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Abstract. We will construct Hopf algebra structures on the quantum a伍ne
日昭eralgebrasof type D(1) (2ぅ1;x) (x E C ¥ {Oぅ 一1}) 

1 Introduction 

In [2]， we prove the existence of the bili間 arforms on the quantum a伍即日叩eralgebrasof type D(1) (2ぅ1;x) 
by using a manner similar to Ta凶 aki'sin [5]， where xεC  ¥ {Oヲ-1}.Our purpose of this paper is to give 
the foundations of the paper [2]. Especially， Proposition 3.4 is an important key to prove the existence of the 
bilinear forms. 

It should be remarked that Theorem 3.5 of this paper is nothing but Theorem 4.5(1) of the paper [1] 
Howeverうinthe paper [1]ぅtheydo not give the proof of Theorem 4.5(1)ぅandthey comment that Theorem 4.5(1) 
can be checked by using the computer algebra program Mathematica. In this paper， we will give a detailed 
proof of Theorem 3.5， i.e.， the existence of Hopf algebra structures on the quantum a伍nesuperalgebras of 
type D(l) (2，1; x) by using Proposition 3.4 

This paper is organized as follows. In section 2ぅwerecall the de五nitionof the quantum a盟nesuperalgebras 
of type D(1) (2ぅ1;x) and give several formulas. In section 3， we give several formulas related to the existence 
of Hopf algebra structures on the quantum affine s叩 eralgebrasof type D(l) (2ぅ1;x) (悶 Proposition3.4)， and 
then construct Hopf algebra structures on the quantum affi即日叩eralgebrasof type D(l) (2， 1; x). In section 4ぅ

we give detailed proofs of several equalities which are used to prove Proposition 3.4. 

2 The quantum a関口es叩 eralgebrasof type D(り(2，1;x)

First of allぅwewould like to me凶 onthat the notations of this paper follow that of [1] and [2]. By referring 
to the papersぅwewill omit the detailed description of the notations. 

In this section， we will give several formulas on the quantum a伍nesuperalgebra of type D(l) (2ぅ1;x)ぅwhere
zεC¥ {Oう 1}.For each dεDぅtheassociative algebra U~ over C w比hthe unit 1 is defined by the generators 

σdぅ kfjぅ Ei，dぅ Fi，d (iε1) ， 

and the following relations 

XY  = YX for X，Yε{σdぅkfJ}ぅ

σう=1KtK-t =K-tkt=1 
凶 .L:J..i，d.L:J..i，d - .LJLi，d .Ll-i，d 

σdEi，dσd = (-l)p(白川)Ei，dぅ σdFi，dσd = (-l)p(白川Fi，d，

kjA?dki;tj=q(白川!日)/2EM IfjA7dIfJj=q(山|町山尾小

Ez，Ad(削叩)仇叫，dEi，d=九{(KL)2(kj)引 q_ q-l)ぅ

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

for all iぅJε 1. The algebra U~ h回 aunique Q d-gradi略的 ffiÀEQdU~，入ヲ υんMJ，入 C U~，I-'+入日uch that 

{Lσdぅkfj}CMJ，O7EMε 見川 andFi，dε弘一白川 forall iε 1. Then the qu削 uma伍nesupe叫品 目
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U~ of type D(l) (2ぅ1;x) over C is the quotient algebra of U~ divided by the two-sided ideal generated by the 
following elements: 

Efdぅ whereiε1 and p(αω) = 1ぅ (2.6)

[Eゅ Ej，d]， where i， jε1， iチj，and (αi，dlαj，d) = 0う (2.7)

[Ei，d， [E包，dぅEj，d]]ぅ wherei， jζIぅi#jぅandp(αi，d) = 0， and (αi，dlαj，d)チ0， (2.8) 

[ (α叫αk，4)]q[[Ei，4ぅEj，4]ぅEk，4]一[(αぃ|αμ)]q[[Ei，4ヲEk，4]ぅEj，4]う (2.9)

if d = 4う wherei，j， kε1 such that i < j < k， 

[ (αM十 αd，dlαk，d十 αd，d)]q[[[Ed，d，Ei，d]う[Ed，dぅEj，d]]， [Ed，d， Ek，d]] 

-[(αM十 αd，dlα3ぅd+αd，d)]q[[[Ed，d， Ei，d] ， [Ed，d， Ek，d]]う[Ed，め Ej，d]] (2.10) 

if dチ4ぅwhere{i，j，kぅd}= 1うandi < jくたう

守d(X)， for all X in the aboveぅ (2.11)

where the q-super-bracket [ぅ ]:μJ × μJ → U~ is a unique bilinear mapping defined by [XゎXJ.t]:=X入Xμ ー

( -1)州 )p(μ)q一(入|μ)XμX入 forall X入 εμJ7入 andXμε1イ~，J.t' and where ¥[r d is a unique algebra叩tomorphism

of的 日叫 that恥 (σd)=σd7h(ktj)=kfjヲ恥(Ei，d)= ( 叩(白も叫，dぅ叫ん)ニ Ei，d

Let 8 be a subset of U~ consisti時 ofany elements chosen from (2.6)← (2.11)， (8) the two-sided ideal 
of μ.~ generated by the elements of 8. Then the quotient algebra A = U~/ (8) ha日 aunique Qd-grading 
A=⑦入ξQdA入 i吋 ucedfrom the Qd-grading of U~. In particularぅtheQd-grading U~ = EB入εQdU~ 入 is induced 

from that of U~. In addition， the ten悶 algebraA@2 = A⑧ Ah回 aunique Qd-grading A@2 = EB入εQdA?2う

42A52c A丸町hthat{101ぅσd③1ぅkfhL1⑧ σdぅ1③kfj}cA22う {Ei，d⑧ 1，10 Ei，d} C A~i~d' and 
{Fi ， d ② 1 ぅ 1 ⑧ Fi ，d} 亡 A~;;i.d for all iε 1. The q-super-brackets [ぅ]:Ax A→A and [， ]: A⑧2 X A@2→A@2 

can be defined by the same way as above. We call a non-zero element XεA (resp. XεA@2) a weigl訪問ctor
with weight入ifXεA入 (r田 p.XεA?2)ぅ andwrite wt(x) =入

.1~ 

For each 入~I:iE1 miαí ， d ε ~Qd with miεZ， we set K入 =H4uk;r

Le田 ma2.1. Let A be the quotientα1gebra ofU~ divided by the tωo-sided ideal ofU~ generated byαnyelements 
chosen from (2.6)-(2.11). We αssume that xぅUぅZare weight vectors of A (resp. A③2). Then the follo山吋

equαlities hold in A (resp. A⑧2): 

[xy， z] = x[yぅZ]十 (-1)p(wt(y))p(wt(z)) q-(wt(ν)Iwt(z)) [xぅZ]y，

[xぅyZ]= [x， y]z + (_l)P(wt(x))p(wt(y))q-(wt(x)lwt(ω)y[xぅZ]

Moreover， the following equalities hold in A③2. 

[XCT~(w七 (y))Kwt(y)⑧払 zd(wt(凹 ))Kwt(即)②叶

= (-1)印刷p(wt(z)){(q _ q-l)[(wt(y)lw中))]qXZ十刊巾)Iwt(吟)[x， z] } CT~(wt(y吋wt(yw) 0 yω 

(2.12) 

(2.13) 

十 (_l)p(w巾 y))p(wt(z))q-(wt(町 )|wt(Z))zzd(wt(W))KM(
百四)0 [y，ω1・ (2.14) 

Inpαrticular， 

[x⑧ 1ぅ
σ;t(山)Kwt(日)② ω]=0ぅ (2.15)

[x⑧ 1ぅ
zd(wt(凹))Kwt(凹)⑧ ω]= [x ぅ Z]CT~(wt(日))Kwt (切)⑧叫 (2.16)

1ml(wt(V))kwt(V)② Uぅイ(wt(叩 ))Kwt(山)⑧ ωl=24(wt(仰 ))Kwt(仰 )0 [yぅω]ぅ (2.17) 

[σ;t(y) Kwt(y)⑧ UぅZ⑧ 1]ニ (-1)p(wt(y))p(wt(z)) (q -q-l) [(wt(y) Iwt(z) )]qZσア(y)Kwt(y)⑧ Uぅ (2.18)

lzd(wW))kwt(U)② UぅZ③ 1]

こ(-1)山 (y))p(叫)){(q一戸)[(wt(y)lwt(z))]qXZ+ q一川|叫))[x， z]} CT~(wt(y)) Kwt(y) 0 y. (2.19) 
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Proof. We see that 

[xyぅZ]= xyz -(-l)P(w巾 y))p(wtZ)q一(wt(xy)lwtz)zxyぅ

X[y，Z] = xyz _ (_l)p(wty)p(wtz)q一(w句Iwtz)xzyぅ

( _l)p(wty)p(wtz)q-(w削 wtz)[x， z]y 

= (_l)p(wty)p(w匂 )q-(wty1w同 xzy_ (_l)p(wt(Xy))p(wtz)q一(wt(吋 )Iwtz)zxyぅ

which are imply (2.12). We see that 

[x， yz] = xyz一(-1)p(wtx)p(wt(yz)) q一(wtxl帆(ド))yzxヲ

[x， y]z = xyz -(_l)p(wtx)p(wtY)q一(wtx1wty)yxz，

(_1)p(wtx)p(wtY)q-(wtx1wty)y[x， z] 

二 (_l)p(wtx)p(wtY)q一(wtx1wty)yxz_ (_1)p(wt(x))p(wt(yz))q-(wtx1wt(yz))yzxぅ

which are imply (2.13). By the definition of the q-super-bracketぅwesee that 

[x 0 1ぅσ;t(凹 )Kwt(叫 ) 0w] = xσ;巾 )Kw巾)⑧ ω一(_l)p(wt(x))p(wt(日 ))q一(wt(x)lwt(凹 ))σ;t(日 )Kwt(山 )x⑧ ω=0ヲ

ド;t(y)Kwt(y) 0 YぅZ⑧ 1]=σ;t(y) Kwt(y)z② y _ (_l)p(wt(z))p(wt(y))q-(wt(z)lwt(百))xCJ;t(y)Kwt(y)② U 

エ (-1)p(wt(z))p(wt(y)) (q(wt(z)lwt(y)) _ q一(wt(z)lwt(Y)))xCJ;t(y)Kwt(y)⑧ U 

= (_l)p(wt(z))p(wt(Y))(q _ q-1)[(wt(z)lwt(υ) )]qZσ;t(y) Kwt(y)⑧ y. 

Henceぅby(2.13) and (2.12) with the previous equalities， we see that 

[xCJ~(wt(y)) Kwt(y)⑧ Uぅzd(wt(凹 ))Kwt(四)③ ω1

= [xCJ~(wt(ν))Kwt(y) ③ y ， z ② 1] (σ:(wt(凹 ))Kwt(四)⑧ ω)

十(_l)p(wt(叩 ))p(wt(z))q一(wt(時 )1制作))(z ⑧ l)[xCJ~(wt(y)) Kwt(y)② Uぅσ:(wt(日 ))Kw伽)⑧ ωl

= (-1)印刷p(wt(z)){(q _ q-1)[(w刷 Iw中 ))]qXZ♂(y)ん t(y)0 y + q-(wt(y)lwt(z)) [x， z]CJ~川)Kwt(y) 0 y} 

x (σ3(wth))Ifwt(凹)⑧ ω)+ (_l)p(wt(町 ))p(wt(z))q一(帆(円)|wW))zzd(wt(卯 ))Kwt(仰)⑧ [yぅω1

= (-1)山 (y))p川){(何q一q一1)[氏何桝(付同州w杭州t叫(州叫的刷州州z吟ゆ州州)リ川山)]qX幻z+q一川Iw州叫川川tκ巾刷(μ糾附z吟刷)リ)[ド久叩ヲ，z吋σイr:fナr(何川川w川t

+(-1吋)P以(w川t(いZ町Uω))p(何W帆t阿巾(μZ吟))q-(w帆t(μZ却Uω)1同w帆州tκ巾刷(μz刈))zXCJσ:f(W帆t(ωU刊州叩叫))Kw川t(ωv刊州凹叫)③ I伽Uうωl 口

In the following we use notations E向 d=EMぅ Fai.d ニ Fi，d.

Le中ma2.2. Let αJε IId with p(α) = 1 and p(β) = O. Then [E的 [E山 Es]]ニ oin the quotientα1gebm 
u，?U / ((2.6)) of U，?U divided by the tω0引 dedideα1 ((2.6)) genemted by the elemeηts displayed in (2.6). 

Proof. Since E;ニ oand (α!α) = 0ぅbyLemma 4.3 of [1] with the notation (3.6) of [2]， we see that 

[Eα， [Eα，Eβ]] = [[E山 Ea]ぅEs]+ (-l)p(α)p(α)q一(白川)[E臼 ，[E山 Es]]q(α|α β) 

=0-[E臼 ，[E白う Es]]q-(α|α+β) = -[E白う [E白う Es]]，

which implies the required equality. 口

Lemma 2.3. Let dチ4and iε1 ¥ {d}， and put Ezニ EZ，dandαlニ αZ，dfor eαch 1ε1. Then the following 
equalities hold in U，?O / (( 2.6)) : 

[Ed， Ei]Ed = -q(白出向 )Ed[EdぅE包1ぅ

[[EdぅEi]，Ed] =一(q_q-1)[(αdl向 )]qEd[Ed，Ei] 

Moreover，ザ{川?たうd}= 1， then the follo肌 旬 巴quαlitieshold in U，?O / ((2.6)): 

(2.20) 

(2.21 ) 

[[Ed， Ei]， [EdぅEj]]Ed= q一(何|叫)Ed[[Eめ Ei]，[EdぅEj]]， (2.22) 

[[[Ed，Ei]， [Ed，Ej]トEd]=一(q_q-1)[(α仰 )]qEd[[Ed， Ei]ぅ[EdぅEj]]. (2.23) 
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Proof. By Lemma 2.2う we1 

Ed[Edめう Ei] 一(一l)l.lq-(a臼何叫d引|白何d+白向包)[Ed小うE包'i]Ed= 0う

whi旧ichimplies (2.20). By (2.20)ぅwesee that 

[[EdぅEi]，Ed] = [EdぅEi]Ed一(_l)l'lq-(何|向)Ed[EdぅEi]= _(q _ q-1)[(αdlαi)]qEd[EdぅEi]

Moreover， it is easy to see that 

0=[←Edめう [[E凸dめd，Eiう，Ei旦包川E凸dうι訓叫E烏叩川'j]]日]]=凸叫叫[日[E川 ，[Ed， Ej]] 一(←一1げ)1ヤ

which implies (2.22) si即 e(αdlαi+αj+αk) = O. By (2.22)， we see that 

[[[Ed，Ei]， [Ed，Ej]]， Ed] = [[Ed， Ei]， [Ed，Ej]]Ed一(_1)2'lq 同|川)Ed [[Ed， Ei]ぅ [Ed，Ej]] 

= [[Ed，広]ぅ [Ed，Ej]]Ed -q(臼 dl叫 )Ed[[Ed，Ei]， [EdぅEj]]

=一(q_ q-1)[(αdlαk)]qEd [[EdぅEi]，[EdぅEj]] 口

Lemma 2.4. Let dチ4αηdi，jε1 ¥ {d} with iチ]， αndp叫 Elニ El，dαndαl=αl，dfor eαch lε1. Then 

[[Ed， Ei]， Ej] = [[EdぅEj]，Ei] (2.24) 

in the quotient algebra U?O / ((2.7)) of U?日 dividedby the two-sided ideαl ((2.7)) generated by the ele附 nts

d叩 layedin (2.7). Moreo開 r，ザ{i，j， k， d} = 1， then the followi吋 equαlityhold in U?O / ((2.7)): 

[[[Ed， Ei]， [Ed， Ej]] ， Ek] = [[[Ed， Ei]， [[Ed， Eμ k]] + q-(ad1ak) [Ed， Ek]Ei[Ed， Ej] 

q(向|白j)Ei[EdぅEk][EdぅEj]+ q(何|叫)[Ed， Ej][EdぅEk]Eも - q(白dl日 k 日 l)[EdぅEj]Ei [Ed， Ek]. (2.25) 

Proof. Since [Ei' Ej] = 0， by Lemma 4.3 of [1] with the notation (3.6) of [2]ぅ wesee that 

[[Ed， Ei]， Ej] = 0 + [[EdぅEj]，Ei]q(円 |α3αd) = [[EdぅEj]，EiJ qー(αdl町)= [[EdぅEj]，Ej] 

and that 

[[[Ed， Ei]， [Ed， Ej]]， Ek] = [[[E川ぅ[仇Ej]，Ek]] + q 山心 [[[Ed，Ei]， Ek]， [Ed， Ej] L(αd+αj Iαkαdαi) 

= [[[Ed， Ei]ぅ [[Ed，Ej]， Ek]] +刊 dl白 k)[[[Ed，Ei]，Ek]， [Ed訓 L(山 十αj)

ニ [[[Ed，Ei]， [[Ed， Ej]， Ek]] + q川 k心)[[日[Edめ，Ek]，Ei]，[Ed，Ej 

= [[[Ed， Ei]， [[Ed， Ej]， Ek]] + q-(ad1ak) [[EdぅEk]，Ei] [Ed， Ej] + q(adl叶 Ed，Ej][[EdぅEk]，Ei] 

= [[[Ed， Ei]， [[EdぅEj]，Ek]] + q-(ad1a叫Ed，Ek]Ei 刊 dl向)Ei[Ed， Ek])[Ed， Ej] 

十 q(白dlak)[Ed， Ej]([Ed， Ek]Eも -q一(何|向)Ei[EdぅEk])

= [[日[Edめ7ιEi]小川，[日[EdめうιEμk]]+ 刊 dι山l同同白叫叶k

+q(何臼何叫d川1臼叫叫kω)[Ed小う Ej][Edめ，Ek]Ei一q(a白何叫d刈i同白k一白向も吋Ed小う Ej]E包[Edめ，Ek] 口

3 Hopf algebra structures 

In this section， we will constr附 Hopfalgebra structures on the quantum a伍町日叩eralgebrasoftype D(l) (2，1; x) 
Let us recall the definition of the Hopf algebra. Let A be an as日ociativealgebra over a field K with the 

unit 1A， L1: A→ A 0lK A an algebra homomorphismう ε:A→ Kan algebra homomorphismぅ and8: A→ A 
an algebra anti-homomorphism such that 

(L1⑧idA) 0 L1 = (idA⑧L1) 0 ム
(E⑧idA) 0 L1 = idAニ (idA⑧ε)0 L1， 

m 0 (8⑧ idA) 0 L1 = "0ε= m 0 (idA③ 8)0 ム

(3.1) 

(3.2) 

(3.3) 

where m: A⑧lKA→ A is the multiplication m(α ⑧ a') = αa' for all αぅαfξAう andwhere ": K→ A is the 
embedding "(k) = k1A for all kεK. Then the quadruplet (Aうムム 8)is called a Hopfα1gebrαover K. 
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Proposition 3.1 ([1]). The αssociati町 Cα1gebm U~ equipped with the followi旬 (L1ヲム8)is αHopfα1gebra: 

L1(X) = X③ Xぅ L1(Ei，d) = Ei，d Q9 1 + Ki ，d (J~(a_ i ， d) Q9 Ei，d， L1(Fi，d) = Fi，d③ KJJ+σ:(臼包 d)⑧ Fi，d，(3.4) 

ε(X) = 1ぅ ε(Ei，d)= 0ぅ ε(Fi，d)= 0う (3.5)

8(X) = X-1ぅ 8(E叫 )=-kfJdhM)EM? S(Fld)=一(一1)p(白川)R，dkzjdhM)う (3.6) 

ωhere iεIαndXε{σd7kfjlzεI} 

Proof. To prove the existence of the homomorphisms L1 and E and the anti-homomorphism 8う itsu伍cesto 
check that the images of the generators under ムE，and 8 satisfy (2.1)-(2.5). Here we check only (2.5). Set 

α=αi，d and β=αj，d. Then we see that 

L1(E，α)L1(乃)一(-1)p(臼)p(β)L1(Fs)L1(E.臼)= (E臼③ l+Kασ?(α)Q9 Eα)(Fs⑧ kj1十 σ3(β)② Fs)

( -1)p(臼)p(β)(Fs③ KJ+σ3(β)⑧ Fβ)(E.αQ91十K臼σ3(臼)② Eα)

={E臼Fs一(-l)p(臼)p(β)FsEa_} Q9 Ksl + Kασ:(叶 β)③ {E臼Fs一(-l)p(α)p(β)FsE口}

=0β，a_{(K白 _ K;;l )j(q _ q-l) Q9 K;;l + K，α② (K白 _ K;;l)j(q _ q-l)} 

=0βρ(K白⑧ K白-KJ1② K;;l)j(q_ q-l)ニ Osρ{L1(Ka_)-L1(K;;l)}j(q _ q-l)ぅ

ε(E白)ε(Fs)一(-l)p(臼)p(β)E(乃)ε(E，口)=0=内，a_{E(Kα)一ε(K;;l)}j(q_ q-l)ぅ

8(乃)8(E，白)-(-l)p(臼)p(β)8(E，臼 )8(乃)

= (-l)p(β) FßKß(J~(β)KJld(α)E臼一(-l)p(白 )p(β)KJ1d(白 )E口(-l)p(β) FßKß(J~(β) 

= (-l)p(白川)+p(臼)p(β)q(白|β 白){乃ι ( -l)p(口)p(β)Ea_Fs}Ks一白σ3(臼+β)

= -os，a_(K日 _ K;;l)j(q _ q-l) =白押{8(K臼)_ 8(K;;1)}j(q _ q-l) 

Thus the images of the generators under ムム and8 satisfy (2.5). 

We next check the equalities (3.1)一(3.3).Since L1 andεare homomorphisms and 8 is an a凶-homomorphismう

it suffices to show that the equalities (3.1)一(3.3)are valid for the generators. Here we check only for E，αwith 
αεIId・Wesee that 

(L1⑧ idA) 0 L1(E白)= (L1 Q9 idA)(E臼⑧ l+K白ぴ3(日)② E臼)

(D  "" 1 T/ _p(日)"" D ¥ "" 1 T/ _p(臼)"" T/  _p(臼)=(Eα⑧ l+K白σd 8Eα)② l+K白σd ⑧ K白ぴd ③ E白7

(idA⑧L1) 0 L1(E.臼)= (idA③ L1)(E白⑧ l+Kασ:(α)⑧ E白)

p(α) "" (D  "" 1 T/ _p(臼 )，o， D¥=E臼⑧ 1⑧ l+K臼σd ⑧ (E白⑧ l+K臼σd ③ E白)， 

(ε ② idA) 0 L1(Eα) = (E③ idA)(E白⑧ l+K臼σ3(臼)Q9 E臼)=E白う

(idA⑧ ε) 0 L1(E.臼)ニ (idA⑧ ε)(E白Q91+K臼σ3(口)⑧ E白)=E.白う

mo (8⑧ idA) 0 L1(E.臼)ニ m 0 (8 Q9 idA)(E臼Q91+Kασ3(白)⑧ E白)

=-KJ14(白)E白+KJ1σJP(白)E臼=0 = ~oε(E臼)， 

m 0 (idA⑧ 8) 0 L1(E日)=mo(idA③ 8)(E臼⑧ 1十 Kασ:(臼)③ E白)

=E臼 +kad(臼)(KJ1d(臼)E臼)=0 ニ~ 0 E(E，α) 

Thus the equalities (3.1)-(3.3) are valid for the generator E臼 withαεIId 

Lemma 3.2. For eαchXμεMJ，μ andXνευ~， v) the following equality holds: 

L1([Xμ，Xv]) = [L1(Xμ)，L1(Xv)] 

Proof. Since L1(Xμ)εμjif a凶 L1(Xν)εめ??Wehave 

L1([XμぅXv])= L1(Xμ)L1(Xv) - (-l)p(μ)p(ν)q-(μIv) L1(Xν)L1(Xμ) = [L1(Xμ)， L1(Xν)] 口

口

(3.7) 

15 
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Fi:om now on， we will gi刊日everalformul加 concerningthe coproduct .1 of U~ 
Let αε IId such that p(α) = 1. Then (α|α) = O. We日eethat 

.1(E;) = .1(Ea? = (E臼⑧ 1+σdK.臼② E白)2

=E;⑧ l+E白σdK臼③ E臼十 σdK白E白⑧ E臼+σ3K3⑧ E3

=E2② 1 + {1-q(α|日)}E臼σdK白② E臼+K2⑧ E3=E3⑧ 1+ K; @ E;. (3.8) 

Let 0:，βε IId with αチβ.By Lemma 3.2 and Lemma 2.1ぅwesee that 

.1([E白う Es])= [E山 Es]③ l+(-l)p(臼)p(β)(q_q-l)[(αIs)]qE戸 3(臼)K.臼⑧ E白十 σ:(臼十β)K日十β⑧ [E，白うEβ]

(3.9) 

In partic吐arう if(α|β) = 0， then we have 

.1([Ea， Es]) = [Ea， Es]⑧ 1+σ3(白十β)K叶 β③ [E削 Es]

In partic叫ar，if p(α) = 0， then we have 

.1([E白う Es])= [E白う Es]⑧ 1+ (q(臼|β)-q-(白|β))EsK日@E臼十 σ:(β)K臼+β ③ [E臼，Es]

(3.10) 

Let α，sεIId withα チβsuchthat p(α) = 0 and (αIs)チO.Then we note that (α|α 十 2β)=0目 Wehave 

[Eα，Es]=E(α，s) -q-(白|β)E(βρ)， [E白，[E，αぅEs]]= E，α[E臼，Es]-q-(臼|口十β)[E白う Es]E，白

By Le臼n山I

.1(刊[E臼 ，[E，白 ，Eβ]])= [Ll(E臼ρ)う.1([E白 ，Es])] 

= [(Eα@1十 K日⑧ E日)ぅ [E，白うEβ]③ l+(q_q-l)[(α|β)]qEsK.白② E日+σ3(β)K臼+β ⑧ [E，α，Es]]

= [Ea， [E，白うEβ]]@l+(q_q-l)[(αIs)]q[B臼⑧ 1ぅEsK.白 @Ea]十 [B白⑧ 1ぅσ:(β)K叶 β@[BαぅEs]]

+[K.口@E，山 [E臼，Es]⑧ 1]+ (q _ q-l)[(αIs)]q[K口@E的 EsK臼⑧ Ea]+σ3(β) K2α+β ⑧ [E白う [E的 Es]].

Hereう byLemma 2.1 we see that 

[Eα② 1，イ(β)K.白+β ③ [E白う Es]]= 0， 
[Kα③ E白うEβK臼@Ea]= K臼EβK白③ E;-q-(白|白+β)EβK2③ E3

= q(alβ)(1-q-(臼|白十叩))EsK;⑧ E;= 0 (・ (α|α+2β)= 0)ぅ

(q _ q-l)[(αIs)]q[E，白⑧ 1ぅEsK臼② Ea]+ [K白③ E白う [E，臼，Eβ]⑧ 1]

=(q_q-l)[(αIs)]q[B山 Es]K，α③ E白十 (q_q-l)[(α|α+庁)]q[E白う Es]Kα@E臼

= (q(日|β)-q仲間))[E白，Es]K.α③ E白十 (q(白川+β)-q-(白川+β))[E臼，Es]K.日③ E白

= (q(αlβ) + q(臼|叶β))(l-q一(臼!日+2β))[E山 Es]K白@E臼 =0

Thus， if distinct elements α，sεIId satisfy p(α) = 0 and (αIs)チ0，then 

.1([E的 [E白う Es]])= [E，白う [B臼ぅEβ]]@ 1 +σ3(β)K2a十β② [E白う [E白う Es]]. (3.11) 

We assume that d = 4 and put El = El，4， Klニ Kl，4，and αl=αl，4 for each 1ε1. Then we will check that 

.1(-[(向|αk)]q[[Ei，Ej]ιk] + [(αi Iαj)]q[[Ei， Ek]， Ej]) 

=(一[(叫αk)]q[[Ei，Ej]ぅEk]+ [(αi Iαj)]q[[Ei， Ek]， Ej]) @ 1 

+σ4KiKjKk②( -[(αi Iαk)]q[[Ei， Ej]， Ek] + [(向|αj)]q[[Ei，Ek]，Ej]) (3.12) 

for each i，j， kε1 with i < j < k. Note that p(αl)ニ 1for alllε 1. By Lemma 3.2 and (3.9)ぅwesee that 

Ll([[E包う Ej]ι'k])= [Ll([Ei， Ej])， Ll(Ek)] 

= [[Ei' Ej]② 1 + (-l)p(向)p(匂 )(q_q-l)[(αiIαj)]qEjイ(向)Ki③ Ei+σ:(臼i+白3)K4K381Eもう Ej]ぅ

Ek③ 1十 σ4Kk③ Ek]

= [[EiぅEj]③ 1，Ek⑧ 1]+ [[Ei， Ej]② 1ぅσ4Kk@Ek]

一(q_ q-l)[(向 |αj)]q[Ejσ4Ki⑧ EiぅEk⑧ 1]_ (q _ q-l)[(ατ|αj)]q[Ejσ4Ki⑧ Ei，(J"4Kk⑧ Ek] 

+[KもKj② [Ei，Ej]ぅEk③ 1]+ [KiKj⑧ [Bi， Ej]ぅσ4Kk③ Ek]
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Hereう byLemma 2.1 we see that 

[[Ei， Ej]⑧ 1うEk⑧ 1]== [[Ei， Ej]ぅEk]01， [[EiぅEj]⑧ 1ぅσ4Kk③ Ek]== 0， 

[Ejσ4Ki 0 Ei，Ek⑧ 1] == (_l)l.l{(q _ q-l)[(αi Iαk)]qEjEk十 q一(白色|叫)[Eρ Ek]}σdKi② Ei

== _{qC向|叫)EjEk+ qC向!日j)EkEj}σdKi⑧ Eiう

[Ejσ4Ki 0 Ei，σ4Kk⑧ Ek] == EjKiKk 0 [Ei，Ek]， 

[KiKj③ [Ei' Ej]ぅEk③ 1]== (_1)2・l(q_q-l)[(αi+αjlαk)]qEkKiKj② [EiぅEj]う

KiKj⑧ [[Ei， Ej]，σ4Kk 0 Ek] ==σ4KiKjKk②【[Ei，Ej]， Ek] 

Thl眠 byusing the equality (αi Iαj) + (αjlαk) + (αkl向)== 0， we see that 

[ (向|αk)]qL1([[Ei，Ej]ぅEk])ニ[(αi Iαk)]q[[Ei， Ej]， Ek]③ 1 

+(q_q-l)[(向 |αk)]q[(向 |αj)]q{qC向|叫)EjEk+ qC向|臼j)EkEj}σdKi⑧ E包う

一(q← q-l)[(向|αk)]d(αiIαj)]qEjKiKk⑧ [Ei，Ek] -(q -q-l)[(向|αk)]q[(αi Iαj)]qEkKiKj∞[Ei， Ej] 

+ (q _ q-l)[(向 |αk)]qσ4KもKjKk② [[Ei，Ej]ぅEk]う

and hence that 

[ (向|αj)]qL1([[Ei， Ek]ぅEj])== [(向|αj)]q[[EiぅEk]ぅEj]01 

十 (q_q-l)[(αilαj)]q [(向|αk)]q{qC白川町)EkEj十 qC向|何)EjEk}σdKi 0 Ei， 

(q_q-l)[(向|αj)]q [(向|αk)]qEkKiKj⑧ [Ei，Ej]_ (q_q-l)[(州αj)]q [(αilαk)]qEjKiKk⑧ [EiぅEk]

+(q_q-l)[(向 |αj)]qσ4]1てもKkKj③ [[Ei，Ek]， Ej] 

Therefore (3.12) is valid 

We next回 sumethat dヂ4and{i，jうk，d} == 1 with i < jくた.We put El = E1，dぅKl二 K1，d，and α1=αl，d 
for each lε1. Note七hatp(αd) == 1ぅ p(αi)ェ p(αj)= p(αk) = 0 and (αdlαd) == (αdlα包 +α3十 αk)== O. Let 
SR(2.10)ευ?O be an arbitrary element displayed in (2.10). Then we see that 

内 (2川==-[(向|町)]q[[[Ed， Ei]， [Ed， Ej]] ， [EdぅEk]]+ [(何|叫ん [[[Ed'Ei]， [Ed， Ek]]， [Ed， Ej]]. (3.13) 

Let ((2.6)ぅ(2.7))be the two-sided ideal of U~?o generated by the elements displayed in (2.6) and (2.7). Then 
we will check the following equality in (υ~?O / ((2.6)， (2.7)))回

L1(S1之(2.10))= S冗(2.10) ③ 1+σdK~K包KjKk ② 5冗(2.10) (3.14) 

Here we use the following identification: 

(U~?O / ((2.6)， (2.7)))③2ど (υ，?O)ω/{((2.6)， (2.7))⑧ μFO+υFo⑧ ((2.6)， (2.7))} 

For each lε1 with lヂdぅwesee that the following equality holds in (U~?o)⑧2 

L1([Ed戸'z])= [EdぅEl]③ l+(q_q-l)[(αdlα1)]qElσdKd② Ed+σdKdKl⑧ [Ed，El]' (3.15) 

By Lemma 2.1ぅwehave the following equality in (U?O /((2.6)ぅ(2.7)))回:

[L1([Ed， Ei])ぅL1([EdぅEj])]= [[EdぅEi]，[EdぅEj]]⑧ l+(q_q-l)[(αdlαk)]q[Ei' [Ed戸'j]]σdKd② Ed 

+(q_q-l)[(αdlαk)]q[EdぅEj]σdKdKi② [EdぅEi]

十 (q_ q-l)[(αdlαj)]qEjKJKi 0 {qC日dl町 )[EdぅEi]Ed十 q(臼dl臼k)Ed[EdぅEi]}+KJK.包Kj⑧ [[Ed，Ei]， [EdぅEj]]

(3.16) 

17 
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Furthermore， by Lemma 2.1， we have the following equality in (υ~?_O / ((2.6)， (2.7)))回 :

[Ll([Ed， Ei])， Ll([Ed， Ej])]ぅLl([Ed，Ek])] 

= [[[Ed， Ei]， [Ed， Ej]]， [Ed，Ek]] @1 ① 

十 (q_q-1)[(αdlαk)]q[[[Eめ Ei]， [EdぅEj]]ぅEk]σdKd@Ed ②

(句q一「戸州1り引)[(ad川(似刷川向叫州dlaα何叫州叫k)]山)]出]q吋咋qべ心(か什q(許(a川白

+(ωq一q-1り)[(似αdlaαk)]q{(何q_q-1)[(αdl阿αj)]q[Edめう Ej][Edめ，Ek]一q(臼旬叫dla白 j)河[[Edめう Ej]，[Ed小う Ek]]}σ内dKdK:包③ [EdめうEι包'i]...④ 

+(何q-qり判判2[吋[(山k)]~ [{(q -q-1)[(仰心]q[Ed，Ej]Ek +刊山)[[Ed，鳥]， Ek] }K~れ [Ed ， Ei]Ed

+q-2川叫[Ed，Ej]吋れ [[Ed，Ei]ぅEd]] ⑤ 

+(q_q-1)[(αdlαk)]q[Ed ぅ Ej]K~KiKk ⑧ [[Ed ぅ Ei ] ぅ [Ed ぅ Ek ]] ...⑥ 

+(q_q-1)[(αdlαj)]q{(q _ q-1)[(αdl2叫 + 向)]qEj[Ed，Ek] + q-(旬 12白け向)[Ej， [Ed， Ek]] }K~K1 

@ {q(臼 dl白j)[Ed，E包]Ed+ q(白 dlak)Ed[EdぅEi]} ⑦

+(q_q-1)[(αdlαj)]qEjσdK~K包Kk ⑧ [{q(何|臼j) [EdぅEi]Ed十q(臼dlak)Ed[Eめ Ei]}ぅ[EdぅEk]]...③ 

+(q_q-1)[(αdlαk)]q[Ed， Ek]K~KiKj ⑧ [[Edぅ旦]， [EdぅEj]]..・⑨

+(q_q-1)[(αdlαk)]qEkσdK~K包Kj

③ {(q -q-1)[2(adlak)]q [[EdぅEi]， [Ed叫ん+q-2(ad1ak) [[[Ed， Ei]， [Ed， Ej]] ， Ed]} ⑬ 

+σdK~KiKjKk ⑧ [[[Ed ぅ Ei ] ， [Ed，Ej]]， [Ed，Ek]] ...@ (3.17) 

We will give detailed proofs of (3目16)and (3.17) in section 4. In the followi時， we denote by @jk the term @ 

above for each α= 1，. ..， 11. By Lemma 2.4， we have the following equal訪yin (U~?_o / ((2;6)， (2.7)) y?J2: 

[ (αdlαj)]q(@jk +品)= (q _ q-1)[(α川 )]q[(α川叫ん{[[[Ed， Ei]， [[Ed， Ej]ぅEk]]-iadlaj)旦[Ed，叫 ん，Ej]

+ q(adl叫 )[Ed，Ej][Edι畑一q(adl臼叫Ed，Ej][Ed， Ek]十 q(adl刈Ed，E岬 d，Ej]E包)σdKd@Ed

(3.18) 

A detailed proof of (3.18) is also given in section 4. Exchangi時 jfor kぅwesee that 

[ ( 叫α k)]q ( ⑫3 十 ⑮仇伽3ρ)ド=(ωq一寸イq戸叫州一→-1)ワ引)川[( 旬山laα叫州州叫k)刈山刷)リh川]q[山[(似α』山州α匂引3ρ)]q{[恒1日[E
+ q(ad1a巾 dう占A刈Eι叫k][E，叫'd，E均刈E鳥引'j]戸Ei-i許れ(a何臼何dla臼匂j)冶Eι叫叩包」伊I伊Ed，Ek][岬Ed，Ej] 十汁→qザ(adla臼

i也n(μJF主0/パ((ρ2.6的)う(但2ユ幻.7)))⑧叫2.Thu 日we ge目tthe following eql凶 ity in (U~?_O / ((2.6)， (2.7))) 回 : 

一[(αdlαj)]q(@jk + @1k) + [(αdlαk)]q(@kj +⑤'j) = 0 (3.19) 

We see that 

[ (αdlαj )]q④)jk = (q -q-1)[(αdlαj )]q [(αdlαk)]q{(q -q-1)[(αdlαj)]q[Eめ Ej][Ed， Ek] 

-q(白川町)[[Ed， Ej]， [EdぅEk]]}σdKdKi③ [EdぅEi]

ニ (q_q-1)[(αdlα叫ん[(αdlαj)]q{ q一(白川町)[Eめ Ej][Eめ Ek]-q一(何|臼た)[EdぅEk][Eめ Ej]}σdKdK包⑧ [EdぅEi]，

and hence that 

[ (αdlαk)]q④'kjエ (q_q-1)[(αdlak)]q[(αdlαj)]q{(q_ q-1)[(αdlαk)]q[Ed， Ek][E小島]

q(臼dlak)[[Ed， Ek]， [Ed， Ej]]}σdKdKi③ [Ed， Ei] 

= (q _ q-1)[(αdlαj )]q [(αdlαk)]q{q一(吋口k)[Ed， Ek] [EdぅEj]-q-(臼dl臼j)[Eめ Ej][EdぅEk]}σdKdK包⑧ [EdぅEi]

Thus we get 

[ (αdlαj )]q④)jk + [(αdlαk)]q④'kj = O. (3.20) 
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By Lemma 2.3ぅwehave the following equality in (μ~?_O / ((2.6)ぅ(2.7)))叫:

(Q1k = (ωq 一寸イq一叩l

一q-2(ad1ak)(q一戸)[(山)]qEk[Ed， Ej]] KaKi⑧ Ed[Ed， Ei] 

= (q _ q-l)2[(旬 |αk)]n-q-(O:dIO:j) [EdぅEj]Ek+ q-(ad1a包叫白叫[Ed，Ej] }Kaれ Ed[Ed ， Ei] 

= (q -qザ [ (旬 |αk)]~{ -q-(ad1aj) [Edめう Ej]Ek +吋吋qザψれ(a同山臼旬d

のk= (q -q-l?[(αdlαj )]q [(向山)]q{ q(O:dI2ak+ai) Ej [Ed， Ek] -刊山引白j)[Ed， Ek]Ej } KaKl⑧ Ed [Ed ， E1] 

=ベ(q-q りザ明刊2[吋[( α旬叫d山|阿α町矧叫3ρ刈)]g[(旬叫山|仰叫叫叫叫k)山)]qべみ{かν什qザ許(a川α
Thu呂 we日eethat 

[ (αdlαj)]q((Q1k + O.ik) 

= (q-qザ[(旬|的)]q[(α山川[(向|αk)]q{_q-(ad1aj) [Ed， E品+q(O:dl町 一 白 叫[Ed，Ej]}

+ [(αdlαj)]q{q(adlak-O:j)Ej[Ed，Ek] _ q-(ad1a畑 'd，E，相 }]KaK1日品ぅE1]ぅ

and hence that 

[ (αdlαk)]q(cQ:Aj + Okj) 

= (q -qザ[(αdl的 )]q[(αdlαj)]q [[(旬|αj)]q{_q-(O:dla叩 dι相十q(白山一口j)Ej[Ed，Ek]}

+ [(仰k)]q{q(何|白3ー α叫

Therefore we get 

[ (αdlαj)]q((Q1k + O.ik) + [(αdlαk)]q(cQ:Aけのj)= O. 

It is clear that 

[ (αdlαj )]q⑥)jk + [(αdlα叫ん⑨Ikj= O. 

By Lemma 2.4ぅ weha刊 thefollowing equality in (υ，~?_O / ((2.6)ぅ(2.7)))02;

[ (αdlαj )]q③0k = (q -q-l)2[(αdlαj )]~ [(αdlαk)]q島町K~KiKk ⑧ [Ed[Ed ぅ Ei]， [EdぅEk]]

= (q _ q-l)2[(αdlαj )]~[(αdl αk)]qEjσdK~KiKk ⑧ Ed [[Ed，旦]， [EdぅEk]]，

(3.21 ) 

(3.22) 

[ (向|叫ん仇 =(q _ q-l)[(山 j)]山|αk)]qEjσdK~KiKk 吋(q_q-l)[2(向|αj)]q [[Ed， El]ぅ[Ed，Ek]]Ed 

+ q-2(adl町 ){[[Ed， Ei]， [Ed， Ek]] Ed一(_1)2.1q-(adlai+ak)Ed [[Ed， Ei]， [Ed， Ek]]}} 

=(ωq 一「ザ刊山lり引)川[( ω3ρ刈刷川)]q川川]q[凶q[(α旬叫」山|仰叫州州叫k心山)]qんqEjσdK~K品 ⑧ {かいいt♂2(川
=(ωq 一q 一1り)2[(似α旬州dl aαj)川]~引[(似αdl同αk)]qEj σ dK~KiKk ② Ed[日[Edめ，E包]， う[Edめ，Ek]] 

Thus we get 

[ (αdlαj )]q③jk + [(αdlαk)]q⑪kj = O. 

Thanks to (3.19)一(3.23)ぅweget the equality (3.14) in (U~?_o / ((2.6)， (2.7)))⑧2 

Lemma 3.3. Let X入 bean element of U'l)..o間的入 εQ!.Let usωr批 Ll(Xμ)αsfolloωs: 

Ll(X入)=玄 Xμσ3(ν)Kν③ Xv

μ，vξQ1 

(3.23) 

(3.24) 

with XμεμJ7fαnd XvεμJプJ where th巴叩mis 0りerαIIμぅνε Q!with入=μ+ν Then the followi句
equαlity holds:・

Ll(町l(X入))=εσ3(μ)町l(Xν)@ lJr;;l(Xμ)K;;l 

μ，vEQ1 

(3.25) 
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Proof. We use the induction on the height of入.In the c回 ewhere入εIIdU{O}ぅtheclaim is clear. We suppose 

that the claim is valid for some入εQ!-Put X =α+入withαε IId' Then we悶 that

11(E臼X入)= (Eα⑧ 1+σ:(臼)ιMα)(玄Xμσ:(ν)Kv日 ν)
μうν

=丈E白 Xμσ:(勺てν③ Xv十エィ(口)K臼 Xμσ3(ν)Kv③ E臼 X，ノ
μ，v μ，v 

=L E日Xμσ:(ν)Kν⑧Xv+ L(-l)P(臼)p(μ)q(臼|μ)Xμσ3(α+ν)K白十ν⑧E臼Xν

μ?ν μ，v 

and that 

11(町 l(BαX入))= (凡 8KJ1十σ:(臼)⑧凡)(玄イ(μ)lJr;;l(Xν)0町 l(Xμ)K;;l) 

μ，v 

=LF.ασ3(μ) lJr;;l (Xν)③KJ1町 l(Xμ)K;;l+乞σ:(~:(臼)町l(Xv)③FJJ1(Xμ)K;;l
μ，ν μ，ν 

ニ 2ン:(μ)lJr;;l(E臼Xv)③(-l)p(α)p(μ)q(日 |μ)町l(Xμ)K~~v +玄イ(α+μ)町l(Xv)0lJr;;1(BαXμ)K;;l 

μ，V μ"ノ

Thus the claim is a1so valid for X. 口

Proposition 3.4. (1) Let (ムム8)be the Hopfα1gebra structure on μ'~ introduced in Propos耐 on3.1. Let 

S冗 εμ;>ObEαηαrbitraryeleme叶 displayedin (2.6)-(2.9)， and set S7之=向(S冗). Then the followi旬
equαlities hold: 

11(S冗)= S冗 01+弓(wt(SR))Kwt(同)⑧S九 11(S冗一)=S冗一③ K:;t1(SR)+σ3(wt(R))⑧S冗， (3.26) 

8(S冗)=一σ;t(同 )KJAms冗 8(S冗一)= _( _l)wt(政 )S冗一σア(同)Kwt(叩). (3.27) 

(2) Let 乙 bethe two-sided ideα1 of u~?_o g叩 enαtedby the elements displayed in (2.6)αηd 仰の Ifsnε 
υJ>028αηαrbitrary element displayed in (2.10)， then the left (resp. right) eqωl均 of(3.26) holds mod1山

乙③MJ>O+υF08乙 (resp.lJrd(乙)③MFo+MFO⑧ lJrd(1:))， αndthe left (resp. right) eqωlity of (3.2りholds
modulo乙(resp.lJrd(乙)).

Proof. (1) The 1eft equality of (3.26) has been a1ready proved by (3.8)(3.10)(3.11)(3.12). 
Let us prove the right equality in (3.26). Note that lJr;;l (X) - σdlJrd(X)σd for all X ε u~. Hence 

sn一=向(S冗)ニ σdlJr;;l(S冗)σd.By Lemma 3.3 a凶 the1eft equality in (3.26)ぅwesee that 

11(S冗 )= 11(σdlJr;;1(S7之)σd)= (σd⑧ σd)11(ψ，;;1 (sn))(σd③ σd) 

=(σd⑧σd)(イ (wt(内))⑧町l(S冗)十町l(S冗)⑧K品問))(σd② σd) 

=S冗一③ K.--:}(C''D¥ +イ (wt(SR))② S冗一
wt(SR) 

Let us prove the equa1ities of (3.27). By Proposition 3.1 and (3.26)ぅwesee that 

0=&0ε(S冗)= m 0 (8ωd) o11(S冗)= 8(S冗)+σft阿 K:;t1(SR)S冗7

。&0ε(S冗)= m 0 (80 id) o11(S冗一)= 8(S冗 )K:;;ふ冗)+σJwt(同 )Sπ-

Thu日weget the equa1ities of (3.27) 

(2) By (3.14)ぅ wesee that the 1eft equa1ity of (3.26) 1叫 dsmodu1o乙⑧叫>0+υFO⑧乙 Asthe above 

argumentぅbyLemma 3.3ぅwesee that the right equa1ity of (3.26) ho1ds modu1o lJrd(1:)③MFO+υJ50② lJrd(1:) 
By (1)， we have both 8(1:) c乙and8(恥(乙))c lJrd(1:). Thus， as the above argument， we see that the 1eft 
(resp. right) equa1ity of (3.27) ho1ds modu1o乙(resp.lJrd(乙))口

Theorem 3.5 ([1]). For eαch dεD， there isαunique Hopfα1gebra structure (11，ム8)on U~ satisfying the 
same form1山sαsin Proposition 3.1. 

Proof. Let I be the two-sided idea1 of u~ generated by the e1ements (2.6)-(2.11). Then U~ = U~/I. By 
Proposition 3.4ぅ wesee that 11(I) c I ③ U~+ υ'~0I and 8(I) c I. In addition， we note that (υJ ③ U~)/(I ⑧ 
的+的⑧ I) 三月⑧ U~. ThusぅbyProposition 3.1， we see that the Hopf algebra耐 ucture(ムム8)on U~ is 
induced by the Hopf a1gebra structure (ムム 8)on U~ 口
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4 Appendix 

In this section， we will give detailed proofs of the eql叫 ities(3.16)う (3.17)う and(3.18) 

Let dチ4and {ふj，k，の=1 with i < j < k. We put El = El，dぅ Kl= K1，dぅ andα1 αl，d for each 1ε1. 
Note that p(αd) = 1， p(αi) = p(αj) = p(αk) = 0 and (αdlαd) = (αdlαi+α3十 αk)= 0 

Let us prove (3.16). By Lemma 2.1， we see that 

[ L1([EdぅEi])ぅL1([Ed，Ej])] 

= [[EdぅEi]③ l+(q_q-l)[(αdl向 )]qEiσdKd③ Ed十 σdKdKi③ [EdぅEi]う

[Ed， Ej]⑧ l+(q_q-l)[(αdlαj)]qEjσdKd③ Ed+σdKdKj 0.9 [EdぅEj]]

= [[Ed， Ei]， [EdぅEj]]⑧ 1+ (q _ q-l)[(αdlαj)]q[[Eめ Ei]ぅ Ej]σdKd⑧ Ed+O

+(q _ q-l)[(αdlαも)]q{_q(C<dl町 )Ei[Eめ Ej]+ q-(旬|白色十円)[Eめ Ej]Ei}σdKd⑧ Ed

十o (".. EJ = EJ，d = 0) + 0 (".. Ed[EdぅEj]+ q-(何|白j)[EdぅEj]Ed= [Edぅ[EdぅEj]]= 0) 

(q_q-l)[(αdlαi+αj)]q[EdぅEj]σdKdKi② [Eめ Ei]

+(q_q-l)[(αdlαj)]qEjKJKも③ {q(何|町)[EdぅEi]Ed十 q-(向|白z十日j)Ed[EdぅEi]}+ KJKiKj⑧ [[EdぅEi]，[EdぅEj]]

= [[Ed， Ei]ぅ[Ed，Ej]]⑧ 1 + (q(臼dl臼j)-q-(何|臼j))[[EdぅEj]ぅE包]σdKd0.9 Ed 

十(q(向|向)_ q-(C<dl向 )){-q(叫町)Ei[EdぅEj]十 q(何|叫)[EdぅEj]Ei}σdKd⑧ Ed

+(q _ q-l)[(αdlαk)]q[Eめ Ej]σdKdKi0.9 [EdぅEi]

十(q_q-l)[(αdlαj)]qEjKJKi0.9 {q(臼 dl白j)[EdぅEi]Ed+ q(臼 dlC<k)Ed [Ed ， Ei]} + KJK包Kj② [[EdぅEi]，[Ed， Ej]] 

= [[Ed，Ei]， [EdぅEj]]0.91 + (ql白川町) q (日dl臼j))([EdぅEj]Ei-q一(何|向)Ei[Ed， Ej])σdKd⑧ Ed 

+(q(C<dlC<i) _ q-(何|向)){-q(何|白j)Ei[Ed， Ej]十 q(何 |αk)[EdぅEj]Ei}σdKd③ Ed

+(q_q-l)[(αdlαk)]q[Ed， Ej]σdKdKi 0.9 [Ed， Ei] 

+(q_q-l)[(αdlαj)]qEjKJKi⑧ {q(向|臼j)[EdぅEi]Ed十 q(臼dl白た)Ed [Ed ， Ei]}十 KJKiKj⑧ [[Ed，Ei]， [EdぅEj]].

Here， by combining the second term with the third termう wesee that 

[L1([Ed， Ei])ぅL1([EdぅEj])]

= [[EdぅEi]ぅ [EdぅEj]]② 1+ {(q(白川町)-q(臼dl叫 一向))[EdぅEj]Ei十 (q_q-l)[(αdlαk)]qEi[Ed，Ej]}σdKd 0.9 Ed 

+(q _ q-l)[(αdlαk)]q[Eめ Ej]σdKdKi⑧ [EdぅEi]

+(q_q-l)[(αdlαj)]qEjKJKi⑧ {q(向|臼j)[Eめ Ei]Ed+ q(何|何)Ed [Ed ， Ei]} + KJKiKj⑧ [[EdぅEi]，[Ed， Ej]] 

= [[Ed， Ei]， [Ed， Ej]] 0.91十 (q_q-l)[(αdlαk)]q{-q一(何|向)[Ed， Ej]Ei + Ei[EdぅEj]}σdKd⑧ Ed

+(q_q-l)[(旬 |αk)]q[Ed，Ej]σdKdKi⑧ [Ed， Ei] 

+(q _ q-l)[(αdlαj)]qEjKJKi③ {q(何|町)[EdぅEi]Ed十 q(向|日k)Ed[Eめ Ei]}+ KJKiKj⑧ [[Ed， Ei]， [EdぅEj]]

= [[EdぅEi]ヲ[EdぅEj]]③ 1十 (q_q-l)[(αdlαk)]q[E包，[EdぅEj]]σdKd⑧ Ed

十(q_q-l)[(αdlαk)]q[EdぅEj]σdKdK包③ [EdぅEi]

+(q _ q-l)[(αdlαj)]qEjKJK包0.9{q(白dl白j)[Ed， Ei]Ed + q(白dlC<k)Ed[EdぅEi]}十 KJKiKj③ [[EdぅEi]， [EdぅEj]]

Let us prove (3.17). By Lemma 2.1ぅ wesee that 

[い([Ed，Ei])， L1([Ed， Ej])]ぅL1([Ed，Ek])] 

= 11 [[EdぅEi]，[EdぅEj]]② 1十 (q_q-l)[(αdlαk)]q[Ei' [Ed， Ej]]σdKd⑧ Ed 

+(q _ q-l)[(αdlαk)]q[Eめ Ej]σdKdKi② [Ed，Ei] 

十(q_q-l)[(αdlαj)]qEjKJKi② {q(旬|臼j)[EdぅEi]Ed+ q(州向)Ed[Ed， Ei]}十 KJKiKj⑧ [[EdぅEi]ヲ [EdぅEj]]う

[EdぅEk]③ 1+ (q _ q-l)[(何|的)]qE向ん叫+σdKdKk叫 Ed，Ek]]

= [[[EdぅE包]， [EdぅEj]]う[EdぅEk]]0.91 + (q -q-l)[(αdlαk)]q[[[EdぅEi]ぅ [EdぅEj]]ぅEk]σdKd⑧ Ed +0 
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←(q_q-1)[(αdlαk)]q~ (q -q-1)[(αdlo:k)]q [Ei' [EdぅEj]][EdぅE:'k]

、十q-(白 dl叫)11 [Ei' [EdぅEj]]， [Ed， Ek] 11 ~σdKd ② Ed 

+0 + 0 C' [Edぅ[Ed，Ek]] = 0) 

+(q_q-1)[(αdl αk)]q~ (q -q-1)[(αdlαj)]q[EdぅEj][EdぅEk]

、十q(何|日j)[[EdぅEj]ぅ[EdぅEk]]~σdKdKi ⑧ [Ed ， Ei] 

十(q_q-1?[(αdlαk)]~I{(q-q-1)[(αdlak)]q[Ed ぅ Ej]Ek + q一(臼dlak)[[Ed ぅ Ej] ぅ Ek]}K~K1 ② [EdιI]Ed
』十q-2(旬|叫)Ek[EdぅEj]KJKi@ [[EdぅEi]，Ed] 1 

+(q_q-1)[(αdlαk)]q[Ed， Ej]KJKiKk⑧ [[Ed， Ei]， [EdぅEk]]

十(q_q-1)[(αdlαj)]q~ (q _ q-1)[(αdl2αk+αi)]gEj[Ed， Ek] + q-(臼 dl2ak十向)[Ejぅ[Ed，Ek]] ~KJK包
、③~ q(日dl白j)[EdぅEI]Ed十 q(臼 dl叫)Ed [Ed ， Ei] ~ -

+0 (・ Lemma2.3 ぅ E~ = 0) 
十(q_q-1)[(αdlαj)]qEjσdKJKiKk⑧ [{q(州内)[Ed，Ei]Ed十 q(臼dlak)Ed[EdぅEi]}ぅ[EdぅEk]]

+(q _ q-1)[(αdlαk)]q[EdぅEk]KJKiKj⑧ [[Ed，Ei]ぅ[EdぅEj]]

+(q_q-1)[(αdlαk)]qEkσdKJKiKj 

@{ (q _ q-1)[2(αdl叫 )]q[[Ed， Ei]， [Ed均 ]]Ed+ q川叫)[[[Ed! Ei]， [Ed， Ej]] ， Ed]} 

十σdKJKiKjKk⑧ [[[Ed，Ei]， [EdぅEj]]う[EdぅEk]]

Let us prove (3.18). By Lemma 2.4ぅwesee that 

[ (αdlαj)]q(@jk十 @)jk)= (q -q-1)[(αdlαj )]q [(αdl α叫ん~ 11 [[Ed， Ei]， [Ed， Ej]] ， Ek 11 

-q(叫叫)[Ei' [Ed， Ej]] [E_dぅEk]-q一(白川向)[Ed7EL11EZ71EdぅEj]]~σdKd ③ EJ 
=(q_q-1)[(αdlαj )]q [(αdlak)]q~ 11 [[EdぅEi]， [EdぅEj]]ぅEkll

← q(向|叫)(Ei[EdぅEj]_ q-(adl 白色)[Ed ， ~j]Ei)[Ed ， Ek]
-q-(叫何)[EdぅEk](E包[Ed，Ej] -q一(白dl向 )[EdぅEj]Ei)~σdKd ⑧ Ed 

= (q _ q-1)[(αdlαj )]q [(αdl αk)]q~ 11 [[Ed， Ei]， [EdぅEj]]，Ek 11 
-q(叫叫)Ei[EムEj][EdぅEk]十 q(何|臼た白i![Ed'Ej]Ei[EdぅEk]

-q-(臼 dl何 )[EdぅEk]Ei[EdぅEj]+ q(白川町)[Ed，Ek][EdぅEj]Ei~σdKd ⑧ Ed 
= (q_q-1)[(αdlαj)]q [(αdl αk)]q~ 11 [[Ed占 ]， [[EdぅEj]ぅEk]11

十 q-(何|叫)[Ed，Ek]Ei[EdぅEj]

q(日dlaj)Ei[Ed，Ek][Ed，Ej]+'q臼dl叫 )[Ed，Ej][EdぅEk]Eも-q(白川口k一白l)[EdぅEj]Ei[Ed，Ek] 
-q(何|叫)Ei[EdぅEj][EdぅEk]+q(臼dl日 k一向)[Ed， Ej]Ei[Ed， Ek] 

-q一(叫叫)[Ed， Ek]Ei[Ed， Ej]十 q(白 dl臼j)[EdヲEk][Ed，Ej]Ei ~σdKd ⑧ Ed 
= (q_q-1)[(αdlαj )]q [(αdlαk)]q~ 11 [[EdぅEi]， [[Ed， Ej]ぅEk]11-

q(白dlαjJEi[EdぅEk][EdぅEj]

+q(向|叫)[EdぅEj][EdぅEk]Ei q(臼dlaのEi[EdぅEj][Ed，Ek] + q(品川j)[EdぅEk][Ed，Ej]Ei ~σdKd@Ed 
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