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Abstract. We will prove the existence of the bilinear forms on the quantum 
a伍nesuperalgebras of type D(l) (2ぅ1;x) (xεC¥{O，-l}) 

1 Introd uction 

In the theory of in五niteintegrable analysis， the R-matrices play important rules of the integrability of the 
infinite integrable systems. The R四 matricesare generated by the universal R-matrices and the representations 

of various quantum algebras. In [7]， we describe the un山1
i凶nc白er此七a創mm乱m凶u叫11抗加t札i恒p同凶lica叫tiv，刊efoωr、τ官百ml旧叫u叫11a剖日 by uお凶日剖inga new concrete method of c∞onstructing all c∞onvex orders on the 
po侃呂i抗ti討vero∞ot sys“tem呂 In the workぅwe use J. Beckうspapers [1] and [2] on the Dri泊nf，島削.eldsec∞ond r問ea札l沼lza瓜tionof 
the u凶I

of the quantum af五 即日uperalgebrasoftype D(1)(2， l;x)ぅwherexεC ¥ {Oぅ 1} 
Our purpose is to extend the results of the paper [7] to quantum a伍ne日叩eralgebrasof type D(引2ぅ1;x) 

by using the paper [4]. This paper is the駐日tstep toward the aim. To achieve the purposeう itis important 
to co回 tructthe bilinear forms on the quantum s叩 eralgebraof type D(1)(2， 1; x). In this paperぅweprove the 
existence of the bilinear forms by using a manner similar七oTanisakiうsin [15]. We plan that the second step 
is the construction of convex bases of the quantum s即 eralgebraof type D(1) (2，1; x) by using paper [4] and 

the third step is the calculation of the values of the bilinear forms on the convex bases 
This paper is organized as follows. In section 2， we recall the notations for the simple root systems of Lie 

superalgebra of type D(1)(2， 1; x). Especially， we g凶i刊 the d仇efi白白n凶1
of the Cartan自由algebras.In日ection3ぅwedefine the quantum affi即 日 叩eralgebrasof type D(l) (2，1; x) and 
give the preliminary results. In section 4う weconstruct the bilinear forms on the quantum a伍nesuperalgebras 
of type D(1)(2， 1; x). Our main result of this p叩 eris Theorem 4.10 

2 Notations fo:r the simple root systems of type D(り(2，1;x)

In this section， we give notations for the simple root systems of Lie s叩 e出 gebraof type D(1) (2，1; x) 
Lie superalgebra fI is a Z2-graded algebra fIニ floEB fll equipped with a super bracket satisfying the super 

Jacobi identity. The Lie superalgebras， like the Lie algebras， can be studied with the help of Cartan matrices 
and Dynkin diagramsう butan important difference between Lie algebras and Lie superalgebras is thatう ln
contrast to the Lie algebras， there are several unequivalent simple root systems for each Lie superalgebra with 
respect to the inner product. Hen伺ぅ ingeneral， there are several unequivalent Dynkin diagrams for each Lie 
superalgebra. 

Let fI be the Lie superalgebra of type D(2， 1; x)， and 9 the untwisted affine Lie 日叩eralgebraof type 
D(1)(2，1;x)ぅwherexεC¥ {Oぅー1}.It is known that there are five uneql山 alentsimple roo七日ystemsfor 9 (cf 
[4]). 80 let D = {O， 1， 2ぅ3ぅ4}be the set of index of Dy出 indiagrams of g. For each dε1フぅ letIId = {αi，d I iεI} 
be the set of simple roots with 1 = {O， 1ぅ2う3}.We define Qd to be the Z-lattice spanned by IId. Then we set 

Q! := I:iEIZ三日αi，dC Qd and Qd := -Q! 
For each dε1スlet日 bea four dimensional C-vector sp乱cewhich spanned by IId = {αi，d I iεI}. A 

symmetric bilinear form ( I ) = ( I )d :日×日→ Cis explicitly given as follows: 

(α0，0 Iα0，0) = 0， (αi，O Iαj，O) = 0 for i，jε1 ¥ {O}ぅiチj，
(α叩 |α叩)= -2xぅ (α叩 iα0，0)= xぅ

(α2，0 Iα2，0) = 2(x + 1)う (α2，0Iα09)=-zl? 
(α3，0 Iα3，0) = -2(α3，0 Iα0，0) = 1， 
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and for d = 1，2う3う

(αω|αμ) = (αfd(i)，olαfd(凡0)ぅ

where fd are the elements of the following subgroupκ4 of the permutation group of 1: 

κ4={ん:=id， h := (01)(23)， h := (02)(13)ぅh:= (03)(12)}ぅ

and finally for d = 4， 

(αi，41αi，4) = 0 for iε1， (α0，41α3，4) = (α1，41α2，4) = -1う

(α0，41α1，4) = (α2，41α3，4) = -xぅ (α0，41α2，4) = (α1，41αぃ)=x+1

For each d E D and α包dε IIdぅletp(αi，d) be the parity of αMぅwl由 hare defined as follows 

J 0 if (αi，dlαω)手0，
p(州)= 1 ;:州i，dl州 )=0

Then we extend p to the Z-linear function p: Q d→ Z 

3 The quantum a田口es叩 eralgebrasof type D(り(2ぅl;x)

In this section， we de五回 the quantum a自 問 日叩eralgebraof type D(l) (2ぅ1;x)ぅwherexεC ¥ {Oぅ一1}.Fix an 

山 mentnεC ¥ Z1fyCI such th前向(肋α)チ1for all kεN and all αε{1ぅ久 x+ 1}. We set qU :=叫(恥)
and [u]q := (qU -q-U)j(q -q-1) for any U εCぅ whereq := q1. Note that qkαチ1for all kモNand all 

αε{1ぅ久 x+ 1} 
Firstう foreach dεDう wedefine the associative C-algebra U~ with the unit 1 by the generators 

上 1

σd?khJ7Ez，d?RLd(4ε1) ， 

and the following relations 

XY=YX for XぅYε{σd7kfj}ぅ

σ2=17kjA;j=KJjkjdzL 

σdEi，dσd = (-1)P(白i，d)Ei，dぅ σdFi，dσd = (-1)P(白川)尺め

IfjAjdKJjtれ dlaj，d)片EMkiλdkJJ=q一(叩|白j，d)/2Fj，dぅ

Ei，dFj，d - (-1)P(白川)州叫，dEi，d二九{(KL)2-(KJ)2}/(q-q-1)?

for all i， jε1. In the following we use notations 

E白zd :=Ehd7 Fai，d := Fi，d， 
よ町

K入:ニ IIzuk;JZ?

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

where入=~ I:iε1 m向，d ε ~Qd with miεZ. As we will see later， the quantum affine superalgebra is obtained 
from the quotient of U~ divided by the Serre like relations. Still it will be co町 enientto work with the algebra 

U~. The algebra U~ has a unique Qd-gradin 

μJニ @υJ，入う

入εQd

日叩u山 ha剖t{仏Lいσdめ7K「詰出jわ}cμ叫凡Jム，川0'E.仏 ε μ叫J， 川 an凶1

algebra automorphism並dof U~ such that 

υ~ \U~" C lイfd，入 d，μ d，入ートμ

も (σd)= σ小宮d(kfj)=KJJう叫ん)= (-1)山叩ゅ¥lId(ん)= Ei，d 

To state the Serre relation， we need to introduce the q-super-bracket [， ] for the elements of U~. For αεCう

X入 εμJ，入ぅ andXμεMJ?μwith入ぅμε Qdぅweset 

[X，¥， Xμlα :=X入Xμ (-1)p(入)p(μ)αXμX入 (3.6)

[XゎX/L]:= [X入，Xμ]qー(入|μ). (3.7) 

Then we extend the [う ]αand[う]to the bilinear mappings U~ xυ; → U~ respectively. 
Now we define the quantum a血即日叩eralgebrasU~ of D(l) (2ぅ1;x) for Dynkin diagrams labeled by dερ 
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Definition 3.1. The quantum a血即日uperalgebrau~ of type D(l) (2，1; x) over cc is the quotient algebra of 

U~ divided by the two-sided ideal generated by the followi時 elements:

EIdぅ whereiε1 and p(αi，d) = 1， (3.8) 

[E川 Ej，d]ぅ wherei，jεIぅ Zチj，and (αi，dlαj，d) = 0， (3.9) 

[Ei，d， [Ei，d， Ej，d]] ， where i， jε1， iチj，and p(αω) = 0ぅ and(αi，dlαj，d)チ0， (3.10) 

[ (αJαk，4)]q[[Ei，4， Ej，4]ぅEk，4]-[(αi，41αj，4)]q[[Ei，4， Ek，4]ぅEj，4]ぅ (3.11)

if d = 4ヲwherei， jうた ε1such that i < jくたう

[ (αi，d 十 αd，dlαk，d + αd，d)]q[[[Edうふ Ei，d]ヲ[EdヲdぅEj，d]]う[Ed，dぅEk，d]] 

[ (αω+αd，dlαμ+αd，d)]q[[[Ed，d， Ei，d]， [Ed，dぅEk，d]]，[Ed，dぅEj，d]] (3.12) 

if d手4ぅwhere{i，jうたう d}= 1， and i < j < k， 
Wd(X)， for all X in the above. (3.13) 

Because of historyう wecall the above relations the Serre rela七ions.

Since each element displayed in (3.8)一(3.13)is an element of U~.入 for some入εQdぅ theQd-grading of U~ 
induces the Q d-gradi時 u~ = ffiÀEQdU~ ，入 We call a non-zero element xε的 (resp. x ξ U~) a weigl訪問ctor

with weight入ifxευJ，入 (r田 p.x ε U~ ，À) ぅ and set wt(x) =入 To日impli布notationsぅwewill also write wt x 

instead of wt (x ). The linear mappings [う ]αand[， ] from U~ x U~ to U~ can be defined by the same way出

above， and the宙d1凶凹esan automorphism of U~ う which will also denoted by雪d

L目的>0μjOう and叫，<0b加e恥日叩u伽1

{F民lL'd叶liεI}，トヲ respectively，and set叫と0:=uj>OMJoandμJ50=的ouJくOLet UJ>OぅUf，UJくOぅUFO?andUFO 

be the imag回 ofuJ>07MJO?υ;く口う μF07andur01mpectmlyぅunderthe canonical projection U~ → U~. 

Theorem 3.2 ([4]). (1) The αssoczαti閃 CC-algebrasU~ αnd U~ cαn be regαrdedαs Hopfα1gebrαs (U~ぅム E ， S) 
αηd (U~ ， LiぅE，S) such that 

Li(X) = X ⑧Xぅ Li(Ei，d)二 Ei，d⑧ 1+KMdhhd)8Ehd7 A(Fl，d)tRi，d⑧kfJ+σ:(白川)Q?I Fi，d， (3.14) 

ε(X) = 1ぅ E(Ei，d)= 0ぅ ε(Fi，d)= 0， (3.15) 

S(X) = X-¥ S(Ei，d) = -Ki~Ja~(白川Ei ， d ぅ S(Fi，d)ニー(-l)p(白川)Fi，dKけσ:(白川)ぅ (3.16) 

1山町 ε1and X ε{σdぅkffltεI}

(2) The multiplicαtion XQ?lY⑧Z f--+ XYZ deβηes the following isomorphisms of Qd-graded CC-開 ctor叩αces:

め>0 ③ μJO ⑧ U~く0 :::， U~ ， UJ>O ③ UJO ⑧ U~くO 竺 U~

Moreo叩 r，theα1gebraU?O (resp. U~く0) is the freeα1gebra generated by the set {Ei，d I iεI} (resp. {Fi，d I iεI})， 
αnd theα1gebra U~>O (resp. U~く0) is isomorphic to the quotientα1gebra of U?O (resp. U~く0) divided by the 

tl砂 sidedideαl generated by the elements displayed in (3.8)-(3.12) (resp. (3.13)). The both U~O αnd UJOαre 
士l

isomorphic to the commutαti叩 α1gebradefined by the generators {σd， K:-'ll iεI} and the relations (3.2) 

Proposition 3.3 ([8]). (1) Let (LiぅE，S) be the Hopfα1gebra structure on U~ introduced in Theorem 3.2. Let 

S冗 ευJ>ObEmαrbitraryelement d叩 layedin (3.8)-(3.11)， and set sn-:=向(sn).Th巴nthe followi吋
equαlities hold: 

Li(S冗)=s冗Q?l1+σ:(wt(同))Kwt(SR) Q?I S冗 Li(S冗 )=s冗⑧ K:;;t1(SR)十 σ:(wt(叩))Q?I S冗- (3.17) 

S(S冗)=一σ;t(S冗)K:;;t1(s冗)snぅ S(S冗)=一(_l)wt(S冗)snσr(smkwt(S冗). (3.18) 

(2) Let ιbe the two-sided ideal ofU?O generated by the elements displayed in (3.8) and (3.9). If S冗 ε
μJ> 0 1 5 α η α rbitrary element d叩 l α yed in (3.12)， then the le.β (resp. right) equ α lity of (3.1 りholds mod伽T包叫u

ι② μJF>0+υ;F三0⑧ιf仇T陀'es叩'p.内(乙)⑧υro+υFo③内(乙))， αndthe lejt (resp. right) eq叩 lityof (3.18) holds 
modulo乙(resp.lJrd(.c)) 

3 
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4 The bilinear forms 

In this section， we construct the bilinear form on the quantum a白nes叩 eralgebraof type D(1) (2，1; x) 
Let 1 = (βぃ・・・ぅ仇)be a finite sequenc田 ofelements of IId (dεの)with nξN. Then we set 111 := n and 

call 111 the length of 1. We define E1ευJ>07EIεUJ>OぅF1ξμj<OぅandF1 ε U~くo by setting 

E1 :=Eβ1" .Esη ヲ F1 := Fsl ... F;βη う ( 4.1) 

and set wt(1) := wt(E1) = 2:~=1 si' In the case where 1 =札 weset E日=月:=1 and wt(砂):= O. To 

simplify notatio凶ぅ wewill also write wtI instead of wt (1). Let J = (γ1， ヲγm)be a finite sequences of 
elements of IId with nとm.If there exists a subset {i1ぅ ，im} of {1ぅ・，n} such that i1 <・<im and 

J = (si1>・ ，si"，)， then we call J a sゆsequenceof 1. Moreoverう fora subsequence K of 1ぅthereexists a subset 
{j1，'" ，jn-m} of {1う ?η} suchthat {i1'''' ，im}II{j1ヲ J口一m}= {1? ?バ7ηZ寸}with j1 < . . . < jn-m a創組n
K=  (s角ιJ1>ヲ... ，sjn-"，)う thenwe write 1 = J + K. Especiallyぅ ifim < j1， we denote 1 = (よK).

Lemma 4.1. Let 1 beαβnite sequence of elements of IId. Then t7昨 'eexist eleme叫 SC~ ， B(q) ε Z[q士 1 ， q土X]
such that inμ;αnd U~: 

L1(E1) =乞ch(q)EAd(wtB)KB② EB， (4.2) 
A，B 

L1(同)=玄ciz(q-1)FAd(wtB)⑧ K:;;t1AFB= 玄 C~ ，B(q-1 )q(w叫 wtB)FAd(wtB)⑧ FBKJAぅ (4.3)
A.B A 

ωhere the四 mzs 0りerαlls仙叩LencesA， B of IId with 1 = A + B. M oreover， one hα3 47日二 ciI=1

Proof. We use the induction on the length of 1. In the case where 1 のう we have E1 F1 1 and 
L1(E1) = L1(F1) = 1③ 1ぅ sothe claim holds with c~ ，日= 1. Suppose that the formulas hold for some 1ぅ let

αεIId and consider l' := (α， 1). Then we have 

L1(E1') = (Eα⑧ 1十 σ3(臼)K
臼 @ι)(Zch(q)EAd(wtB)kwtB⑧ EB)

A，B 

=玄(む(q)E(叫)σ~(wtB)KwtB Q9 EB +心 (q)σ3(臼)K
臼 EAdwtB)kwtB@E(ゆ))

A，B 

=工(心(q)E(川 )σ:(叫んtBQ9EB + (-l)p(ゆ(叫)む(q)q(αIwtA)EAσ:(叶 wtB)K
叶 wtBQ9 E(印刷)

A，B 

and 

L1(F1') = (凡⑧IU+σ:(白)③ Fα)(玄ciB(q1)ん σ:(wtB)⑧K:;，ムFB)
A 

=玄(C~ ，B(q-1 )F(叫)イ(wtB) ⑧ K;:~wtAFB + C~ ，B(q-1)σ:(叫んσ3(wtB) ⑧ FaK:;t~FwtB)
A 

=玄(C~ ， B(q-1)F(叫)σ3(wtB) ③ KJlwJB+(1)P(ゆ(MA)ciz(q1)q(α|叫んσ3(叶叫)③ IてみF(ゆ))
A 

Let us define C~， .B ， (q) as follows. If both A' a吋 B'begin with 民 thenwrite A' = (α，A) and B'二 (α，B)

and set ci¥Bf(q)=ci，Bf(q)+(1)P(臼)p(wぱ )c~， ，B (q)q(a1wtA'). If A' begins with αand B' does notぅ then

Betcifpr(q):=ci，g(qLwhere A/=(αぅA). If B' begins with αand A does not， then set C~"B， (q) :-
( -l)p(白)p(wぱ)C~'.B(q)q(臼 IwtA') ぅ where B' (α， B). If both A' and B' do not begin with αぅ thenset 

C~"B， (q) := O. Then it is e回 Yto check the C~"B ， (q) ヲ s satisfy the claims 口

Let t be an indeterminateぅ andde五I即 [nη]tう [n]t!，and [7] t to be elements of Z[tぅC1]by setting 

tn _ t-n 

[n]t:二一一一「t-tム
[n]t!:= [η]t[n -l]t . . . [l]t， [:L:ニ [n一山川!

for each凡 mεZ三owith n三m，where [O]t! := 1. For each αεIId， we set 

も:ニ(ゾ士I)p(臼 )q(臼|臼)/2? 石:=(vτI)p(口)q-(臼|臼)/2= (-l)p(白)qf. ( 4.4) 
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By using the substitutions t = qa and t =石， we define [n]qα， [n]q"ぅ [n]qα!，[η]q，，!， [::，] qαyand[21Ez-Then we 
note that 

[n]q" = (_l)(n-l)p(臼)[n]qα7 

α
 

q
 

寸
i
t
ι
1
I
l
l
-
3
3
4

η

m

 

F
i
'
t
1
1
1
4
1
L
 

臼p
 

m
 

m
 

¥
l
j
'
 

寸
E
よ一一

α
 

q
 

「
1
1
1
1
1
1
1
1
1
1
J

n

m

 

r
i
4
a
1
j
1
1
1
L
 

白伺

r-i n
 

m
 

、、I
J
ノ

噌

f
よ一一

一も

「
I
l
l
1
1
1
」

η

m

 

「
1
』

1
1
4
1
1」

( 4.5) 

for all n， mεZとowith nさm.Moreover， note that q; = (-l)p(臼)q(山)ぅ hence

σdKαE臼 =q;EaO'dK的 σdK白F白 =q;;_2 F，臼σdK臼・ (4.6) 

Lemma 4.2. Let αε IId!αndηεN. Then the followi吋 equalitieshold in U~ αηd U~; 

明)=会 q~(n-i)[江戸中)KMEL (4.7) 

c
 

mr白
m
u
 

臼p
 

h

d

 
σ
 

月
G
A
 

n--
n
 

uu「
臼Q

A
 

白p
 

n
 

寸

ln
Z同

一一可A
 

(4.8) 

Proof. We use the induction onη. In the case where n = 1， the claims are clear. Suppose that the formulas 
hold for some n. Then， by the center equality in (3.14)， we see that 

明+1)=山14Kα叫)♀nーも)[7jy

ー
よ。叶白

1

E

 

e
叶

臼

⑧

E

1

 

m

u

e

キ

臼

臼

、

j

j

J
H
べ

臼

町

d

d

べ

σ

L

μ

 

ぺ

臼

刊

j

o

d

 

寸

σ

目

白

寸

γ
戸

」

刊

臼

吋一

E

d

m

d

u

↓ι
 

σ

-
t

n

 

=

(

 

K

2

も

q

q
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1
1
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1】

1
1
1
1
1』
'
t
J

n
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1

n

・
1

n

n

 

リ

川
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白

リ
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臼

G

A
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A

 

司

d
n
u
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n
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n
了
、
/
一

=
n
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/
一
一
一
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+

 

n

b

n

u

q

b
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u

 

E

E

 

⑧

m
u
 

z

c

z

c

 

k

k

 

白

白
q

d

m

T

d

 

σ

σ

 

十

十

目

白

n
a

E

E

 

G
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Q

A

 

n
-
-
n
，

z
 

r
l
'
l』
t
t
B
L

「
'
l
t
p
t
B
I
l
h

口

口

リ

川

ヘ

臼

リ

引

「

臼
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切
A
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、
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U

司
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h
/
一
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一
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/
一
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一

一
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一

n r .， n+l r 寸

= Lq~(n叶71EF1-zσ7(川ML+EqF1)MOltf1|E2山σ7(臼)巴叫

も

臼E
 

8
 

Z

臼K
 

臼叩
ザ

dσ
 

1
ょ十n

臼E
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1
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ノ
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1
1
 

n

一
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b

+
 

目
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+
 

Q
A
 

寸

1
1
1
1
1
1
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1
」

η
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/
I』
1
1
¥

+
 

n
 

リ

H
円
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A
 

叫玄日
一一

=Zqun+1Z)[勺い
By (4.7) and the second equality in (4.3)う wesee that 

，1(月)こか)i(口 Z)[7JEq伽の(臼|臼)44-

=古さ州一)刷P以吋(

= さ会古(←州一

We recall the following fact. Let A be a bialgebra over a field lK with ，1 the coproduct and εthe counit， 
i.e.， A is an associative algebra over lK with algebra homomorphisms ，1: A→ A00cA and ε:A→lK such that 

p⑧idA) 0，1 = (idA⑧，1) 0 ム (ε ⑧idA) 0，1 = (idA③ ε) 0，1 = idA 

Then the dual space A* = Homoc(AうlK)is naturally regarded as an associative algebra with the unit over lK 

as follows. Let fぅgε A*. Then the product f gεA * is defined by 

fg(α) = (f 0 g)(，1(α))， 

where αε A. The counitεis the unit of A * . 
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Definition 4.3. For eachαεIIdぅwedefine a linear formん onUFOby田 tting
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(4.9) 

For each sequence 1 = (β1， s2，・・・ぅ sp)of elements of IIめ weset 

!I :=f，βJs2'" fsp' (4.10) 

If1=日ぅ weset 

ん(EJσ'dKμ):= I5J，o・ (4.11) 

For each mε{Oぅ1}and 入 ε ~Qd ぅ we define a linear form km，).， on U~?'O 抑制ting

白
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日
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叫
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1
1
1
 

一一
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E
 

、八m
 

'
hん ( 4.12) 

Lemma 4.4. Let 1ぅJbeαrbitrary sequences of elements of IId， m川 ε{Oぅ1}，and 入?με ~Qd. Then 

!Ikm，).，(EJσ3Kμ) = (_1)mnq-(入|叫ん(EJ). 

Moreo閃 r，if wt(I)手 wt(J)，then !I(EJ) = o. 

Proof. Firstly， we consider the case where m = 0 and入 =O. Then it is clear that !Ikm，入 =!I.We use the 
induction on the length 111-In the case where 111 = 0う1.eぅ 1=日， both claims follow from (4.11). In the c剖 e
where 111 = 1ぅ i.eぅ1= (α) for someαεIIdぅ bothclaims follow from (4.9). Suppose that the claims hold for 
some 1 and consider l' = (α，1). By the definition of the product on (U巴0)'292and Lemma 4.1， we see that 

(4.13) 

!I，(EJσ'dKμ)二ん②!I(i1(EJσ'dKμ))=ん⑧!I(工心(q)EAσ:(wtB)十口Kwt(B)+μQ9EB(J'dK，μ) 
A，B 

=乞む(q)fα (EA (J~(wtB)十叫んt(B)+μ ) !I (EB (J'd.hら) = L c~ ，B(q)f，α (EA) !I (EB) 
A，B A，B 

By the previous equalityぅ wesee that fJl(EJσ3Kμ) = fJl(EJ). Here we suppose that fJl(EJ)ヂO. Then 
there exist AぅBsuch that C~.B(q) チ o and fa(EA)!I(EB)チO.The condition f，白 (EA)fI(EB)チoimplies that 
Aニ (α)and wt(B) = wt(1). Thus we get that wt(J) = wt(A) + wt(B) = α+ wt(1) = wt(1') 

Secondly， we prove (4.13) in the general c剖 e.By the previous result and (4.12)ぅwesee that 

f九，入(EJσ'dKμ)=ん⑧ km，).，(i1(EJσ3Kμ))=!I ⑧ km ，).， (LC~，B(q)EAσ3(wtB)十nKwt(B)+μ Q9 EB(J'dK，μ) 
A，B 

=工心(q)fI(EAd(MB)+nkwt(B)+μ)叫 (EBσ3Kμ)
A，B 

= fI(EJσ:(w川 +nKwt(J)+μ). (-1) mn q -(入|μ)= (-1) mn q -(入|μ)!I(EJ) 口

Lemma 4.5. Let 1 beαηαrbitrary sequence of elements of IId， m川 ε{Oぅ1}，and 入7με ~Qd. Then 

km，).，kn，μ= km+n，入+μぅ

km，入!I= (_1)mp(wtI)q一(入Iwt(I))f1km，).， 
(4.14) 

(4.15) 

Proof. We see that 

km ，入 kn ，μ (EIσ~Kν) = km，入 Q9kn，μ(工心(q)EAd(wtB)十IKwt(B)+νQ9EB (J~Kv) 
A，B 

=玄む(q)kmA(EAd(wtB)+IIfwt(B)+品川(EBσ~Kv)
A，B 
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The existence 

Thus we get (4.14). By Lemma 4.4， we see that 

km，Ah(EJσ'dKμ) = km，A 0 fr(L1(EJσ'dKμ)) 

Thus we get (4.15) 

= km，A⑧ h(工心(q)EAσ3(wtB)十nKwt(B)+μ刊 'BO"'dKμ)

A，B 

=玄山(q)km，入(EAσ:(wtB)+nkwt(B)十μ)fr(EBσ3Kμ)

A，B 

ニ km，A(σ:(wtJ)+nkwt(J)十μ)fI(EJ)= (_l)mp(w川十口)q-(λIwt(J)+μ)fr(EJ) 

= 6wt(I)川(J)(-l)mp(w的 q-(入IwtI)fIkm，A(EJσ'dKμ) 

Defi凶 ion4.6. Let us define a linear map cp:μf → (U~?_O)* by附 ting

ψ(F1σ'dK入):= frkm，入・

Here we define a bilinear form ( I ) = ( I )d: U?O xυfo→ C by setting 

(xIY):=cp(ν) (x)， 

口

(4.16) 

(4.17) 

where x ε U~?_O and Y ε u~:<=O. We use the notation ( I ) = ( I )d also for the bilinear form ( I ): (U~?_o)⑧2 X 

(υア)⑧2→Cinduced by 

(X1⑧ x21 Y1③ Y2):= (x1Iyl)(X2IY2)' (4.18) 

Lem皿 a4.7. Let 1， J beα'rbitm'rY sequences of elements of IId， m， n ε{oぅ 1} ， αnd 入ぅ με ~Qd. Then 

(EIσrk入IFJσ3Kμ)= 6wt(I)，wt(J) (_l)mnq-(入|μ)(EIIFJ) (4.19) 

MO'reo開 'r， fo'r eαch xεUFOmdyεμjgoythfoJJO山 ηgeq叩 lityholds: 

(x I Y1Y2) = (L1(x) I Y1③ Y2). (4.20) 

P'rOof. The eql叫 ity(4.19) follow日台omLemma 4.4 and (4.16)(4.17). 
We claim that the mapψis an algebra homomorphism. Indeed， by Lemma 4.5 we see that 

ψ(FIσ'dK入FJσ'dKμ)= (_l)mp(wtJ)q-(入IwtJ)ψ(F(I，J)σF十口K入+μ)= (_l)mp(wtJ)q-(入IwtJ)f(I，J)km十九入+μ

= (_l)mp(wtJ)q-(入IwtJ)h!Jk円以kn，μ=hkm，入!Jkn，μ=cp(F1σ'dK入)ψ(FJσ'dKμ). 

By the claim a凶 (4.17)(4.18)う wesee that 

いは1Y2)=内 1Y2)(吋=(cp(yl)Cp(Y2)削二 ψ(Y1)仰(凶(ム(吋)=内1)仰旬以玄Xi0ぬ

=乞ψ(Y1)(Xi)ψ(Y2)(xD=玄(XiI Y1)(X~ I Y2) = 玄(X包れ~ IY10Y2) = (L1(x) IY1仰 2) 口

Lemma 4.8. Let αε IId， and nεN. Then the following equality holds: 

(E~ I F;:) = qn(n-1)/2[n]qα!/(q;.;-l -qa)口 (4.21) 

P'rOof. We use the induction on n. In the case where n = 1， the claim is clear. Suppose that the formula holds 
for some n-1εN with n三2.Then， Lemma 4.2 and Lemma 4.7ぅ wesee that 

(E~ I F;:) = (L1 (E~) I F;:-l③ F臼)= q~-l[n]qα(E214(α)K臼③ EUF218F臼)

= q~-l[n]qα (E~-ll F;:-l)(E白IF.白)= q~-l[η]qα q~n-1)(n-2)/2[n -l]qα!/(q;.;-l _ q日
)n-1. l/(q;.;-l _ qα) 

= qi;'-1)n/2[n]qa!/(q;.;-1 _ qα)口口

7 
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Proposition 4.9. ForαII weight vectors Xl， X2εUFOαndαllyεUFOy悦加vethe followi吋 equality:

(xlx21 y) = (_1)m(x1)p(wtx2)+m(x巾 (wtxl)+p(wtXl)p(wtx心(X2② Xl1 Li(ν))ぅ (4.22) 

where Xrニ zfσF(ZT)K仲 間thX;:εU?O， m(xr) ε{Oぅ 1} ， αnd μTξ ~Qd for eαch r = 1，2. 

Proof. It su団C田 toshow the equality for weight vectors YευJ壬o We use the i吋配tionon wt(ν). In the 
case where wt(y) = 0ぅi.e.， Y εμJOヲthanks to Lemma 4.7ぅ it su伍cesto consider the c剖 ewhere Xlうわ ε UJO 
Hence， the equality (4.22) is clear in this c回 e.Suppose that wt(ν)ェ αwithαε IId. Then we may write 

Y= 凡(J"~K入 with 1 E {O， 1} and 入 ε ~Qd. We see that 

(σTKμE日σ'dKν1 F，白σ~K入) = (_l)mp(臼)q(μ|臼)(EασF+nkμ+ν[F，臼dk入)

= (_l)mp(α)q(μ|臼)(_l)(m+n)lq-(μ十ν|入)j(q;;l _ qα)フ

(E日σ'dKv ⑧ σTKI-' I Lì(F，日σ~K入)) = (E，白σ'dKv (2) σFKμ1 F，口σ~K入⑧ σ;K入臼十 σ:(臼)+IK入⑧ F臼dk入)
= (_l)(m+n)lq-(μ|入)q-(μl入 α)j(q;;l _ q臼)

Thu日ぅ inthe case where Xl =σTKμand X2ニ E白 σ'dKv，七heequality (4.22) is valid. We see that 

(E白σ'dKνσTKμ1 F，日σ~K入) = (E臼σr+nkμ+ν1 F，白 (J"~K入) = (_l)(m+n)lq-(μ十ν|入)j(q;;l -qa)， 

(σTKμ⑧ Eασ'dKv 1 Lì(F，白σ~K入)) = (σTKμ ③ E日σ'dKν1 F:白 (J"~K入③ σ~Kλ 白十 σ:(白)+IK入③ F臼σ~K入)
= (_l)m(p(白)+川_l)nlq-(μ+ν|入)j(q;;l _ q臼)

Thus， in the c回 ewhere Xl = E白σ'dKνandX2 =σZLKμ， the equality (4.22) is valid. 
We suppose that the equality (4.22) holds for weight vectors Yl， Y2ευFOFmtlyぅ wecon副 erin the 

C剖 ewhere XlぅX2εU?O. Then m(xl) = m(x2) = O. For each r = 1ぅ2，we write Li(xr) = Li X円③ X~i
with X門 εuroand4zε U?O and Li(Yr) = Li Y門③叫iwith Yri， Yら ε u~:;'O. By Lemma 4.1ぅ wehave 
m(Xri) = p(wt(xら))and m(xら)= O. Henceぅwesee that 

(XIX21 YIY2)ニ (Ll(XIX2)1ν1⑧ Y2) 

=玄(XliX2jれ iA|U1何 2)=玄(X山 j1 Yl)(X~iX;j 1ぬ)
2，) 2，) 

ェ乞(_l)p(w叫 )P(wtX2j州

包，)

=乞(_l)p(w叫山X2j州 wtXl)p(w切ら)(X2jれ μ1Ll(Yl))(X;j (2) X~i 1 Li(ぬ))
2，) 

=乞(-1 )P(wtxl)P(wtx2) (X2j似 li1 Lì (Yl))(られ~i 1 Li(ぬ))
包，)

= (_l)p(wtxl)山ゎ)玄 (X2jれ 1も 1Ylk旬九)(らω;も 1Y21旬 ;1)

i，j，k，l 

= (-1)川町)p(山)乞 (X2jIYlk)(xμ|払)(x;j 1 Y21) (x~ i 1 Y;l) 
i，j，k，l 

ニ (_l)p(wtxl)山

i，j，k，l 

= (-1 )p(wtxl)P(wtx2)乞(Li(X2)1 Ylk旬 21)(Ll(xl)1叫k何ら)
k，l 

= (-l)P(wt叫 p(wtX2)玄(x21YlkY21)(Xl叫ん)
k，l 

= (-1 )p(wtx1)P(wtx2)乞(X2(2)xIly叫 21仰 iA)=(-1)P(wtz巾(山崎2れ 11 Ll(YIY2)) 
k，l 

Thus the equality (4.22) is valid in the case where Xl， X2εUJ>Ofor all uεMf 



The existence of the bilinear forms on the quantum afIine s叩 eralgebrasoftype D(1)(2， 1; x) (x E C ¥ {Oぅー1})

Secondlyぅwe prove the equality (4.22) in七hegeneral c回 eぅi.e・ぅ in the c回 ewhere Xl， X2 ε UFO a凶 yε μJ50 

For each r 1ぅ2we write x，.. = x;:σF(m勺fμr with x;:εU?O， m(x，..) ε{Oぅ1}，and μ，.. E ~Qd ぅ and write 

Y=υ一σF(U)kuwithuε的くOぅm(ν)ε{Oぅ1}ぅ andl/ ε ~Qd. Then we悶 that

(XIX21 y) = (xtσF(21)Kμ1XtσF(ぬ )Kμ21υ一σr(U)Kν)

= (_1)m(x1)p(wtx2)q(μl!wtx心(zhJσTZ1Z2)Kμ1+μ21 yσ2(v)Kν) 

= (_1)m(x1)p(wtx2)q(μ1!wtX2) (xtxt 1 y一)(-1 )m(x1x2)m(y) q-(μ1+μ2!V) 

= (_1)m(x1)p(wtxが p(wtXl)p(wtx2)q(μl!wtx引xt⑧ xt1 L1(ν一))(-1 )m(x1x2)m(y) q-(μ1+μ2!ν) 

= (-1 )m(x1)p(wtx2)十p(wtXl)p(wtx2)q(1-'1!wtx2)玄(4Q9 xt 1 (ν)日 (y-)~-)(-1 )m(x1x2)m(y) q一(μ1地 |ν)う

k 

where 

的)=乞Yk叫 =A(u-d(何 ν)= ~(y一 );;σj山y~)+m(匂ν ③ (y一)fd(U)kwtuk十ν

with (ν);;， (y一 )~-εμ'~<O On the other handぅwesee that 

(X2② Xl 1 L1(y))こ (dd(日 )Kμ2③ zfd(21)Kμ11乞(uhf(w叫 )+m(y)Kv③ (υ)L-d(V)kwtyh+ν) 

k 

=玄(zhf(Z2)Kμ21 (y一)バ(wtx1)十m(y)ι)(xt(J';(町 )Kμ1|(U);-d(U)K-wt町村)

k 

~ (-1 )m(x2)p(wtxl) q(l-'l!wt叫ヰ 1(ν一);;)(xt1 (υ)~-) (-1 )m(x1x2)m(y) q-(州地|ν)

k 

= (_1)m(x2)p(wtxl)q(μ1!wtx2)玄(x戸 xt1 (υ一)戸 (y一)~-)(_l)m(山 )m(y)q-(μ1+向 |ν)う

where we use wtYk = -wt(X2) and wt(叫)= -wt(xl). Therefore， the equal均T(4.22) is valid for all c回目口

Theorem 4.10. For eαch dεD! there existsαunique bilineαr form ( 1 ) = ( 1 k U~?_o x U~:S; o → C such 
thαt 

(x 1 YIY2) = (L1(x) 1 Yl⑧ Y2)う (4.23) 

(E1σd'K入 EJσ3KμIY)= (_l)mp(w川十np(w同十p(w的 p(w川 (EJσ'JKμ⑧ EIσd'K入1L1(y))ぅ (4.24) 

(σd'K入iσ'JKμ) = (_l)mnq-(入1μ)う (4.25)

(E，臼|σd'K入)= (σd'K入IF.臼)= 0う(4.26) 

(E白 1Fs)二九βj(q;;l_ q臼)ぅ (4.27) 

ωhere x ε u~とOY UJ1J2εUJ507 IぅJα問 sequencesof elements of IId! 入， με ~Qd ， mぅηε{O，l}，and 

α，sεIId. 

Proof. By Lemma 4.7う Lemma4.8， and Proposition 4.9ぅ wesee that there exists a bilinear form ( 1 ) = 

( 1 )d: U~?_o xμFo→ C satisfying (4.23)一(4.27)with y， Yl， Y2 ε u~:S; O. Let I be七hetwo-sided ideal of U~?_o 
generated by the elements displayed in (3.8)-(3.12). Since U~:S; o = U~:S; o j恥(I)ぅ toprove the existence of the 

form ( 1 )ニ(1 )d on U?O x U~:S; o ぅ it su伍cesto show that for all xεUFO? 

(x IlJfd(I)) = {O} ( 4.28) 

Let SR be an arbitrary element displayed in (3.8)-(3.11)， and set S7之ーニ恥(S冗).Then we will show 
that for all sequences 1 of elements of IIdぅ

(EIIS冗一)= 0 ( 4.29) 

Hereぅ byLemma 4.7ぅ wemay剖 sumethat wt(I)ニ wt(SR).Let us write 1 = (αぅJ)withαε IId and J a 
sequence of elements of IId' Then， by Proposition 4.9 and Propos出 on3.3(1)ぅwesee that 

(EI 1 S冗一)= (-1)P(臼)p(w川 (EJ② E白 1L1(S冗))= (-l)p(α)p(wtJ) (EJ② E臼 IS冗一③K:;;t¥I)+イ(wtI)Q9 S冗一)

= (-1)P(α)p(w川 {(EJ1 SR一)(E臼 |KJAρ 十 (EJ1 (J~(帆I))(EαIS冗一)}

9 
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Since w七(J)チwt(S冗)and αヂwt(SR)ぅ wehave (EJ I SR-) = (E.白 ISR一)= 0ヲ andhence (EI I S1之一)=0

Let J be the two-sided ideal of U~?_o generated by the elements displayed in (3.8)一(3.11). Thenぅ by(4.2)ぅ

(4.29)ぅ andthe property (4.23) of the bilinear form ( I ) = ( I )d on U~?_o x U~:;o ぅ we see that 

(EIllJid(ゴ))= {O} ( 4.30) 

for a11 sequences I of elements of IId目

Let S1之(3.12)be an arbitrary element displayed in (3.12)ぅ andset S冗 (3.12):=向(SR(3.12)).As the 
argument in the previous paragraphう byProposition 4.9 and Proposition 3.3(2) with (4.30)， we see that 
(EIIS1之一(3.12))= 0 for a11 sequences I of elements of IIめ andhence (EI I U~:;o . S1之 (3.12) . U~:;o) = {O} 

By combining the above results， we have shown (4.28). Thereforeぅ thereexists a required bilinear form 

( I ) = ( I )d: U~?_o X U~:;o →C. By (4.23) and (4.24)ぅwesee that the values displayed in (4.25)ぅ(4.26)ぅand
(4.27) determine the values on the whole algebrasぅwhichimplies the uniqueness 口
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