*41°) B;[Ey, By [Ea, E;] + ¢**\*¥) [Eq, B;][Ea, Bxl Ei — ¢®41*=*V[Ey, Bj|Ei[Bg, B].  (2.25)
Proof. Since [E;, E;] = 0, by Lemma 4.3 of [1] with the notation (3.6) of [2], we see that
[[Za, Bil, E;] = 0+ [[Ea, Ej], Bi] es1ej-e0) = [[Ea, Bil, Bi] - agien = [[Ea, Bl Bj]
and that
| 1B, B, 1Bo, B, B = [[[Ba, B, [1Ba, Byl Bi] | +a~ 20| [[Ba, B, B], [Ba, B

= [[1Bs, B, [1E2, B3], B4

q(ad+°‘j|°‘k_°‘d_°‘i)

+ q_(adlak) “[[[Ed,E]] Ek]l> [[Ed,Ej]]]

(ade—%‘—a]‘)

2(ad|ak)

1

= :MEd,Ei]], I[[[Ed;Ej]]:Ek]] ~(aalew) H[[EdaEk 1, [E4, E; ]]]
= [[1Ea, B, [1Bs, B1 B] ] + ad'aw[ [Ea, Ex], Ei] [Ea, Bj] + ¢'*4\*") [Ea, E;) [[Ea, B], E1]
= [[1Ba, B, [1Ba, B, B | + g~ @0 (1B, Bl B: — ¢ (@419 B [Ea, Bl [Ea, Ej]

+q(ad|°‘k [Ea, B;)([Ea, Ex] Ei — ¢~ “1*) B[ By, Ex])

= :|[[[Ed,Ei]], [[Eq, B;], Ek]l + g~ eV [By, By Ei[Ea, Bj] — ¢*41°) Ei[Eq, Bx][Ea, Bj]

1 gladlan [Ea, Bj|[Ea, Byl Bi — ¢\*41ox =) [Ey, Bj|Bi[Eq, Bi]. O

3 Hopf algebra structures

In this section, we will construct Hopf algebra structures on the quantum affine superalgebras of type D) (2,1;2).

Let us recall the definition of the Hopf algebra. Let A be an associative algebra over a field K with the
unit 14, A: A - A ®k A an algebra homomorphism, : A — K an algebra homomorphism, and S: A — A
an algebra anti-homomorphism such that

(A®idg) o A= (idga ® A) o A, (3.1)
(e®ida)oA=1ids = (idg @) o A, (3.2)
mo(S®idg)oA=10e=mo (idg ®S)o A4, (3.3)

where m: A ®x A — A is the multiplication m(a ® a’) = aa’ for all a,a’ € A, and where ¢: K — A is the
embedding ¢(k) = k14 for all k € K. Then the quadruplet (4, A,¢,S) is called a Hopf algebra over K.
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Proposition 3.1 ([1]). The associative C-algebra U}, equipped with the following (A, e, S) is a Hopf algebra:

AX)=X®X, AE ) =E4Q91+K; dUZ( v @ Eigq, A(Fiq)=Fiqa® K;dl + Ug(ai’d) R F, 4, (3.4)
e(X)=1, e(Bia)=0, e(F, d) =0, (3.5)
S(X)=X"Y, S(Eia) =K 1o} B4, S(Fa) = —(-)PDF K, goh *, (3.6)

where t € I and X € {oy, Kj’:d% |i eI}

Proof. To prove the existence of the homomorphisms A and € and the anti-homomorphism S, it suffices to
check that the images of the generators under A, ¢, and S satisfy (2.1)—(2.5). Here we check only (2.5). Set
a = ajq and 8 = ;4. Then we see that
A(Eo)A(Fp) — (~1)P PO A(F) A(Eq) = (Ba ® 1 + Koo ® Eo)(Fp ® K5 + 05 © Fp)
— (~1)PPO) (Fy © K + 05D @ Fp) (Ba ® 1+ Kaoh® ® Ea)
= {EoFp — (—1 )p(a)p(ﬂ)FﬁEa} ® Kg_ + Kaag(aw ® {EoFs — (_1)p(a)p(ﬂ)FﬁEa}
=0po{(Ka — K1) /(a— ¢ ) @ KJ' + Ko ® (Ko — K‘l)/(q —q )}
=0pa(Ka ® Ko — K ' @ K1) /(g —a7") = 8,0 {A(Ka) — A(KS )}/(q g ),
e(Ba)e(Fp) — (—=1)PPPe(Fp)e(Ba) = 0 = 5ﬂ,a{€( Ka) — (K Na-a),
S(Fp)S(Ea) — (—1)P PP S(E,)S(Fp)
=(-1 )p(ﬂ)FﬂKﬂap(ﬁ)K 10_p(a)E _ (_1)p(a)p(ﬁ)K;105(a)Ea(_l)p(ﬁ)pﬁKﬁgg(ﬂ)
= (=1)PlatB)tp(@pB) galf—c) f(pu B (_1)p(a)p(5)EaFﬁ}Kﬁ_ags(OH-ﬂ)
= —bp.a(Ka—K5)/(a—a7") = 0p,a{S(Ka) = S(EGN)}/(a—a ).
Thus the images of the generators under A, €, and S satisfy (2.5).
We next check the equalities (3.1)—(3.3). Since A and € are homomorphisms and S is an anti-homomorphism,

it suffices to show that the equalities (3.1)—(3.3) are valid for the generators. Here we check only for E, with
a € II;. We see that

(A®idp) o A(Ey) = (A®ida)(Es ® 1+ Koo?'™ @ E,)
= (Ba® 14 K0o®'™ ® By) ® 1+ Koot ® Kooh™ @ E,,
(ida ® A) 0 A(By) = (ida ® A)(Es ® 1+ K002 @ E,)
= Fa®1®1+ Kao2'® @ (BEa ® 14 Kooh™ © Ea),
(e®ida) o A(Ey) = (6 ®ida)(By ® 1 + K0o"® ® E,) = Ea,
(ida ®€) 0 A(Ey) = (idp ® €)(Ba ® 1 + Ko™ ® Ey) = Ea,
mo (S ®ida)o A(Es) =mo (S®ida)(Ee ® 1+ Kaoh™ © E,)
= K'Y B, + K0P E, = 0=10e(E,),
mo (ida ® S) o A(Eq) =m o (ida ® S)(Ba ® 1 + Koot @ Ey)
=FE,+ Kaag(a) . (—K;lag(a)Ea) =0=10e(Ey).

Thus the equalities (3.1)—(3.3) are valid for the generator E, with o € I1,. d
Lemma 3.2. For each X, € Uy, and X, € Uy, the following equality holds:

A([Xp, X)) = [A(XW), AX)]- (3.7)
Proof. Since A(X,) € UE? and A(X,) € US?, we have

A([X X]) = ACXL)A(X,) — (~LPWPDg R AX,)AX,) = [AX,), A O
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From now on, we will give several formulas concerning the coproduct A of ;.
Let o € IIg such that p(a) = 1. Then (a|a) = 0. We see that

A(E2) = A(E,)? = (Ba ® 14 04K, ® E,)?
= F2®1+ Eq04Ka® Eo + 0aKaEo ® Eq + 02K2 @ E2
=E2@1+{1-qNE, 040K, ®FEa + K2QFE>=E2®1+ K2 ® E2. (3.8)
Let o, 8 € 11 with o # 8. By Lemma 3.2 and Lemma 2.1, we see that

A([Ba Bg]) = [Ba, Bg] ® 1+ (—1)P@E) (g — ¢~1)[(0]8)] Bpo5® Ko ® Ea + 05 K ® [Ea, E).
(3.9)

In particular, if (¢|8) = 0, then we have
A([Ea, Egl) = [Ea, Es] ® 1+ 02 K, 5 ® [Ea, Es]. (3.10)
In particular, if p(a) = 0, then we have
A([Ba, Bgl) = [Ea, Bs] © 1+ (¢ — ) Eg Ko @ Eo + 05" Kup ® [Ea, Eg].
Let o, 8 € Il with o # § such that p(a) = 0 and («|8) # 0. Then we note that (a|a + 28) = 0. We have
[Eo, Bsl = Eap) — 0P Epa)y,  [Ea,[Ea, Esll = EalEa, Eg]l — ¢ *1*TP[E,, Eg] E,.
By Lemma 3.2 and (3.9), we see that
A([Ba; [Ea, Egll) = [A(Ea), A([Ea, Egl)]
= [(Ba®1+ Ko ® Ea), [Ea, Eg] ©1+ (¢ - ¢ ) [(alB)]sEsKa ® Ea+ 057 Karp ® [Ea, El]
= [Ba, [Be Ball © 1+ (¢ — ¢ ) (@lB)}g[Ba © 1, ByKo ® Bl + [Ba  1,05° Ko © [Ea, Egll
+ (Ko ® Ba, [Bay Bl @ 1] + (g — ¢ (@184 [Ka © Bay BsKa & Eal + 03 Ksats © [Fa, [Fa, ol
Here, by Lemma 2.1 we see that
[Ba®1,0"P K, 5® [Ea, Es]] =0,
[Ko ® Eo, EsKo ® Ey] = KaEgKo ® E2 — g~ @lotA By K2 @ B2
= ¢ P - N KL @EL =0 (2 (ala+26)=0),
(g - q_l)[<a|/6)]q[[Ea ®1,EgKo ® Eo] + [Ka ® Ea, [Ea, Eg] ®1]
= (¢ - ¢ (@) [Ea; Es] Ko ® Ea + (a—q )(ala + B)lg[Ea, Bl Ko ® Eq
= (¢ — g ) [Eq, Eg] Ko ® Eo + (¢ — g~ It [E,, Byl Ko ® B,
- (q(alﬁ) + q(ala+ﬁ))(1 _ q—(ala+2ﬂ))[[Em Eg]K, ® E, = 0.
Thus, if distinct elements «, § € I1; satisfy p(a) = 0 and («|B) # 0, then
A([Ea, [Ea Bgl]) = [Ea; [Ba, Epll © 1+ 057 Kaa i 5 ® [Ea, [Ea, Bp]l. (3.11)
We assume that d =4 and put E; = Ey 4, K; = K 4, and og = oy 4 for each [ € I. Then we will check that
A(=[(cilar)lg[[Es, E;], Ex] + [(culog)lg[[Es, Ex], E5])

= (~[(cilar)]q[[Es, Bs], Ex] + [(ciloy)]q[[Es, Exl, E5]) © 1
+ 04 K K K ® (—[(oslan)]g[[Es, Bl Ex] + [(culoy)]q[1E:, Bl E5]) (3.12)
for each ¢, 7,k € I with i < j < k. Note that p(ey) =1 for all [ € I. By Lemma 3.2 and (3.9), we see that
A(IE;, 5], Ex]) = [A([E:, Ej]), A(Ex)]
= [[B:, Bj] © 1+ (~1)P79) (g — g™ (il ay)]o Bjoh * K; © Bi + of KK ® [, B,
Ey ® 1+ 04Ky ® Ei]

= [[E;, Eil®l,E, 1] + [[[[Ei,Ej]] ®1,04K} ® Eg]

— (g = a7 Y(eslay))g[BjoaK; ® Ei, B, © 1] — (¢ — ¢~ )[(cwl))|g[EBjoaKi @ By, 04K, © Ey

+[KiK; ® [Ei, Bj], B, ® 1] + [KGK; ® [Es, Ey], 04K ® Ex].
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Here, by Lemma 2.1 we see that

[[E: Bl ® 1, B @ 1] = [[Es, Ej], Bx] ® 1, [[B, E5] ©® 1, 04K, ® E] =0,

[Ej04K; ® Ei, By ® 1] = (-1)"{(q — ¢~ ")[(cular))gE; Ex, + ¢~ *1*[E;, Bx]}ouK; ® E;
= —{q ") E; By, + ¢*1*) By B;}0u K, ® B,

[EjoaK; ® E;y 04Ky, ® Fy] = E; KKy ® [E;:, Ex],

[KiK; © [Ei, Bj], By ® 1] = (=1)*" (g — ¢ ) [(0i + j|aw) | B K K © [Ei, By,

KiK; ® [[Ei, Ej], 04Ky, ® Ex] = 04 K;K; Ky, @ [[Es, Ej], Ex].

Thus, by using the equality (a;|a;) + (oj|ax) + (ax|as) = 0, we see that

(sl )l A(TLES, Es], Ex]) = [(ailew)]g[[Bis Bl Ex] © 1

+ (g — g (ailer)lgl(@iley)lg {1 B; By + ¢'*1%9) By B} o4 K; @ E;,
— (¢ — ¢ M[(eulow)gl(aila) By KKy @ [Ei, Bx] — (g — ¢ ) [(ila)]ql(osloy)] g Be K K ® [Bi, Ej]
+ (g = q l(aslaw))goa KK K @ [[B3, Byl Ex],

and hence that

[(ciley)]g A(ILE: Ex], E5]) = [(ailay)]gllE:, Eil, E;l © 1

[(es]aj)]ql(cilow)]q {q(ailaj)EkEj + q(ailak)EjEk}UdKi ® Ej,

[(ozilaj)] [(azlak)] EyKiK;® [[Ei, Bl = (¢ — a7 M)(aslay)]ql(ailar)lo Bs KKy ® [Ei, Ex]
[

Therefore (3.12) is valid.

We next assume that d # 4 and {3, j,k,d} =TI withi < j < k. Weput E; = Ej 4, K; = K 4, and oy = o 4
for each [ € I. Note that p(aq) = 1, p(e) = p(ej) = p(ew) = 0 and (ag|aa) = (aqlos + aj + o) = 0. Let
SR(2.10) € U7° be an arbitrary element displayed in (2.10). Then we see that

SR(2.10) = ~{(aalog)l [ [18s, B, 1B, B1], [Ba, Bl | + [ealonla | [1Be, B, 1Ba, ], [Ba, B3] - (3.13)

Let ((2.6), (2.7)) be the two-sided ideal of U;=° generated by the elements displayed in (2.6) and (2.7). Then
we will check the following equality in (L{'>O/( 2.6), (2.7)))%?

A(SR(2.10)) = SR(2.10) ® 1 + 04 K3 K; K; K, ® SR(2.10). (3.14)
Here we use the following identification:
UF°/{(2:6), (2.7))%% = UF*)? {((2:6), (2.7)) @UF° + UF @ ((2.6), (2.7))}.
For each [ € I with [ # d, we see that the following equality holds in (U&ZO)W:
A([Eq, BEi]) = [Ba, E] ® 1 + (¢ — ¢ Y [(d| )]y F10aKa ® Eq + 0aKiK; ® [Eq, Ei. (3.15)
By Lemma 2.1, we have the following equality in (U;=°/((2.6), (2.7)))®?:

[A([E4, Ei]), A([Ea, E;D)] = [[Ba, Eil, [Ea, E;Il © 14 (¢ — ¢ H)[(calow)lg [Ei, [Ea, Ejl]0aKa ® Eq
+ (¢ — ¢ Y(adlar)lq[Ea, BjloaKqK; @ [Eq, Ei]

+ (¢ — ¢ V(| B KK @ {q\ 1) [Ey, B Eg + ¢(*21*%) By[ By, E]} + K3K:K; ® [[Ea, Ei], [[EEZ’ Ej];]].
3.16
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Furthermore, by Lemma 2.1, we have the following equality in (uc/lZO /{(2.6), (2.7)))®2:

[A(IEa, B), AIEs, ED], AEa, B |
= [[[Ea, Ei], [Eq, B5]], [Ba, E]l @1 --- O
+(a = ¢ ) (aalew)lo[[[Ba, Eil, [Ba, Bill, BkloaKa® Eq -+~ @
— (4= a7 l(ealon)]o{ a1 [By, [Ba, B [Ea, Bel + ¢ @429 [Eq, B] [Bs, [Ea, Byl JoaKa® By - @
+ (g — ¢ H(calaw)lo{(a — ¢ (ala)lg[Ba, B;1[Ba, Bx] — ¢“*41°9) [[Ea, Bj], [Ba, Bx]] }oaKaKi ® [Ea, Ei] ---
+ (= ¢ ")?[(oal )2 [{(q — ¢ H(edlow)lg[Ea, Bj] Bk + ¢ o) [[Eq, E;], Bk} K3K; ® [Ea, E;] Eq
+ g dlew By [Ey, Bj] KK, © [[Eq, Bi], Ed]]} - ®
+ (¢ — " D(edlar))q[Ea, B;]KiK Ky, @ [[Ea, Ei], [Ea, Ex]] - ©®
+ (g — ¢ H(caloy)e{(a — a7 1) [(al2ak + 0i)|g E5[Ea, Bx] + g~ T [E; [Eq, Ex]| KK
® {¢*4l°)[Ey, Ei]Ea+ ¢*!1*W Ey[Eg, E]} -~ @

+ (¢ — ¢ (o)) Bjoa KK Ky ® [{¢*41) [Eq, E]Eq + ¢'**1*") Ey[Ea, Ei]}, [Ea, Ex]] -+ ®
+ (¢ — a7 (alaw))g[Ba, B ] KZKK; © [[Ea, Eil, [Ea, Ej]] - @
+(q—a )(aalow)lg BroaK K K
@ {(a~ g (oalow)lo[[B B, 1B 1] Ba+ 74 [ [[Ea, B, [Ba Bi]) Ba] | -+ ©
+ 0a KKK Ky, ® [[[Ea, Ei], [Ea, Ei11, [Ea, Ex]] - ©. (3.17)

We will give detailed proofs of (3.16) and (3.17) in section 4. In the following, we denote by (@, the term (@
above for each a = 1,...,11. By Lemma 2.4, we have the following equality in (/Z°/((2.6), (2.7)))®2:

[(dla)]q(@k + Byk) = (¢ — q"l)[(ad|aj)]q[(adlak)]q{ I[l[ﬂEm Ei, [[Eq, E;], Ek]l]] — ¢l B[ By, Ex][Eq, Ej]

+ 10 [By, By, Bl E; - ¢\ B[ By, Ej][Ea, Bl + ¢/ [Eg, Bl [Ea, B, 1B, foaKa © Ea
(3.18)

A detailed proof of (3.18) is also given in section 4. Exchanging j for k, we see that

[(ealow)le(@ + @) = (¢ — ¢ Hl(ealaw)lal(@alo)le{ [ [[Ba, B, [1Ba, Bl Bj] | - ¢4/ Bi[Ea, B,11Ea, il

+ (1) [By, By [Ea, Bj)Bi — ¢4 Bi[Ea, Bel[Ea, Ej] + 429 [Ea, E,1[Ea, BB }oaKa ® Eq

in (UZ°/((2.6), (2.7)))®2. Thus we get the following equality in (U/7°/((2.6), (2.7)))®2:

~l(@aloy)o(@is + @sp) + [(Calow)ly(@es + Brs) =0. (3.19)
We see that
[(ewaloj)lq @jn = (a — ¢ ) [(ealey)]ql(aalar)le{(a — a7 (adley) [Ea, E;jl[Ea, Ex]
— ¢l [[Ey, B;], [Ea, Ex]] }0aKaK; © [Eq, Ei]
= (¢ — ¢ "[(calow)]q[(aalay)]g{a™ @ [Eq, E;][Eq, Ex] — g~ *¢!**) [Eq, Bi][Eq, Ej] }oaKaK; ® [Eq, Ei],
and hence that
[(aale)lg @rj = (¢ — a7 ) [(ealar)lq(@alay)le{ (g — e~ [(@alaw))g[Ea, Bi][Ea, Ej]
— qedle) [[Ey, By, [Ea, B;]] YoaKaK; ® [Eq, Ei]
= (¢ — ¢ Hl(aalay)]gl(aalar)lo{g~ @1 [Eq, B][Ea, B;] — ¢~ ©41%9) [Ey, E;][Ea, Ex] }oaKaK; ® [Ea, Ei].
Thus we get

~[(ealey)lg @ik + [(calok)]qg @i = 0. (3.20)
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By Lemma 2.3, we have the following equality in (U7°/((2.6), (2.7)))®%:
Ok = (0 — a7V l(calon) 2] - a@1®) {goulN) [y, B;] By — q =21 By [Eq, By}
— g~ H@aler) (g — g7 [(ag|)] g Ex [ Ea, Ej]]] KiK; ® E4[Eq4, Ei]
= (¢ - ¢ )*[(aalor)] { — gl [By, Bj] By, + ¢~ (el By [By, Ej]]}KgKi ® Eq[Eq, Ei]
= (¢ - ")*[(caler)]; { — g~ el [By, Bj] By, + ¢(*4l* =% By [Ey, Ej]]}KﬁKl ® Eq[Eq, Ei],
@i = (¢ — a7 1) [(aloy)]g[(calar)]q {q(“d'za”ai)E‘[[Ed By] — g~ (caPerteites)[ g, Ek]]E'}KﬁK1 ® Ea[Eq, Er]
= (- a7 [(edlay)lgl(ealaw)ly {g @1 =) B [ By, Bi) — =120 [By, Bl B, } K3K: © EalEa, Bl
Thus we see that
[(cale)]q (@4 + Dir)
= (¢ - ¢ 1)?[(aaley)]ql(aalox)lq [[(adlak)]q{—q_(“d'aj)[[Eah E;] By, + ¢@l%=%) By [ Eq, E;] }
+ [(aalay)]o{q @ =) B, [ Eq, By] — q_(adla’“)[[Ed»Ek]]Ej}} KK ® Eq[Eq, Bi,
and hence that
[(adlar)]q(@k; + D)
= (¢ ¢ )*[(calar)lg(@alas)lq [[(adlaj)]q{—Q"(“"la’“)[[Ed, Ex]Bj + ¢\*alor =) B} [Ey, Bx]}
+ [(aalar)]g{g @l =) By [Eq, E5] — ¢~ 41 By, Ej]]Ek}] KiK: ® Bq[Eq4, Er]-
Therefore we get
—[(ealey)]q(@yr + D) + [( adlak Jo(@kj + @) = (3.21)
It is clear that
—[(ealey)lg ®jk + [(aalor)lg Qs = 0. (3.22)
By Lemma 2.4, we have the following equality in (L/7°/((2.6), (2.7)))®?
[(aala)lg Bjx = (¢ — ¢ ) [(adlay)]2(cdlor)]lgEijoaK i KiKy ® [EalEa, Ei], [Ea, Ex]]
= (¢ - ¢ 1)*[(aaley)]3[(aalow)lo Bioa KK Ky ® Eg[[Ea, Eil, [Ea, Ex]],
[(aalar)lq @rs = (¢ — ¢ )[(calay)lo[(cdlar)]oBjoa KKKy © { g — g 1) [2(calay)lg [[Ba; Br], [Ea, Bi]] Ea
g ([[By, Bi), [Ba, Bl Ba — (—1)* g~ ot B, [[Ba, Bi], [Ba, 1]} }

= (¢ — g7 [(aaley)lgl(ealon)]g Bjoa KK Ky ® {QQ(%'%) [[Ea, Ei], [E4, Ex]] Ea — ¢~ @41 B4 [[Ea, Ei], [Ea, Ex]] }
= (¢ — ¢ ) ?[(aalay)2](adlar)lg Eijoa K3 K Ky, ® Eq[[Ea, Eil, [Ea, Ex]].-
Thus we get

—[(aala;)lg @k + [(calak)]g @r; = 0. (3.23)
Thanks to (3.19)—(3.23), we get the equality (3.14) in (UZ°/((2.6), (2.7)))®>
Lemma 3.3. Let X, be an element of Z/lc’l>/\0 with X € Q. Let us write A(X,,) as follows:

AX) = Y XK, 9 X, (3.24)
BrEQY

with X, € LI’>0 and X, € Z/l('fyo, where the sum is over all p,v € QF with A = p+ v. Then the following
equalzty holds

AT = Y APTNX,) @ U (XK (3.25)

preQY
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Proof. We use the induction on the height of A. In the case where A € II;IT1{0}, the claim is clear. We suppose
that the claim is valid for some A € Q. Put X' = a + A with o € II;. Then we see that

ABoXy) = (Ba®1+ 05 Ko ® Eo) (O Xyt K, ® X,)

v
=Y BuXu0i K, @ X, + Y 0h VKo X,0h K, ® EuX,
12214 [aild
_ Z E, X O’Z(V)K ®X, + Z p(a)p(#) (aIH)X Up(a+V)Ka+y ® E,X,
"% v
and that
AW (EoXy)) = (Fa ® K3' + 05 @ F) (Y ot Mo (X,) @ U5 (X,) K,
W,V
= Z Fact M (X,) @ K05 (XK + > oMot @wrt(X,) @ Pl (X,) K,
/8%
_ Zap(u)w X,)® (- 1)p(a)p(#)q(alu)kpd—1(XN)K;}_V + ZUZ(QJFH)Wd_l(Xv) ® %_I(EaXp)K,,_l-
v
Thus the claim is also valid for . O

Proposition 3.4. (1) Let (A,¢,S) be the Hopf algebra structure on U}, introduced in Proposition 3.1. Let
SR € UT° be an arbitrary element displayed in (2.6)—(2.9), and set SR™ := Wy(SR). Then the following
equalities hold:

ASR) = SR @1+ 5" K spy @SR, ASRT) =SR™ ® Ky lsry + 05" @ SR™, (3.26)

S(SR) = —0y PK L s SR, S(SRT) = —(-1)"CRISR™ 0y TP K 1y sr).- (3.27)

(2) Let L be the two-sided ideal of Uy =0 generated by the elements displayed in (2.6) and (2.7). If SR €
U is an arbitrary element displayed in (2.10), then the left (resp. right) equality of (3.26) holds modulo
L ®Ll'>° +UFY @ L (resp. Wy(L) QU + U @ Wy(L)), and the left (resp. right) equality of (3.27) holds
modulo L (resp. y(L)).

Proof. (1) The left equality of (3.26) has been already proved by (3.8)(3.10)(3.11)(3.12).
Let us prove the r1ght equality in (3.26). Note that ¥; '(X) = 04¥4(X)oq for all X € U} Hence
SR™ =Uy(SR) = 04¥; ' (SR)0o4. By Lemma 3.3 and the left equality in (3.26), we see that

A(SR7) = Aoa¥ly ' (SR)oa) = (04 ® 0a) A(¥; ' (SR))(04 ® 0a)
= (04 ® 0a) (5" @ U (SR) + 7, (SR) ® K 5r)) (04 ® 04)
(wt(SR)) -
=SR™® K jisr) + 4 ®SR™.

Let us prove the equalities of (3.27). By Proposition 3.1 and (3.26), we see that
0=10&(SR)=mo (S®id) o A(SR) = S(SR) + ‘W“SR)KV;(SR)SR
0=10e(SR™) =mo (S®id) o A(SR™) = S(SRT)K k) + 05 ISR

Thus we get the equalities of (3.27).

(2) By (3.14), we see that the left equality of (3.26) holds modulo £ ® U;° + U° @ L. As the above

argument, by Lemma 3.3, we see that the right equality of (3.26) holds modulo ¥4(L) ®Z/{fo + U @ W,(L).
By (1), we have both S(£) C £ and S(¥4(L)) C ¥a(L). Thus, as the above argument, we see that the left
(resp. right) equality of (3.27) holds modulo £ (resp. ¥4(L)). O

Theorem 3.5 ([1]). For each d € D, there is a unique Hopf algebra structure (A, e, S) on U} satisfying the
same formulas as in Proposition 3.1.

Proof. Let 7 be the two-sided ideal of U/ generated by the elements (2.6)—(2.11). Then U} = U}/Z. By
Proposition 3.4, we see that A(Z) CZ®@U,+U,;®Z and S(Z) C Z. In addition, we note that (U; @US)/(Z®
Uy +Uy®T) ~ Uy @ Uj. Thus, by Proposition 3.1, we see that the Hopf algebra structure (4, ¢, S) on U} is
induced by the Hopf algebra structure (4, ¢, S) on U}. O
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4 Appendix

In this section, we will give detailed proofs of the equalities (3.16), (3.17), and (3.18).
Let d # 4 and {i,7,k,d} =T with 1 < j < k. We put E; = Ej 4, K; = K 4, and o = oy 4 for each [ € L.
Note that p(aq) =1, p(a;) = p(ej) = pax) = 0 and (aglag) = (oalos + a; + o) = 0.
Let us prove (3.16). By Lemma 2.1, we see that
[A([Ea, E]), A([E4, E5])]
= |[[[Ed,Ei]] ®1+ (¢ — ¢ H[(cila)gEicaKe ® Eq+ 0aKaK; ® [Eq, Ei],
[Ea, Ej] ® 1+ (¢ — ¢~ H)l(aaley)lgEjoaKa ® Ba + 0aKaK; ® [Ba, Ej]]
= [[Ba, Ei], [Ba, Bs]l © 1 + (¢ — a7 ) [(eala))g[[Ea, Eil, Ej]oaKa ® Eq +0
+(g — ¢ Hl(ealow)lg{—q"**) Ei[Eq, B;] + ¢~ @41*t*) [Ey, Bj] Ei}ouKa @ Eq
+0  (cEj=E};=0) +0 (. E4lEq, Ej]+q “*)[Ey, E;]Eq = [Eq, [Ba, B]] = 0)
—(¢— ¢ Hl(aalei + a;)lg[Ba, EjloaKaK; ® [Ea, Ei]

+(q— ¢ ) (aloy)]g By KGK; ® {q@1°9) [ By, Ei] Eq + g~ *1*4*) By[Ey, B} + KGKK; ® [[Ea, Ei, [Ea, E;]

= [[Ea, Ei], [Ea, Bil] ® 1+ (¢@¢1%) — g~ (sl [y, Bj], EiJoaKa ® Eq
_,_(q(adlai) _ q_(o‘d|°‘i)){—q(°‘d|aﬂ')Ei[[Ed,Ej]] + q(adlak)IIEd,Ej]]Ei}o-de ® Ey
+(g— a7 H(edlow)]q[Ea, BjloaKaK; @ [Ea, Ei]

+(g— g )(aaley)]g By K K; ® {q1°9) [Ey, Bi] Eg + ¢ *41°%) B4 Eq, B} + KK K; ® [[Ea, Bi], [Ea, Bl

= [[Ea, Ei], [Ea, Bj]] ® 1 + (g1 — g~ (1)) ([Ey, Bj] B; — g~ *4|*V B, [ By, B;])oaKa ® Ea
+(q(0‘d|0‘i) — q_(adlai)){_q(aﬂo‘j)EiIIEd’Ej]] + q(adlak)l]:Ed’Ej]]Ei}o-de ® Ey
+(g — ¢ H(aalew)]g[Ba, EjloaKaK: @ [Ea, Ei]
+(g— g7 N (alay))y B KK, @ {q'*1°) [Ey, Bi] Bq + ¢*¢\*) E4[Eq, Bi]} + KGK.K; ® [[Ea, Eil, [Ea, Ei]].

Here, by combining the second term with the third term, we see that

[A([Ea, Ei]), A([Ea, B5])]
= [[Ea, Eil, [Ea, B;1] © 1+ {(g'*¢I%) — gledlew=2)[Ey, Bj]E; + (¢ — ¢7)[(aalow)lo Bil Ba, Bl }oaKa ® Eq
+(g — ¢ H(calaw)g[Ba; BiloaKaK; © [Ea, Ei]
+(g— ¢ D(calay)lg By KK @ {q\*1°)[Ey, Bi| Eq + ¢'*1*%) E4[Ea, Ei]} + K3KK; ® [[Ea, Eil, [Ea, E5]
= [[Es, Bi], [Ba, Bi]] ® 1+ (g — ¢ ) [(calow)lo{ — ¢~ ) [Eq, Bj1Ei + Ei[Ea, Bjl}oaKa® Eq
+(g — ¢ )[(aalew)]g[Ba, EjloaKaKi ® [Ba, Ei]
+(q — ¢ (aala)lo By K3 K ® {¢*1*) [Eq, Bi]Ea + ¢'*¢\*Y E4[Eq, B} + KiK.K; ® [[Ea, Bi, [Ea, E;]
= [[E4, Ei], [Ea, B]} ® 14 (¢ — ¢ D(ealow)lq [Bi, [Ea, Bjl]0aKa ® Eq
+(g — ¢ H(aalew)]g[Ea, EjloaKaKi @ [Ea, Ei]
+(g — ¢ l(aala)lo By KK ® {1 [Ey, B Eq + ¢“4\*Y) E4[Eq, B} + KKK ® [[Ea, Ei, [Ea, B;]].

Let us prove (3.17). By Lemma 2.1, we see that

[[A1Es, B), AUEw B, A(Ea, Bal)]
= |[[Ba, Bl [Ba, Bl © 1+ (g — ¢ ) (alow)]q [Bi, [Ba, Byl] 0k ® Eq
+(g — g7 l(ealaw)]g[Ba, BjloaKaK; ® [Ea, Ei
+(q — a7 Y (aaloy)lg B KGK; ® {q\*1°) [ By, Bj]Eq + q\**%) E4[ By, Bi]} + K3K:K; ® [[Ea, Ei], [Ea, E;11
[E4, Bx] © 1+ (g — ¢ )[(calow)lg ExoaKa ® Eq + 0aKaKy ® [Ea, Ek]]]]
= [[[Eq, Bi], [Ea, B;1), [Ea, Bl © 1+ (¢ — ¢ H)[(ealew)]olllBa, Bi], [Ea, Ejl], BxloaKa ® Eq - +0

21
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~(a— ¢ Ml(ealow)ly{ (¢ = e l(ealow)]y [ i, [Ba, Bi ] [a, E]
g~ (caloe) ﬂ:I[E’La [E4, E;1], [Ea, Ek]]:” }Ude ® Eq

+0 +0 (. [Eq [Eq,Ex]] =0)

+(g - q_l)[(adlak)]q{(q — ¢ H(edley)lq[Ea, B[ Ea, Ex]
g [[Eg, By, [Ea, Bx]] }ouKaK: ® [Ba, 1]
+(g— ¢ ")?[(aalax)]? [{(q — ¢ Y(aalow)lg[Ea, Ej) Er + g~ o0 [[Eq, E;], B ]} K3K1 @ [Ea, E1]E4
g Hedew) By [By BK2K; ® [[Ea, Ei], Ed]]]

+(¢ — ¢ )[(aalew)]g[Ba, B KKKy, © [[Ea, Bi], [Ea, Ex]]

+(g - q_l)[(adlaj)]q{(q — ¢ Y)(aal20k + 0i)]g B;[Ba, Bi] + ¢~ (@420 [B), [Eq, By]] }KﬁKi

®{q(°‘d|°‘f)[[Ed,E1]]Ed + q(ad|ak)Ed[[Ed7Ei]]}

+0 (. Lemma 2.3, E2 = 0)
+(g — ¢ (aaloy)lg Esoa K3K Ky, ® [{q@*)[Eq, Bi]Eq + ¢\**1*%) E4[Eq, Ei]}, [Ea, Ex]]

+(g — ¢ (adlow)][Ba, B KI K K; ® [[Ea, Ei], [Ea, Bj]]
+(g — ¢ Hl(ealor)gBroaK KK

®{(q — ¢ ) [2(calow)g [[Ea, Eil, [Ea, Bi]] Eq + q~2(ale) M[[Ed, Ei, [Ea, Ej]], Ed]] }

+04 K3 K, K; Ky, ® [[[Ea, Eil, [Ea, E;]], [Ea, Ex]]-

Let us prove (3.18). By Lemma 2.4, we see that

[(ceale)lo(@sk + @) = (a — q‘l)[(adlaj)]q[(adlak)]q{I{[[![[[Ed, Eil, [Eq, E§1], Ek]]
—q(le®) [y [By, B;]] [Ea, Bx] — @219 [Ey, Be] [ Ei, [Ea, B5]] }ade ® Ey
= (¢ - ¢ l(edlay)ll(@dlan)l{ | [[Ba, B, [Ba, Bi1], Bi
_q(adlak)(Ei[_[Ed,Ej]] _ q_(adlai)ﬂ:Ed,Ej]]Ei)l[Ed,Ek]]
—g~ D) [By, By (Bi[Ea, Bj] — ¢~ ©1o) By, Ej]]Ez-)}ade ® Ey
= (¢ - a7)(alag)lgl(@alon)lo{ | [[Ba, i), [Ba, E41), Bi
—q(@dlew) BBy, E;][Eq, Ex] + ¢l =) [E,, E;]Ei[Ea, Ex]
—q~ (@l [By, By B[ Eq, E;] + 4129 [Eq, By][Eq, Ej]]Ei}Ude ® Eqy
=(¢— (J"l)[(ad|04j)]q[(04d|ak)]q{ [[Eq4, Ei], [[Ea, B, Ekﬂ] + ¢ (N [Ey, By] E;[Eq, Ej]
—q'®%) B, [ Eq, Bx][Eq, E;] + q\**1*¥) [Eq, B;1[Eq, Bx] B; — ¢4~V By, B;] Ei[ Ea, Ex]
_q(adlak)Ei[[Ed7Ej]”IEd7 Ei] + q(adlak_ai)[[Ed7Ej]]Ei[[Ed,Ek]]
—q @ [By By Ei[Ea, Bj] + ¢*41%) [Ey, By][Ea, Ej|Ei toaKq ® Eq
= (¢ — a7l )lgl(ealow)lo{ [ [1Ba, B, [1Ba, By, Be] | = gt B[ B, Bl [Ea, E;]
+q(ed e[ By Bil[Eq, By E; — ¢ %419 E;[Ey, E;][Ea, Ex] + ¢'%41%)[Eq, Ex][Ea, Ej]]Ei}ade ® Eg.
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